ON THE NUMBER OF BiTsTo ENCODE
THE OuTPuTs oF DENSELY DEPLOYED SENSORS

David L. Neuhoff

Electrical Engineering and Computer Science
University of Michigan
neuhoff@umich.edu

NSF Workshop:
Future Directionsin Systems Research for Networked Sensing

May 25, 26, 2006

Collaborators
Mingyan Liu, Daniel Marco, Sandeep Pradhan, Enrique-Duarte-Melo



SENSORS SAMPLE A STATIONARY RANDOM FIELD

Scenario:

Sample a stationary random field with o
N sensors per unit area. The outputs ~ m
are encoded, with no intersensor IR Ll /
cooperation, in such away that a > W A }
reconstruction of the field with g
distortion d is possible. \ 4 /

Question: e —
As N increases, what happens to total # bits produced by encoders?

Rn(d) = N x #bits/sensor sample - 277?

I~ [\~
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SEVERAL PARTIAL ANSWERS

e Mostly for bounded, deterministic, bandlimited signals,
distortion -~ 0 as N - o

a. Cvetkovic, Vetterli, IEEE IT 1998, 2001
b. Cvetkovic, Daubechies, DCC 2000
c. Ishwar, Kumar, Ramchandran, 1PSN 2003, 2004

 For unbounded, random, bandlimited or not signals
distortion fixed as N — o

1. Marco, Duarte-Melo, Liu, Neuhoff, IPSN 2003
See also, Marco, Neuhoff, 1IST 2005

2. Kashyap, Lastras-Montana, Xia, Liu, DCC 2005

3. Neuhoff, Pradhan, ICASSP 2006



|F WE ALLOWED ENCODER COOPERATION

e The minimum rate would be given by Shannon's rate-distortion function
for continuous-space random field, which isfinite.

N

- - -

e But in asensor network we need a distributed/decentralized encoder.



ONE-DIMENSIONAL FIELD M ODEL

o Source: 1-dim'l stat'ry cont-space random process X(S), -00<S<oo

* One independent sample function of X(s) every second.
Thatis, for t=1,2,..., X(t,5) isanindependent realization of X(s).
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SAMPLE AND CODE

Integer sampling rate: N samples/meter, i.e. sample every ,ﬁ Yﬁ,t) :X(t,lq)

Encode YV into Ry bits/sample, Ry =N Ry bitsmeter

N\
pitsinto Y

Linear interpolation: X(t S) = Z Y(t) Tﬁ\l(5'|r\1|)

N=-o0

t=T

t=2 /\ T~

t=1
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Integer sampling rate: N samples/meter, i.e. sample every ,%l Yﬁ,t) :X(t,ﬂ)

SAMPLE AND CODE

Distributed Encode Y into Ry bits'sample,

Jointly

N
pitsinto Y

Linear interpolation: X(t S) = Z Y(t) Tli\|(5'|r\1|)

t=T

t=2

t=1

Rn =N Ry bitsmeter

N=-o00
NN NN NN NN
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(1xT) encoding

10



SAMPLE AND CODE

Integer sampling rate: N samples/meter, i.e. sample every ,%l Yﬁ,t) :X(t,ﬂ)

Distributed Encode Y,gt) iInto Rn bits/sample,

. L )
Jointly Decode bitsinto Y,

Linear interpolation: X(t S) = Z Y(t) Tli\|(5'|r\1|)

t=T

Rn =N Ry bitmeter

N=-o0
N N N N NN N N
VvV U U UV VYU
| | | | | | |
| | | | | | |
o L 2 3 M
N N N N

(1xT) encoding
(MxT) decoding

11



SAMPLE AND CODE

Integer sampling rate: N samples/meter, i.e. sample every ,%l Yﬁ,t) :X(t,ﬂ)

Distributed Encode Y,gt) iInto Rn bits/sample,

. L )
Jointly Decode bitsinto Y,

Linear interpolation: X(t S) = Z Y(t) Tli\|(5'|r\1|)

t=T

t=2

t=1

Rn =N Ry bitmeter

N=-o00
N N N N N N N
(1xT) encoding
(MxT) decoding
vV U U U U U U
=1 2 M
I I I I I I S
o L1 2 3 M
N N N N

12



SAMPLE AND CODE
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M EAN-SQUARED ERROR (MSE) DISTORTION

T M N
* For samples: Dn = T2 M 2 EEVS)-YS)%Q

 For cont.-space signal:
T M/N N
Dy = 35 ja EX(ts)- X(t9Fds Dy when N large
t=1

OPTIMUM PERFORMANCE

» For sampling rate N and for given type of coding

Rn(d) = min  Ry(code) bits/sample
D(code)<d

Rn(d) = N Rn(d) bitsmeter
R (d) = lIm Ry(d) bitsmeter

N - 00
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1. MARCO ET AL. (IPSN'03)

 Distributed Encoder - ‘\ \ (GF fw\
i | '-.9\'3|n o ot
— Each sample scalar quantized (1x1) ;. : .A I
N ﬂ iL
YY) = qv ) : ﬂhg :l - la=: ai |
.
— Then T samplesat each siteencoded i l s Wt

with Slepian-Wolf distributed lossless
coding (1xT), T>>N=M

N N\
Ry = I%I HYY, YD) brsample
o Slepian-Wolf decoder (NXT)

e Linear interpolation: & ™.

X(t S = Z Y(t) TIN(S-R')

N==-00

15



« Theorem -- For any stationary source X, any scalar quantizer g such
that d(q) < cx, and any linear interpolation (which may depend on N),

O Y0
liminf Dy >0  and liminf Ry = liminf H(Y;”,..,Yy)) = o

» Therefore, when using identical scalar quantization, ideal distributed
lossless coding, and linear interpolation, distortion stays bounded away
from zero and rate goes to infinity, and so

 Moreover,

N N\
lim inf inf - HYY, . YY) = o
N-co @,7t DN(,mT)<d

[1 adapting g to sampling rate N does not solve the problem.

16



 Theorem -- For any stationary source X, any scalar quantizer g such
that d(q) < c>2<, and any linear interpolation (which may depend on N),

N VAN
liminf Dy >0  and  liminf Ry = liminf H(Y,,..,Y,) = o

» Therefore, when using identical scalar quantization, ideal distributed
lossless coding, and linear interpolation, distortion stays bounded away
from zero and rate goes to infinity, and so

 Moreover,

_ A\ A\
lim inf Inf H(Y,, ..,Yy) = ©
N-co @,7t DN(G,mT)=d
[1 adapting g to sampling rate N does not solve the problem.

17



N\ N
WHY DOES H(Y3, ...,Yn) GROW TO 00?

A scalar quantizer provides too much information!

As sampling rate increases, it provides enough information to determine zero
crossings with arbitrary accuracy.

Crossing times are continuous or mixed random variables with infinite
entropy.

They are determined with arbitrary accuracy from the sequence of quantized
values.

Therefore, the number of bits needed to code the quantizer outputs, 1.e. their
entropy, goes to infinity.
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N\ N
AT WHAT RATE DOES H(Y4, ... ,Yn) GROW TO 007?

Theorem: (ISIT 2005) For uniform scalar quantizer with infinitely many levels,
stepsize A, andfor stationary Gaussian X(t), N(0,1), autocorr. func. p(1),

N\ N\ N N
H(Y,, ...Y) € NH(Y,|Y,) O-NmyI-pwN) log, VI-p(1/N)

where
oo _ (k+1/2)2Ac
22 202
m=-—">¢e€
n k;o
Examples. When N islarge
i SRy gm
p(T) = e (] N H(Y,|Y,) O 5 VNlog.N
_'[2 N N m
p(t) = e (] N H(Y,|Y,) 05 log2N

. NN m
p(t) = sinc(1) [ N H(Y,|Y,) 05 clogN
19



SKETCH OF DERIVATION

H(Y2|Y1) = Z H(Y2|Y1—Yk)Pk Y H(Y2|Y1—Yk)Pk
kI<K(p)

1 53/4 1
TpNy T2

where K(p) =

l_ll_|

Let h(p)=-plogzp and Py = Pr(Y2 yJ|Y =y,. Then
N N %Y
H(Y2|Y1:Yk) = j_Z_oo h(P”k) ] h(Pk_1|k)+h(Pk|k)+h(Pk+1|k), klsK(p)
L] h(Pk-1|k) + h(P, +1Ik) when p 1

N N 0
H(Y,lY) O > En(Pk_”k) + h(Pk+1|k)ng
k<K (p)
_ (k+1/2)2N2

O mVI-pWN) log VI-p(IN), m=-"2"3% e 202
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2. KASHYAP ET AL (DCC '05)

Distributed encoder (1xT)

Decoder (NxT), T>N=M

Linear interpolation: € >
X Xt |90
X(t9) = EX(t9) | Y

Theorem: when N large

Rn(d) < R:,(d)+2log§1

T

12 3

t

< RL(d) + constant < R:(d) + constant < oo

where

RL(d) = rvsdfor opt'l centralized code, which isbounded
pv = max{p:  EllV-E[Y[Y+Z]|P<d, Z=N(@pl}

X

NS
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3. NEUHOFF, PRADHAN (ICASSP '06)

Distributed Encoder (1xT)
Decoder (MxT), T>M>>N
Linear interpolation: & . ™

N\ A(t) A
X(t,s) = Yiaqn  (nearest Y)

Order of limits
lim Iim Iim D o R

Nooo Moo T-oo00 |

t=1 2 3

Theorem: For adtat'ry, Gaussian
cont.-space source with power spec-
tral density S(QQ) andany 6 >0,
the following rate-distortion pair is attainable with distributed coding:

_ 1,089 O 1, Q) 0
D(®) = 5 E$(Q)Hmole and R(0) _mgnlog%u%de
O "0 -
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COMPARISON

Distributed Coding Centralized Coding
(attainable inner bound) (optimal)
1 0s@ 0O, _1g
D(6) = 2n_55 Q) 1D D(6) = Z,T_i min{s(Q), 8} dQ
*Oe N
L Q ] 1 - 2182)
RO) = 4 | log % +1-d0 R(®) = 4 i max{log >3 , 0} do
Kashyap et al.

* N, o . d
Rn(d) = Ry(d) +5 log L+ ON T
[] RL(d) + constant

[] R:(d) + constant when N large
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EXAMPLE

e Source -- cont.-space, stationary, Gauss-Markov

-[tl

autocorr. funct. e '’

Distributed Coding
(attainable inner bound)

O /q U

D(®) = %Efm/e%z%
—
RE) = 2o e -1

1 4 0
0 R(d) = z|n2% -1

@ d=0.1, 6.5 b/m

Kashyap: N=100, 21.5b/m

2

pow. sp. dens. §(Q) = 5

1+Q

Centralized Coding
(optimal)

D@®) = 1+1720-62- 2t -\/29

[ e []
_ 120 —[20
o= S
0 R(d) D2|1 E%l 1@ for d0
5.1 b/m
13.1 b/m
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DISTORTION PROFILES

Magnitude in dB

-14
5

Continuous-space frequency

distributed
1 0SQ) ©
D(6) = 5y, ¢ 2() ) ~d0
= Hg t1H
centralized
D(8) = o b min{ S(Q),8}dO

0,0 chosenso D =1/3
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EXAMPLE

e Source -- cont.-space, stationary, bandlimited, flat spectrum, Gaussian

Q'VQO, Q|
Q) = 0, dse
Distributed Coding Centralized Coding
(attainable inner bound) (optimal)
_ Q_oe 1 S
D®) = 9.0+ D) = 1+7:v2.0°- Stan' y /%
Qo, Qo0 +T1
R®) = 57100 09 1= [26 1, 4 [2-8
0 R®) = x5 - nta/
Qo 1
O R(d) = | Q
(d) = o109 4 0 R(d) = 2ﬁlogaI
@ d=0.1, Qo=Tt, 1.7 b/m 1.7 b/m

Kashyap: N=100 4.7 b/m 3.2 b/m
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SKETCH OF PROOF
Steps

A. Berger-Tung attainable inner bound for coding samples YEP
Berger '77, Berger-Zamir '99, Viswanath '02

B. Take M - oo using Grenander-Szego asymptotic eigenvalue
theorem.

C. Takesamplingrate N — oo.

27



A. BERGER-TUNG BOUND

M
 Given N, M, then forany p(uly) :_er(UHyi) and al sufficiently large
1=
T, thefollowing is attainable with MXxT distributed coding:
Dum = 4 E[[Y-EIYMI|?  and Rum = 1(:Y)
where Y = (YW, ., YD), u=(,...uw)

e Our choiceof p(uly): for >0
Ui=Yi+Z, i=1,..M, where Z's arelID N(O,p)

« After analysis, thefollowing are attainable:

M . M i
1 A 1 ]
Dm(®) = o gl )\i/(PI"'l and Rum(® = ou igl IOQ% +1

where Aj,...,Am areegenvaluesof MxM covariance matrix for Y

28



B. GRENANDER-SZEGO THEOREM

Theorem: For any stationary discrete-space process Y with power
spectral density CD(oo) and any piecewise continuous function ¢

im 3 g0™) = & fg@(w» dw

Mo oo i=1

It follows that for large M, T the following are attainable with a distributed
MXxT code

29



C. SAMPLING RATE N - o0

Add N's to notation:

Tt Tt
CDN((JL)) 1

_ 1 _ 1 Pn(w)F
Dn(pn) = anr]'i CDN(u))/cp\.+1d°° and Rn(gn) = 2n_ﬁ[] IogH O Bdoo

=

Useful Fact: |%|¢N§§ > S(Q), -0<Q<o0
With goal of keeping Rn(@n) constantas N — oo, let @y =0n.

Then with change of variables-- Q = wN

5 1 T dN(QIN)N 40 1 " 0 S©@ Uio
n(ON) = 2n_nﬁ:]\l ®O(Q/N)/NO + 1 - 2"5[] [($(Q) . [
-00 De +1|:|

TN 00
1 [y (Q/N)E 1 1 B(Q)  LF
- E}] Iog% N(Ne )EN dQ - ATt [J[] IOgE 0 +1§dQ

=00

bounded
conv.thm
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DISCUSSION

 For asource with flat bandlimited power spectral density, optimal
distributed coding is as good as optimal centralized coding, because

sampling at Nyquist rate produces independent source samples,
for which distributed coding is as good as centralized coding,
and centralized coding at Nyquist rate is optimal

 For nonflat power spectral density, bandlimited or not, optimal
distributed coding is not as good as optimal centralized coding,
because

sampling does not produce independent source samples,

and the "effective" noise due to distributed coding is white
followed by MM SE estimation,

which cannot have the spectrum of the effective noise with optimal
centralized coding,

which is shaped according to inverse water pouring,

and to attain such, requires the source samplesto be KL T
transformed, which is not permitted with distributed coding

» Given recent proof by Wagner et al. that Berger-Tung is tight for two
Gaussian sources, our asymptotic result may be tight.
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CONCLUSIONS FOR OPTIMAL SYSTEMS

Distributed source coding of a cont.-space Gaussian source is as
good as optimal centralized coding for aflat bandlimited power
spectral density, and not as good otherwise.

Dense sensor networks can efficiently encode a stationary, Gaussian
random field to any desired distortion d, in the sense that as sensor
density increases, the number of bitsmeter? remainsfinite, not far
from the centralized rate-distortion function.

Since Gaussian requireslargest R for given D and power spectral
density, adense sensor network can efficiently encode an arbitrary
stationary random field.

Efficient encoding ispossiblewithlarge N if T >> M >> N
Not possible if quantizer dimension does not grow with N.

If quantizer has fixed dimension, then for efficient encoding N must
not be too large.
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COMPARISON OF
SCALAR QUANTIZATION-BASED RESULTS

Mostly for bounded, deterministic, bandlimited signals,
distortion -~ 0 as N — o

a. Cvetkovic, Vetterli, IEEE IT 1998, 2001
b. Cvetkovic, Daubechies, DCC 2000
c. Ishwar, Kumar, Ramchandran, IPSN 2003, 2004

For unbounded, random, bandlimited or not signals
distortion fixed as N — o

1. Marco, Duarte-Mdl o, Liu, Neuhoff, 1PSN 2003

Seedso, Marco, Neuhoff, ST 2005
distortion - O, rate -~ o, as N - o
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SEVERAL DICHOTOMIES

bandlimited vs.
deterministic vs.
nonlinear Vvs.

coderate vs.

time-varying (dithered) vs.

D - 0 vs.

nonbandlimited signals

random signals

linear

reconstruction

entropy asmeasure of rate

fixed

fixed

scalar quantizer

distortion constraint



RATE

e Bandlimited signals:
In all known cases, rate increases with sampling rate N as

log N

* Nonbandlimited signals:

For Gaussian source with autocorrelation function having nonzero slope
a 1=0,

example. p(1) = U

an upper bound to rate for fixed scalar quantizers increases as
VN log N

Conjectures:

Thisisrepresentative of actual rate, even for non Gaussian sources
Same increase of rate for dithered quantizers
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DISTORTION

e Linear reconstruction

- Distortion does not goto zero as N increases,
except in idiosyncratic cases

e Nonlinear reconstruction

- Bandlimited, bounded sources

Distortion can be made to go to zero.

- Nonbandlimited, unbounded sources
Whether or not distortion can go to zero depends on the source.
There are stationary Gaussian sources for which it cannot [Bar-David]

Conjecture: If a Gaussian source has strictly positive power spectral
density, distortion cannot go to zero.
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CONCLUSIONS FOR
SCALAR QUANTIZER BASED SYSTEMS

« Bandlimited signals: The fact that scalar quantizer rate goesto infinity as
N - oo need not be so bad, because distortion can go to zero with
nonlinear reconstruction. It might be possible to keep distortion and rate
boundedas N — oo,

» There are some nonbandlimited signals for which distortion can go to zero
and some where it cannot. The boundary is not clear.
Conjecture: For most sources it does not.

For sources where it does not, scalar quantization should not be used with
high sampling rate
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L AST WORDS

“Miss Kent, I want that researched, analyzed, verified, encoded,
transiated, E.‘-l.'fﬂ!?ﬂfﬂfﬁ'ﬂ' condensed, and .!:}'Pftf i1 m;ﬁfifﬂ.i!‘f.”
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