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ABSTRACT

We consider the problem of recovering sparse phenomena
from projections of noisy data, a topic of interest in
compressed sensing. We describe the problem in terms
of sensing capacity, which we define as the supremum
of the ratio of the number of signal dimensions that
can be identified per projection. This notion quantifies
minimum number of observations required to estimate
a signal as a function of sensing channel, SNR, sensed
environment(sparsity) as well as desired distortion up to
which the sensed phenomena must be reconstructed. We
first present bounds for two different sensing channels: (A)
1.i.d. Gaussian observations (B) Correlated observations.
We then extend the results derived for the correlated case
to the problem of learning sparse graphical models. We
then present convex programming methods for the different
distortions for the correlated case. We then comment on
the differences between the achievable bounds and the
performance of convex programming methods.

keywords: Sensing capacity; SNR level; Compressed
Sensing; LASSO; LP; Learning Graphical Models.

I. INTRODUCTION

In many real world sensor network applications, the
problem of recovering the signal from noisy projections
is of interest. For example, consider SNET localization,
where we need to localize target positions in the field
given noisy observations made by the sensors. Although
the dimension of the field is very large, the number of
active targets is often very small. Another example is
to reconstruct natural images or CAT scans from noisy
observations. Here one exploits the fact that since im-
ages usually have large variations only at the boundaries,
the total variation should be approximately sparse. The
issue of sparse reconstruction arises in bio-informatics
as well, namely, reverse engineering of gene interaction
networks [5], where the edge density is known to be scale
free.

A fundamental aspect of these scenarios is that the un-
derlying signal of interest is sparse in some representation,

i.e., the signal (or the number of edges) has small support.
Another important aspect of these problems is the desired
objective. In field and image reconstruction problems one
usually seeks estimates that have small average mean
squared error (MSE). In contrast for localization, com-
munications, and learning graphical models one usually
requires that the support of the estimate match the true
signal.

The problem is essentially one of solving a large-scale
under-determined system of equations in a noisy environ-
ment. There are two different aspects to the problem. From
the perspective of algorithms, researchers have proposed
convex optimization algorithms(e.g., Basis Pursuit, Lasso)
to analyze their performances(see [6], [8], [9], [14], [15],
[10]). On the other hand fundamental information-theoretic
bounds that are algorithm independent have been presented
in [2] [1]. Here the authors propose a quantity, named
sensing capacity, to incorporate the effects of distortion
metric, sensing modality, sensing environment and signal-
to-noise (SNR) level into a single metric.

In this paper we first present fundamental information
theoretic bounds for two different sensing channels: (A)
i.i.d. Gaussian observations (B) Correlated observations.
We then extend the results derived for the correlated
case to the problem of learning sparse graphical models.
We then present convex programming methods for the
different distortions for the correlated case. Finally we
provide comparisons between the achievable information
theoretic bounds and the performance of convex program-
ming methods such as LASSO, which is an ¢;-constrained
quadratic programming problem for reconstructing signals
from noisy observations([7], [12], [13], [16], [11]).

II. PROBLEM SET-UP

Let Y € R™*™ be a measurement matrix observed
under a given signal-to-noise ratio(SNR) model given by,

Y = GX + N/VSNR

where X € R"*" is a matrix, in general, modeling the
ambient domain of observation (field) and N € R™*! is an



AWGN vector with unit variance. The matrix G € R™*"
is a measurement or sensing matrix.

Let X;,7 =1,2,...,n denote the columns of the matrix
X. We assume that each X; is a sparse vector, i.e. consists
of few non-zero components. This sparsity can be modeled
for each X,; using priors that induce sparsity. We can
consider both non-random and random models for X. In
the non-random case X is assumed to be arbitrary except
for a sparsity constraint:

Xe{ZeR™"||Z|o < amn}

where, || - ||o refers to the the £y norm.

In the random case we consider the matrix X to have
i.i.d. components. Each component is distributed according
to a mixture distribution with a singular measure of weight
(1 — @) at zero. Both mixtures of discrete and continuous
densities can be considered.

We also consider two different models for sensing
matrices.

1. Each element of the matrix G;; is drawn i.i.d. accord-
ing to a Gaussian distribution, ~ N(0, %L), where our
normalization is with respect to the signal dimension.
In the literature a different normalization with respect
to the number of observations is considered [14].
Specifically, G;; ~ N(0, %) The different normal-
izations turn out to be insignificant when sparsity
level « is held constant. However, the results need
to be re-interpreted for vanishing sparsity regimes.
The i.i.d. choice of sensing matrix is motivated by the
compressed sensing problem that deals with efficient
and non-adaptive sampling of sparse signals.

2. Row vectors Gy, @ = 1,2, ...,m of the sensing matrix
G are distributed i.i.d. according to a multivariate nor-
mal distribution ~ A/(0,3). The covariance matrix >
characterizes the components of each row vector. This
choice of sensing matrix is motivated by the problem

of learning graphical models.

We use the notion of sensing capacity to characterize the
performance of the above set-up. More elaborate notion of
sensing capacity in relation to applications arising in sensor
networks is described in [1],[2] and the reader is referred
to these papers for more details. To this end we denote the
ratio - as the Sensing Rate for the set-up. We consider
asymptotic situation letting both the ambient dimension,
n, and the number of sensors approach infinity. For this
we need a sequence of n-fold probability distribution,
Prn., a sequence of sensing matrices, G and sequence of
estimators, that maps the m-dimensional observation to the
solution. Then we define the sensing capacity as follows,

Definition 2.1: Given this set-up as outlined above
we define an € sensing capacity as the supremum over
all the sensing rates such that for the sequence of n-
dimensional realizations over the sensing domains and

the sequence of sensing matrices G, 3 a sequence of
reconstruction operators such that the probability that the
distortion in reconstruction is below d is greater than 1—e,
i.e.,

C.(0, G, dy) = limsup {ﬁ L Pr(d(X,X > do) < ¢|G) — o}
m,n m

where © is the parameter(s) governing the sensing
domain, e.g. sparsity in the case under consideration and
where X denotes the reconstruction/estimate of X from
Y.

This leads to the following definition of Sensing Capac-
ity,

Definition 2.2: Sensing Capacity is defined as,

C= liH(lJ C.(0,G,dy)

The problem of ﬁndierTé the sensing capacity as defined
above is a function of the sensing channel(s) ®, the com-
plexity of the solution objective defined by the mapping f,
the parameter © governing the probability distribution(s)
P,, and the distortion measure d(.,.) with the desired QOS
dp in reconstruction.

III. SUPPORT RECOVERY
III-A. IID Sensing Channel

We are given m observations, Y;,j = 1,2,...,m
with

Y; =Y G;iXi+N;/VSNR
i=1

where, X is an arbitrary real-valued vector of length n.
We assume that elements G;; ~ N(0,1/n) of matrix G
are distributed i.i.d. and N; ~ N(0,1) are i.i.d. Gaussian
random variables.

Lower Bound: We first prove a lower bound for sensing
capacity for binary signals X. Let X belong to the set
of k-sparse sequences in {0,1}". Let o = £ denote the
sparsity ratio. Then the probability of error in detecting
X from a sequence X, that differs from X5 in 2 places
is given by, the standard ) function,

Pe:Q
_ 2
o eXp{||G(X1 icz)” SNR}

where the inequality follows from the following lemma,
Lemma 3.1: For all z > 0

1 2
Q(z) = E/L e Tdy (n
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Proof: See Appendix. |

Now taking the expectation with respect to G and noting

that ||G(X; — X5)||? is a x? random variable with m
degrees of freedom we have

1 1 m/2
. >
T 2V2 <1+ 23;”)

1 27—10g(1+252”%)~ 1 _mSNR

T 2V2 Tl

for sufficiently large n, m. The binary signal case can
be readily generalized to arbitrary real valued signals, X,
which are bounded from below. To this end let § =
infy, |X%| > 0. Then

P, > 1 27@ log(1+2[3$NR) 1 _ m{iiNR

22 T 2v2

for sufficiently large n,m. It can be seen from the
above expression that in order for the probability of error
to go to zero at a fixed SNR, “* has to go to oo or -

has to go to zero. Thus in this case sensing capacity is zero.

2

Upper Bound: Note that from our lower bound it is
unclear at what rate the sensing capacity ;- approaches
zero. We will now derive an upper bound to the sensing
capacity .- and establish the rate of approach to zero. To
this end we have the following lemma.

Lemma 3.2: For the set-up under consideration m =
O(anlogn) sensors suffice for exact recovery. Alterna-
tively, an SNR of O(logn) with m = O(an) sensors is
sufficient for exact recovery.

Proof: See appendix (section V-B). |

This implies that for perfect recovery sensing capacity
goes to zero at rate O(—=—) for fixed SNR level.

Remark 3.1: Although we assume binary valued X
in the proof of the above lemma, the main step (see proof of
Lemma 3.2 in the appendix) only requires the application
of restricted isometry property (RIP). This property applies
equally well to arbitrary X. For this reason with a slight
modification we can extend the proof to cover real-valued
vector X as well. We state this below without proof:

Theorem 3.1: Suppose X is a real-valued parameter
bounded from below, i.e., 8 = infy |Xy| > 0. Consider
the setup of Lemma 3.2. It follows that m = O(anlogn)
measurements are sufficient for support recovery.

Remark 3.2: Note that support recovery for matrix
valued signal, X € R"*", can be decomposed into
recovery for each column through a union bound. Indeed
it suffices to have m = O(anlog?n) or m = O(an) and
SNR = O(log®n) for perfect reconstruction.

III-B. Correlated Channel

We are given m observations, Y;,j = 1,2,...,m
with

n
Y; =Y G;iX;+N;/VSNR

i=1
where, X is an arbitrary real-valued vector
of length n. We assume that each row vector
G; = [Gj1,Gjz...,Gj,] ~ N(0,%X) is a Gaussian
random vector and different rows of matrix G are
distributed i.i.d. Suppose, G; is normalized such that
Omax(2) = 1. Also, let N, be a sequence of i.i.d. zero
mean unit variance gaussian random variables.

Lower Bound: Let ¥ = UXpU™* be the singular value
decomposition of ¥ and oy,;, be the minimum singular

value. Consider the transformation G = GUXE, Y2 and
51gnal transformation X = 21D/2U *X. The row vector
G; = G,US, /2 is a Gaussian row vector with i.i.d.

components. This implies that the matrix G has iid.
components. Therefore,

G(X) — X3) = G(X1 — X)

Note that H)N(l — )~(2|| > Ominl| X1 — X2||. Consequently,
if the space of signals, X are bounded from below by
B8 = miny | X (k)| > 0, the following lower bound follows
along the lines leading upto Equation 2.

2BSNRy 1 | _mominpsNE
n ~ n

b o-mog(i+om ~ b

P> 5 \/52 Wi

Upper Bound: For the upper bound the main step we

need to check is the RIP property for correlated Gaussian

channels. The rest of the steps will follow identically along
the lines of the upper bound for i.i.d. channel.

Lemma 3.3: Consider the correlated sensing channel

G given above. It follows that for any J > 0 there exists a

~ such that for any £ < yn sparse signal a modified RIP

property holds, i.e.,

(1 = 0)omin(B)[IX]] < [|GX]| < (1 + 6)gmax (X)X
We provide an outline of the proof here. To this end,
let 7(1),1 = 1,2, ..., Z
of k-sparse vectors. The k-sparse real-valued vectors

are Xoqpy, ! = 1,2,...,

be the different choices

n
k ) Suppose, Gy, | =

n . .
1,2,..., L ) are the corresponding sub-matrices ob-

tained by selecting k columns of G. Let Gy = U; %, U
be the corresponding singular value decomposmon Con-
sider the transformations G,r(l) = G.nUi%, % and sig-
nal transformation }:(,r(l) = le/ U X Then it follows

that Gy Xr) = Gy Xr()



By noting that G'(;) is a matrix with i.i.d. components it
follows from an application of Johnson-Lindenstrauss the-
orem (see [3]) that there exists a number ¢ for sufficiently
large, n such that,

(1 = 8)0min (E) Xy | < (1= )Xy | < 1Griy Xyl
<1 =Xyl € (14 8)omax (E0) | Xl

with overwhelming probability. This implies that with the
same overwhelming probability the following holds:

(1 = ) omin(C) Xyl < NGriyXall <
(1+ 6)0maX(El)||Xﬂ(l) |

Next we note that, opin (X)) < omin(X) and omax (X)) <
Umax(E)
Now using a standard union bounding argument over

the Z sets (see [3]) it follows that the RIP property

holds as well for all k sparse sequences, X where k£ < yn
for sufficiently small ~.

Based on the above analysis we have the following result
for correlated channels:

Theorem 3.2: Consider the aforementioned corre-
lated channel. Suppose X is a an sparse real-valued
parameter bounded from below, i.e., f = infy |Xg| > 0
with « sufficiently small to satisfy the RIP property. Let
Omax and opnin, be the maximum and minimum singular
values of any row vector of correlated channel G. It follows
that m = O(anlog n?;'j‘x ) measurements are sufficient for
support recovery.

min

IV. LEARNING GAUSSIAN GRAPHICAL MODELS

Markov random fields (MRFs) are special random fields
that can be associated with some graph G = (V. E).
Namely, potentials of a MRF satisfy certain properties that
lead to conditional independence relations with respect to
cutsets of the associated graph, as illustrated in Figure IV.
Here we adopt such models with the interpretation that
each node of the graph denotes a random quantity that
pertains to a sensor measurement or observation, and the
graph structure connecting the nodes reflects first-order
dependencies between the measurements. In this paper we
deal with Gaussian graphical models. A Gaussian graphical
model is given by a Gaussian distribution, namely, if the
vector X = (X, ..., X|y|) denotes the random vector
corresponding to the different observations at the different
nodes then:

X~ N, X)

The concentration matrix A = =1 = [\0 ] reflects
the graphical structure, namely, if the element \?, is zero
it implies that there is no edge connecting the ith and jth
observation. Furthermore, observation at any node, v, can

P{x, | Xsfor s # 1} = P{X; | X,, X5 }

ﬁHammersley-Cliﬂord

P(X) x l—IC € Cliques \PC(X)

Fig. 1. Markov Random Field and Characterization in
terms of Potentials

be written as a linear superposition of the realization at the
neighboring nodes of the graph:

Xy = Z >\1J,’wxw + Ny
(v,w)EE

where, N, ~ N(0,0?%) is a Gaussian random variable
independent of X, for w # v. The matrix A = [A,,] is
related to A° by the following expression:

A= D_1/2AOD_1/2

where, D is the diagonal of Ag.

Our goal is to determine the edge connectivity namely,
the matrix A from a set of 7" i.i.d. observations of vari-
ables at each node. Denote the observations at node v as
X,(1), Xu(2), ..., X (T).

Note that the setup falls into the correlated channel case
considered in the previous section. Therefore, we can prove
the following theorem which we state without proof:

Theorem 4.1: Consider the setup above. Suppose
each column of A is a d (i.e., the nodal degree) sparse
real-valued parameter bounded from below, ie., =
inf | Ayp| > 0 with a = % sufficiently small to satisfy the
RIP property for each column. Let 0p,,x and op,i, be the
maximum and minimum singular values of X. It follows
that T = (D(dlog2 |V
for support recovery.

Remark 4.1: The log® [V| term appears from the
requirement for simultaneous recovery of connectivity pat-
tern for all the nodes. This introduces an extra log factor.

Remark 4.2: Note that if the degree is constant one
only needs log® |V| measurements for support recovery.
Thus if one has 20000 nodes (usually found in gene-
networks) and there are at most 20 edges for each node
it follows that we approximately need only 400 measure-
ments.

Finally, we present convex programming methods for
recovery of the normalized concentration matrix, A" using
LASSO. Suppose the Frobenius norm of noise satisfies

IN|r<n

2
%) measurements are sufficient
min

We define the following optimization problem:



Iﬁl?z [ Au,ol
u,v

subject to:

T
SN X ) = Y A Xu(®)? <7

t=1 v w

The solution to the above optimization problem approx-
imates A in the ¢, norm:_

Theorem 4.2: Let A be the solution to the above

optimization problem. It follows that if the degree d at
each node satisfies d/T < C'log(|V'|/T) then,

Umin(EO)(l 1/ piT)O'S - \/ﬁamax(zﬂ)(l + piT)O.S
(3)

whenever the denominator in the above expression is
positive for some 0 < p < AT and vT' > d. Here y is a
sufficiently small number so that every 7' x " submatrix
of a T'x|V| i.i.d. Gaussian matrix satisfies the RIP property
with § ~ /7.
The proof follows by straightforward application of
Theorem 1 of [4]. The main step is that the intersection of
all the following constraints ensures good approximation.

1) Cone Constraint: This follows from the observation
that the solution to the optimization problem must
satisfy || A, < ||A||; where the ¢, norm here denotes
the absolute sum of elements of the matrix. Consider
J to be the set of indices of A that are non-zero
and J¢ the complementary set. Let A be the matrix
obtained from A by restricting its support to J. Then
we have that,

[Asells < Ay = Ally

2) Tube Constraint:

D0 AwXut) = Y AwXu(t)? < 21

t=1 v w w
3) Restricted Isometry Property: This is the property we

derived in the previous section which we recall here:
(1=0)omin(B) | Allr < [IXAl[F < (146)0max (X) [ All £

for sufficiently sparse matrix A. Here the matrix X =
[X+o].
The main implications of the result is that we need the
denominator of Equation 3 to be positive. This holds if

U?‘ﬂin

max
where C) is some positive constant. This implies that the
number of measurements 7" must scale with the condition
number. This is the scaling suffered in the maximum

likelihood bound derived in Theorem 4.1 for exact support
recovery. Hence LASSO appears to follow a similar scaling
for the number of measurements. However, we point out
that /o recovery does not imply support recovery. Indeed
for support recovery we must have || N||z to be essentially
a constant together with non-zero components of A strictly
bounded away from zero. Consequently this implies that
SNR must scale with graph size. Therefore, although the
performance of LASSO appears to scale optimally with
respect to number of measurements there appears to be a
gap in terms of SNR.

V. APPENDIX
V-A. Proof of lemma 3.1

1 02
Qz) = E/ e 2 dy

By the change of variables y = x + z we have,
) = —— e 7
) V2T /m Y

1 /OO ’(Hj)zd
= — e
V2r Jo
__—z%)2 1 > 7é+xzd
=€ e y4
V2 Jo

> xz for x,z > 0, we have

z

. 2, .2
Since =

Q(zx) > 6_12\/%/0 e dz

Since Q(0) = 1/2 we have
2
x)> ——e *
Qz) = 373
V-B. Proof of lemma 3.2

To this end, let X, be the true signal. We define the
error events,

E;

-

X:dg (Xo,X)=l

{Xo — X}

i.e., I; denotes the union of error events with a hamming
error of [ from the true signal X;. It can be shown that
under the AWGN noise N € R™,

L

U

1
{NT(GXO - GX) > 5\|(;x0 - GX||2}
X:dH(XQ,X):l

and the probability of error is given by,



(02)

To this end we have the following corollary.

Corollary 5.1: Restricted Isometry Property
(RIP): Given matrix G € R™*", such that each element
of the matrix is drawn iid. as G;; ~ N(0, 2X2) Then
for 0 < 6 < 1, for all | < <™ "¢ (§) > 0 and for all

logn °
Xo,X € {0,1}" : dyr(Xo,X) = I,
SNRm
(1-9) 1Xo = X[? < [IGXo - X)|P < &
SNRm
(1+9) X0 — X]|?

with probability exceeding 1 — 6_62(‘5)7”, c2(d) > 0.
Proof: The result follows directly from Theorem 5.2

in [?]. [ |

To this end assume that the matrix G satisfies a restricted
isometry property of order ly, where [y is the maximum
allowable hamming error. This implies that for all Xy, X :
dp(Xo,X)=1,l<ly, and 6 € (0,1) equation (4) holds
true. In the following we will use a shorthand notation
G € RIP(J) to denote that G satisfies equation (4)for
1 <lp.

Now conditioned on G € RIP(4) and the fact that
Xo,X € {0,1}", it is straightforward to show that for
all 1 <1 <ly,

E CE =

U {NT(GXO - GX) >

Xidg (Xo,X)=l

To this end let X! € {0,1}" denote a vector that is at a
hamming distance of | from X. Now note that for each
set of type,

SNRm

S = {NT(GXO—GXZ) > (1—6)||X0—Xl|2}

®)

comprising the union in Ef the R.H.S can be written as
the following superposition,

l
=> N'G(X, - X})

Jj=1

NT(GX, - GX)

for some X} € {0,1}", j=1,2,...,1 is at a hamming
distance of 1 from X;. Similarly the L.H.S can be written
as the following superposition,

l
SNRm
VR (1 8) S (Ko — X

Jj=1

SNRm
2n

(1= 8)[[Xo = X'|* =

Thus the set in equation (5) can be written as,

l

Si=4> N'G(Xo - X]}) >
j=1
SNRm !
o (1=08) > |I(Xo = X})|I?
j=1

From the above equation and from corollary 5.1 it
follows that

l
11
I 3NTa0 - X)) > L0 S e - X))
Jj=1 Jj=1
From above it follows that every set of the type in
equation 5 comprising the union in Ef is contained in the

following union,

—_

A% = U

{NTG(XO -X)>
X:dp (X0, X)=1

_s )
L glex - |

N | —
—

Thus conditioned on G- € RIP(6), it implies that E? C
A° for all I > 1. Also since % < L,V0O < < 1it
implies that Ef C A®. Therefore we have,

%stm(l_a)nxo—xH } (UE1> <P <UEI>

= P (A°|G € RIP(S)) + P (U E)|G ¢ RIP(5)>
l

< (1 _ e—mcz(5))P(A5) + e—m@(ﬁ)

Now upper bounding P(A°®) using the standard union
bound over the n possible sequences at Hamming distance
of 1 from X and using the standard upper bound to the

error function, Q(z) < e~ we have,

_5)2 oy lyg2
Peg(l_e_mm(a))exp{_(l §)?||G(Xo — X1)|| }elogn

8(1+6)2

+€7m62<6)
Now taking the expectation over G we get the following
upper bound,

14 (0= 5)2SNR

P, < (1 _e—m52(5))67%10g< an(1+06)2 ) logn_’_e*mczw)



Now for k = an sparse sequences the maximal allow-
able distortion is Iy < 2an. Therefore in order that corol-
lary 5.1 to hold true and to make the probabilitg of error to
go zero it is sufficient to choose m = %
for any n > 0. Thus a scaling of m = O(anlogn) is
sufficient for exact support recovery.

One can also choose m = %,n > 0 and
SNR = logn with maximal allowable hamming distortion

lo < 291 satisfying corollary 5.1.

logn
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