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Abstract. In this paper we develop a multi-object prior shape model for
use in curve evolution-based image segmentation. Our prior shape model
is constructed from a family of shape distributions (cumulative distribution functions) of features related to the shape. Shape distribution-based
object representations possess several desired properties, such as robustness, invariance, and good discriminative and generalizing properties.
Further, our prior can capture information about the interaction between
multiple objects. We incorporate this prior in a curve evolution formulation for shape estimation. We apply this methodology to problems in
medical image segmentation.

1

Introduction

The use of prior information about shape is essential when image intensity alone
does not provide enough information to correctly segment objects in a scene.
Such cases arise due to the presence of clutter, occlusion, noise, etc. In this
work we concentrate on curve evolution-based image segmentation approaches
[1] and prior shape models matched to this framework. In a typical curve evolution scheme, the regions of interest in the image (i.e. the shapes or objects) are
represented by non-self-intersecting closed contours. Curve evolution methods
allow convenient handling of object topology, efficient implementation, and possess variational and associated probabilistic interpretations. In a typical curve
?
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evolution implementation, the shape-capturing curve is evolved under the combined action of two classes of forces: those dependent on the observed image
data (data-dependent forces) and those reflecting prior knowledge about the
segmented shape or boundary (regularizing forces). This work is focused on the
development of shape models suitable for such prior shape force terms in curve
evolution.
Desirable qualities in a shape-based prior include invariance with respect
to transformations such as scale, translation, and rotation, independence from
knowledge of correspondence, robustness of the resulting solution to initialization, the ability to generate the prior model from training data, and subsequent
robustness to small training set size. Shape distributions have been used in the
computer graphics community [14] to characterize shapes and, more recently,
have been successfully applied to shape classification problems. They were shown
to possess the desired properties of robustness, invariance, and flexibility. To
date, however, shape distributions have not been used in an estimation context.
In this work we develop a novel multi-object prior based on such shape distributions for use in estimation. We then present a method to use this prior in
curve evolution-based segmentation problems. Finally, we suggest the promise of
this prior for challenging medical image segmentation tasks through an example.
In our formulation, the shape prior is constructed by designing a shape similarity measure penalizing the difference between shape distributions extracted from
boundary curves under comparison.
In Section 2 we give an overview of existing shape modeling approaches and
the motivations behind our technique. In Section 3 we review the curve evolution
framework and introduce the shape distribution concept. Section 4 presents our
experimental results and Section 5 concludes this paper.

2

Prior work

Different approaches have been proposed for the inclusion of prior information in
deformable curve-based image segmentation. The most common regularization
method for curve evolution penalizes a quantity such as total curve length or
object area [1, 10]. Such “generic” penalties are stationary along the curve, in
that every point on the boundary experiences the same effect. Such priors can
remove object protrusions and smooth salient object detail when the boundary
location is not well supported by the observed data, since they seek objects with
short boundaries or small area.
Deformable template approaches construct prior models based on allowable
deformations of a template shape. Some approaches are based on representing
and modeling shape as a set of landmarks (see [5, 4] and references therein).
Other approaches use principal component analysis based on parameterized
boundary coordinates or level-set functions to obtain a set of shape expansion
functions [20, 22] that describe the subspace of allowable shapes. Still other approaches construct more complex parametric shape representations, such as the
MREP approach in [16], or deformable atlas based approach in [3]. These meth-
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ods are effective when the space of possible curves is well covered by the modeled
template deformations as obtained through training data, but may not generalize
well to shapes unseen in the training set.
Motivated by such limitations in existing approaches and by the representational richness of the ideas in [24, 14], we propose construction of a shape
prior based on an energy which penalizes the difference between a set of feature distributions of a given curve and those of a prior reference set. Such prior
shape distributions capture the existence of certain visual features of a shape
regardless of the location of these features. Shape distributions have been successfully applied to shape classification tasks (e.g. [8, 14] and references therein),
and these results indicate that shape distributions are robust, invariant, flexible
shape representations with good discriminative properties. In this work, we apply such shape distribution-based models to problems of boundary estimation
in medical imaging, suggesting their potential.
Simultaneous multiple object segmentation is an important direction of research in medical imaging. The positions of segmented parts are often highly
correlated and can be used to further constrain the resulting boundary estimation. In [23, 18] the authors extend the PCA shape model to constrain multiple
object locations. In [6], a PDM model was extended to model multiple shapes.
In [7, 15] the authors mutually constrained shapes by penalizing quantities such
as area of overlap between different objects. These approaches do not include
shape specific information regarding the different objects. Our approach shares
a common idea with [13], where the concept of a force histogram was used to
characterize shapes. In [13] histogram-based descriptors were used solely in discrimination while our focus is to use similar descriptors in estimation problems.
In [11], the authors present preliminary results on constructing shape distribution-based shape models for single objects. This paper improves upon and
extends this technique to the multiple object case. In contrast to existing approaches, this model attempts to directly encode properties of a class of shapes
(versus simply penalizing points of high curvature), yet does not depend on the
specific embedding of a shape, and thus generalizes well to unseen objects. As
another major contribution, analytical expressions for energy minimizing gradient curve flows are derived, providing useful insights as well as efficient curve
evolution implementation. Our approach seems to provide an interesting alternative shape prior, well matched to curve evolution approaches, with promise
for challenging segmentation problems.

3
3.1

General formulation and shape distribution prior
Segmentation by energy minimization based on curve evolution.

First, we review the overall approach of segmentation in a curve evolution framework based on energy minimization. We assume that each object (shape) in the
image is defined by a separate closed curve. An energy functional is defined for
each object (in contrast to the multi-phase approach in [21]) and each boundary
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is evolved to minimize the overall energy. For a single object, then, the solution
curve C ∗ is sought as:
C ∗ = argmin E(C)
(1)
C

The energy E(C) consists of a data term and a shape prior term:
E(C) = Edata (C) + αEprior (C)

(2)

The data term Edata favors the fidelity of the solution to the image data. This
term is sensor and application specific. In this paper we use two definitions of
Edata : the bimodal image energy in [2] and the information theoretic energy in
[9]. Our contribution is focused on the shape prior term Eprior , which we base
on the concept of shape-distributions, discussed in Sec. 3.2. The positive scalar
α is a regularization parameter that balances the strength of the prior and data.
The gradient curve flow minimizing (2) can be found using variational approaches or shape-gradient approaches. In this work we utilize variational approaches. The curve is then evolved according to the gradient curve flow dC/dt =
−∇E(C), were t is an artificial time parameter. We implement the curve evolution via the level-set framework [17]. This framework is very general, and our
prior term can be coupled with many existing data terms (ex. [2, 9]). In the
multi-object case the simultaneous evolution of multiple boundaries effectively
minimizes an energy which is a sum of terms (2) corresponding to the individual
objects.
3.2

The Shape Distribution Concept

Distributions of features measured over shapes in a uniform way, are called shape
distributions [14]. As shown by recent shape classification experiments [14], such
shape distributions can capture the intuitive similarity of shapes in a flexible way
while being robust to a small sample size and invariant to object transformation.
In a continuous formulation, shape distributions are defined as sets of cumulative distribution functions (CDFs) of feature values (one distribution per
collection of feature values of the same kind) measured along the shape boundary
or across the shape area. Joint CDFs of multiple features can also be considered, although in this work we only consider one-dimensional distributions. An
illustrative example of the shape distribution idea is shown in Figure 1, using
boundary curvature as the feature. We define the shape distribution for a class
or set of shapes as an average of the cumulative distribution functions corresponding to the individual shapes in the group. This approach is equivalent to
combining feature value representations (continuous functions or discrete sets of
values) measured on individual shapes into a single set and then defining the
overall CDF of the resulting set.
We will call a set of feature values extracted from a shape a “feature class”.
In the example of Figure 1 the feature class is boundary curvature. Separate
feature classes capturing different characteristics of shapes can be combined in
a single framework, creating a more versatile prior. We distinguish two types
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Fig. 1. An example of constructing a shape distribution for a curve (left) based on
curvature κ(s) measured along the boundary (second graph). Third and fourth graphs
show the sketches of pdf (κ) and cumulative distribution function H(κ) of curvature
respectively. Note the invariance of H(κ) with respect to the choice of the initial point
of arc-length parameterization.

of feature classes. For the first type of feature, which we term autonomous, the
values for a particular curve are computed with reference only to the curve itself.
For the second type of feature, which we term directed, the feature values are
computed with reference to the curves of other objects. By incorporating directed
feature classes into our shape models we provide a mechanism for modeling the
relationships between different objects in a scene and, thus, create a framework
for multi-object segmentation.
3.3

A prior energy based on shape distributions

We now introduce our formulation of the shape prior in the continuous domain.
Let Φ ∈ Ω be a continuously defined feature (e.g. curvature along the length of
a curve), and let λ be a variable spanning the range of values Λ of the feature.
Let H(λ) be the CDF of Φ:

R
h Φ(Ω) < λ dω
Ω
R
(3)
H(λ) =
dω
Ω
where h(x) is the indicator function, which is 1 when the equality is satisfied
and 0 otherwise.
We define the prior energy Eprior (C) for the boundary curve C in (2) based
on this shape distribution as:
Eprior (C) =

M
X
i=1

wi

Z h

Λ

Hi∗ (λ) − Hi (C, λ)

i2

dλ

(4)

where M is the number of different distributions (i.e. feature classes) being
used to represent the object, Hi (C, λ) is the distribution function of the ith
feature class for the curve C, and the non-negative scalar weights wi balance
the relative contribution of the different feature distributions. Prior knowledge
of object behavior is captured in the set of target distributions Hi∗ (λ). These
target distributions Hi∗ can correspond to a single prior shape, an average derived
from a group of training shapes, or can be specified by prior knowledge (e.g.
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the analytic form for a primitive, such as a square). In practice, we compute
the feature values, the corresponding shape distributions, and evolution forces
dC/dt by discretizing curves and their properties through uniform sampling.
We use three specific feature classes in our experiments in this work, which
we define below and illustrate in Figure 2.
– Feature class # 1. Inter-node Distances (Autonomous feature type).
The feature value set {F } consists of the normalized distances between nodes
of the discrete curve.
{F } =

{dij | (i, j) ∈ S}


mean {dij | (i, j) ∈ S}

(5)

The set S defines the subset of internodal distances used in the feature.
For (a, b) ∈ [0, 1], S(a,b) defines such subset of nodes in a multi-scale way:
{(i, j) | (j − i) ∗ ds/L ∈ [a, b]}, where a and b are the lower and upper bounds
of the interval respectively; ds is the distance between neighboring boundary
nodes and L is the total boundary length. In the experiments presented
in this paper we used 4 different, non-overlapping intervals. Note that the
features defined above are invariant to shape translation, rotation and scale.
– Feature class # 2. Multiscale curvature (Autonomous feature type).
The feature value set {F } consists of the collection of angles between nodes
of the discrete curve.
{F } = {6

i−j,i,i+j

(i, j) ∈ S}

(6)

where 6 (ijk) is the angle between nodes i, j, and k. Again, the set S defines
the subset of internodal angles used in the feature and again we used S
in a multi-scale way, as described in Feature class #1. Similar invariance
properties hold for this feature class by construction.
– Feature class # 3. Relative inter-object distances. (Directed feature type)
The set {F } consists of the collection of shortest signed distances between
each node of C and the boundary of object Γ (negative for nodes of C inside
Γ ). These distances are normalized by the average radius of Γ with respect to
its center of mass. This feature class encodes the relative position of C with
respect to Γ . Note that the prior defined using this feature class provides
a descriptor richer than those in penalty based approaches in [7, 15], while
being less restrictive than a PCA based prior. Again, this feature is invariant
to translation, rotation and scale applied to the pair of shapes C and Γ .

3.4

Gradient flow computation

In order to use the energy in (4) as a prior in a curve evolution context we must
be able to compute the curve flow that minimizes it. For simplicity, we consider
here an energy defined on just a single feature class. Since (4) is additive in the
different feature classes, minimizing flows for single individual feature classes can
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Fig. 2. Feature value sets used in this work illustrated for a curve C discretized using 6
nodes. Feature class #1 (left): interpoint distances {d13 ..d15 }. Feature class #2 (center):
interpoint angles {α−1,1,2 ..α−n,1,n } (n = 2) are shown. Feature class #3 (right): feature
set values for curve C are defined as shortest signed distances from the curve Γ to nodes
of the curve C.

be added with the corresponding weights to obtain the overall minimizing flow.
The energy for a single feature class is given by:
Z h
i2
(7)
E(C) =
H ∗ (λ) − H(C, λ) dλ
Because the energy depends on the whole curve in non-additive way, the minimizing flow at any location on the curve also depends on the whole curve, and
not just the local curve properties.
The minimizing flow and its computation will, of course, depend on the
specifics of the feature classes chosen. In [11], a numerical scheme was proposed
to estimate the flow. Such a scheme can be employed for any definition of the
feature class; although, it is computationally expensive. Here we introduce an
efficient approach to analytically compute the minimizing flows for the feature
classes presented previously using a variational framework. The resulting flows
guarantee reduction of the energy functionals (7).
Due to the space constraints we only briefly outline the steps required to
derive the flows and present final results for our specific feature classes.
1. Find the Gâteaux semi-derivative of the energy in (7) with respect to a perturbation β. Using the definition of the Gâteaux semi-derivative, the linearity
of integration, and the chain rule we obtain
Z h
i h
i
G(E, β) = 2
H ∗ (λ) − H(Γ, λ) G H(γ, λ), β dλ
(8)
2. If the Gâteaux semi-derivative of a linear functional f exists, then according
to the Rietz representation theorem, it can be represented as
G(f, β) =< ∇f, β >

(9)

were ∇f is the gradient flow minimizing the functional f . Therefore, we must
find theh boundaryifunctional representation ∇H(Γ, λ) for the feature such
that G H(Γ, λ), β =< ∇H(Γ, λ), β >.
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3. The overall flow minimizing (7) is then given by
Z h
i
∇E = 2
H ∗ (λ) − H(Γ, λ) ∇H(Γ, λ)dλ

(10)

A detailed derivation of the gradient flows for the three features used in
this work can be found in the technical report [12]. We simply summarize those
results here. For feature class #1 the minimizing flow is given by:
Z
i
Γ (s, t) h ∗
∇E(Γ )(s) = 2
n(s) ·
H (|Γ (s, t)|) − H(Γ, |Γ (s, t)|) dt (11)
|Γ (s, t)|
t∈S

where Γ is the parameterized curve as a function of arc length {X(s), Y (s)} with
s ∈ {0, 1}, Γ (s, t) is a vector with coordinates {X(t) − X(s), Y (t) − Y (s)}, and
n(s) is the outward normal at {X(s), Y (s)}. The flow at each s is an integral
over the curve, indicating the non-local dependence of the flow. The expression
under the integral can be interpreted as a force acting on a particular pair of
locations on the curve, projected on the normal direction at s.
For feature class #2, the minimizing flow is given by
∇E(Γ )(s) =
−

Z

t∈S






f (s−t)

(

r

cos(β) cos(n(s),Γ + )+cos(γ) cos(n(s),Γ − )
sin α
−

if α 6= π
otherwise

sin(n(s), Γ ))


1 − n(s − t) ·
|Γ − |

Γ−
|Γ − |

2

−f (s+t)


r

∗



)

×

1 − n(s + t) ·
|Γ + |

a · r(s,t)
−
bc
Γ+
|Γ + |

2 

×



H (α(s, t)) − H(Γ, α(s, t)) dt (12)

where r (s,t) and f (s+t) take values -1 and 1 and indicate the sign of change of the
angle α(s, t) = 6 (Γ − , Γ + ) with respect to along-the-normal perturbation of the
point Γ (s) and Γ (s + t) respectively, Γ + = Γ (s, s + t); Γ − = Γ (s, s − t); a =
|Γ + −Γ − |; b = |Γ − |; c = |Γ + |; β = 6 (−Γ + , Γ − −Γ + ); γ = 6 (−Γ − , Γ + −Γ − ).
Finally, for feature class #3, relating the curve Γ to another object Ω, the
gradient flow is given by:





DΩ (s)
DΩ (s)
∇E(Γ )(s) = n(s) · ∇D Ω (s) H ∗
− H Γ,
(13)
R(Ω)
R(Ω)
where DΩ (s) is value of signed distance function generated by curve Ω at the
point on the curve Γ given by {X(s), Y (s)}, and R(Ω) is the mean radius of the
shape Ω relative to its center of mass.
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Fig. 3. Synthetic 2 shape example: (a) Noisy image; Solid black line shows the true objects boundaries; dashed white lines - initial boundary position; (b) Segmentation with
curve length prior; (c) - Segmentation with new multiobject shape distribution prior
including all three feature classes. Solid black line shows the true objects boundaries;
solid white lines - final boundary.

4

Results

In this section we apply our shape distribution based prior to both a synthetic
and a real example. The real data example arises in segmentation of brain MRI.
We compare both single object and multi-object priors. The benefit of using a
multi-object prior is expected to be greater when the object boundary is not
well supported by the observed image intensity gradient or when initialization
is far from the true boundary.
In the first experiment we apply our prior to a synthetic 2-object segmentation problem with very low SNR, simulating two closely positioned organs,
shown in Figure 3, panel (a). Both objects in the ground truth image have the
same known intensity. The background intensity is also known as in the model
[2]. Gaussian IID noise (SNR= -18dB) was added to this bimodal image to form
the noisy observed image. The data term Edata in (2) and the corresponding
data-term gradient curve flow are formed according the data model in [2].
In Figure 3 we show the results obtained by segmenting this image using energy minimizing curve evolution based on two different shape priors: (b) shows
the results with a curve length penalty; (c) shows the results with our multiobject shape distribution prior including all 3 feature classes. The prior target
distributions for case (c) were constructed using the true objects in (a). The
regularization parameter was chosen in each case to yield the subjectively best
result. The curve length prior result in (b) yields an incorrect segmentation for
one of the objects or leads to a collapse of one of the contours. With the directed
feature class included in the segmentation functional (c), both objects can be
correctly segmented since the energy term corresponding to feature class #3 effectively prevents intersection of boundaries. Segmentation errors (area based)
are summarized in Table 1.
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Fig. 4. Brain MRI segmentation: (a) Multiple structures and interactions used for
feature class #3; (b) Segmentation with independent object curve length prior. (c)
Segmentation using multiobject PCA technique in [19] (d) Segmentation with new
multiobject shape distribution prior. Solid black line shows the true objects boundaries;
solid white line - final segmentation boundary.

In our second example we apply our techniques to 2D MRI brain data segmentation. A data set consisting of 12 normal adult subjects was used. Manual
expert segmentations of the subjects was provided and those of 11 of these subjects was used as training data to construct our shape prior. The prior was then
applied to segment the data of the omitted subject. The eight numbered structures shown in Figure 4, panel (a) were simultaneously segmented. For the data
dependent energy term Edata , we used the information theoretic approach of
[9] by maximizing the mutual information between image pixel intensities and
region labels (inside or outside), therefore favoring segmented regions with intensity distributions that were different from the background intensity distribution.
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Table 1. Symmetric difference (area based) segmentation error. For each object the
error measure is computed as a symmetric difference between final segmented region
and true segmented region. The values in the table are computed as a sum of error
measures for individual objects.

Experiment I
Experiment II

Curve length
1092
1090

PCA method
1437

Our method
146
758

In Figure 4 we present our results. Panel (b) gives the segmentation with
a standard curve length prior applied independently to each object. One can
see that Structures 1 and 4 are poorly segmented, due to their weak image
boundaries. In panel (c) we present the result given by the multi-shape PCA
technique in [19] using 5 principle components defining the subspace of allowable
shapes. The segmentation is sought as the shape in this subspace, optimizing the
same information-theoretic criteria [9] as used with our shape prior. The usage of
the same data term simplifies the comparison with our approach since only the
shape model components of the method are different. One can see that structures
2,5,6, and 7 are not segmented properly due to the poor generalization by the
PCA prior. Expanding the subspace by choosing 10 PCA components did not
improve the result given by this method. Finally, our result is shown in panel (d).
We obtain satisfactory segmentation for the structures for which PCA method
failed (2,5,6,7), while performing equally well for structures 1,3,4 and 8. The
choice of initialization did not significantly influence our results. Segmentation
errors given in Table 1 qualitatively confirm the superior performance attained
using our prior.

5

Conclusions

In this paper we present a shape distribution-based object prior for use in curve
evolution image segmentation. This prior allows encoding of multi-object information. We apply a variational approach to analytically compute the energy
minimizing curve flows for three feature classes. We investigate the application
of our shape distribution prior to medical image segmentation involving multiple
object boundaries. In our experiments we achieved the performance superior to
that obtained using the traditional curve length minimization methods and a
multi-shape PCA shape prior reported in the literature.
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