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Abstract—We describe distributed tracking of a nonlinear system dynamics and observation models are linear, it is well-
dynamical system via networked sensors. The sensors com-known that the centralized optimal minimum mean squared

municate with each other by means of a multi-hop protocol gror (MMSE) estimate is given by the canonical Kalman
over a communication network. In the linear setting MMSE- Filter

optimal solution is Kalman filtering when measurements are o . . .
available centrally, but new methods are required to account ~ S€nsor network applications differ in two respects. First,
for communication constraints. We derive in-network processing in many applications of interest the system dynamics and
algorithms to deal with arbitrary network topology and then  opservation equations are nonlinear. In particular, the ob-
extend these results to account for communication delays and geration equations are non-linear because there is natural
packet losses. We show that these algorithms are optimal in the . . . .

linear setting and achieve centralized performance. The proposed power law decay of sensed information with distance from _the
techniques differ from existing techniques in two important target. Second, sensor measurements are not centrally available
aspects: a) there is no designated leader/fusion node and eachand need to be aggregated over a communication network.
sensor attempts to optimally track the system trajectory based on Both of these aspects have been studied in the literature. A
its local observations and time-dependent information available number of different techniques such as Extended Kalman Filter

from other sensors in the network; b) the message computation at . .
each sensor is structurally identical, where the computed message(EKF) [3], Unscented Kalman Filter (UKF) [16], and Particle

from each sensor is the innovation in the state conditioned on Filtering [14] deal with target tracking in non-linear settings.
all the information available upto that time at each sensor. A number of papers have dealt with networked sensor mea-
Consequently, the sensor network can be queried at any time surements in the linear dynamical setting. Data accumulation
3”261?;@2')’ snc');::nt]O \c;\tféa{rp]e%ptlr:weﬂeisttlm%te;J%htge Str?)tt?)cc();;he techniques at a fusion center are investigated in [17]. However,
o)rlle based gn Goésip and anr())ther token-based—rlzop distributed the fact that Sensor networks are energy limited tog_eth_e_r with
imp|ementati0n of the in-network processing techniques_ We the faCt that transm|tt|ng state estimates consumes S|gn|f|cant|y
show that the latter token-based approach leads to significant less energy motivates development of techniques which in-
energy savings, i.e., message complexity for achieving a givenyolve transmission of a summary of past measurements (such
tracking error performance is significantly smaller than the as a state estimates) rather than the entire data trace.

conventional approaches. Furthermore, we show that token- N thel th in difficulty i d ical setti
based approaches are particularly well-suited for situations where evertheless, the main dificulty in-a dynamical setting

target and the network time-scales are comparable. While gossip IS that the measurements are not conditionally independent
algorithms may require to wait until aggregating all of data from at the different sensors when conditioned on the current

the whole network to produce accurate estimates, token based state unlike the parametric estimation case [27], [8]. It is
approaches can provide useful estimates even in the short term yq||_known that in the static case conditional independence
since its “aggregation diameter” scales with the available time. . . - .
ensures that the centralized estimate is a weighted average
of localized estimates. The output of a centralized Kalman
filter can also be represented as a linear combination involv-
ing the localized estimates, however this combination has
In recent years, there has been significant interest in sengorather delicate form that entails dynamically updating the
networks research motivated by a broad range of applicatiafsefficients and knowledge of global quantities [24], [25]. The
relating to national security, the environment, energy angck of conditional independence has in turn motivated devel-
manufacturing. Sensor networks consist of a large numhbgsment of practically-appealing approximate linear filtering
of inexpensive wireless devices densely distributed over thpproaches wherein current state estimates are optimally fused
region of interest. They are typically battery powered withut their past correlations are ignored. These techniques aim
limited communication and computation abilities. Each nodeis obtain good tracking performance by judicious choice of
equipped with a variety of sensing modalities, such as acoustiged combination coefficients [4], [5], [9], [18]. Apart from
seismic, and infrared sensors. being suboptimal these techniques also assume a completely
We consider a set of sensors that collectively track a notennected communication infrastructure that interconnects the
linear dynamical system driven by noise. The sensor mesensors. Motivated by these results [23], [10] have recently
surements are noisy functions of the system state. When thesscribed approximate linear filtering for multihop networks.
However, ignoring past correlations can result in arbitrar-
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proach [24], [25], [20]. The main idea here is to comperprocessing schemes amounts to estimating the sum of sensor-
sate the state estimate either at the encoder [24] or at tiedle variables. One implementation is based on so called
decoder [25] through state augmentation, which is then shogossip algorithms [8] that compute the average of all the
to lead to optimal centralized Kalman filter. Our preliminangensor observations. Gossip algorithms accomplish this task
results [1] have extended these techniques to a non-fustnrandomly choosing two neighboring sensor nodes at each
centric approach over multihop communication networks witme and replacing their current values by their average. It
packet losses and delays. Similar results were later obtainedtimns out that this process over time converges to the average of
dependently in [19] for multihop networks under ideal channell sensor values at all the sensors, i.e., all the sensors achieve
conditions. Tracking over multihop networks introduced in oua consensus.
preliminary work [1] differ from decentralized techniques in Our second implementation is token-based protocols such
two important aspects: a) there is no designated leader/fusam simple random walk/coalescing random walks [2]. In a
node and each sensor attempts to optimally track the systiken based algorithm a transmitting node becomes inactive
trajectory based on its local observations and time-dependantl does not transmit further messages until it is reactivated
information available from other sensors in the networlgy a message reception from another node. An active node
b) the message computation at each sensor is structur@gignerates messages at constant rate and sends each message
identical, where the computed message from each sensotois randomly selected neighbor. It turns out that token-based
the innovation in the state conditioned on all the informatioprotocols hold several advantages over gossip-protocols. First,
available upto that time at each sensor. token-based protocols lead to higher energy efficiencies, i.e.,
In the nonlinear setting distributed particle filtering apaumber of messages/node is significantly smaller for achieving
proaches have been studied in [11], [22], [12] and distributaimilar performance as compared to gossip. The fundamental
implementation has been addressed in [7]. However, thesason is that in gossip-protocols ad-hoc message passing
approaches generally either require substantial computatioregults in redundant computations, i.e., the same set (or largely
power, memory or communication overhead for each sensaimilar set) of nodes repeatedly fuse their information at
Consequently, there is a need for energy efficient techniqudifferent points in time. This problem is eliminated in token-
for target tracking in the non-linear setting with networkedased protocols leading to exponential savings in energy. A
sensor systems. In this paper we build on our work [1] ars&cond advantage is that gossip protocols, unlike token-based
describe energy efficient multihop protocols for non-linegsrotocols, are inexact. Averages are computed with small
distributed target tracking problems. Our paper addresses thegers while sums can be highly inaccurate. These advantages

aspects through: are further amplified in a dynamic setting particularly for
« In-network processing algorithms for realizing centralizeslow networks since it becomes all the more important to
performance quickly fuse time relevant information. One advantage of a
« Distributed implementation through energy efficient multoken-based approach is in slow networks, where the target
tihop protocols dynamics changes faster than the time required to aggregate
« Accounting for situations where the target and networkformation from all of the sensors. While gossip algorithms
messaging time-scales are comparable. may require to wait until aggregating all of data from the

For the first task we consider two scenarios, (a) fast netwonk#iole network to produce accurate estimates, token based
where the network time-scale is significantly faster than tle@proaches can provide useful estimates even in the short term
system dynamics; (b) slow networks where the two time scalgisice its “aggregation diameter” scales with the available time.
are comparable. For the fast network scenario we presentlhe organization of the paper is as follows. In Section Il
message passing schemes based on generalizations of [@8]describe the distributed target tracking problem. Section IlI
[1] for arbitrary networks and realize centralized EKF filtergives a decomposition of optimal state estimate that leads
through distributed processing. Our scheme has the pleasiagdistributed in-network processing algorithms. These algo-
feature oftransmitting only the local innovationdNext, we rithms and their implementation through multihop communi-
generalize these protocols to slow network scenarios. Té@tion protocols are presented in Section IV. These results are
main feature here is that the optimal centralized estimdtgen extended to non-ideal channel conditions such as delays
that respects such delays differs from sensor to sensor(siagel packet losses in Section V. Section VI presents simulation
sensors with superior SNRs will always have better estimatergsults.
Again we derive optimal algorithms in this context. Here at
each stage a sensor computes the optimal estimate conditioned Il. PROBLEM STATEMENT
on locally available information and the new information Let R™ denote n-dimensional real vectors, an®™*™
in the form of innovations received from adjacent sensordenote the set of symmetric positive-definite matrices of
We next extend these schemes to account for packet losslsensionn x n. We consider the discrete-time system with
Consequently, the sensor network can be queried at any tistate vectorx, € R"™ evolving according to the non-linear
and at any node to obtain optimal estimates for the state sibchastic difference equation,
the dynamical system.

Ou¥ next tasi is to develop energy efficient protocols Xip1 = f(xe) + Wi, x0 ~ N(0, %),
for implementing these distributed algorithms. It turns owherew = (w; : t = 0,1,2,---) is an IID sequence that is
that a critical step in all of the aforementioned in-networlndependent ofky, such that eackv; ~ N(0,Q) for some



Q € M™*", locally generated messages that are exchanged by neighboring
In this paper we consider tracking the seque(xge: t = sensors. Obviously, this will not be possible if the network

0,1,2,---) based on measurements taken by a collection suffers from communication delays. We study distributed

of sensors. The measurement of sensar V' taken at timet  algorithms with communication delays in Section V.

is denoted byy; € R™ and it satisfies

I11. IN-NETWORK PROCESSING

A brute force approach to compute the centralized estimate
whereu = (uj : £ =0,1,2,---) is an lID sequence such thatyoy|d be to flood the network with raw measurements and let
uy ~ N(0,R”) whereR” € M™*™. Herehj(.) is a time- gensor nodes (or a designated node) construct the estimate
and sensor-dependent measurement function that accounts,fgs, collecting all of the relevant values. This scheme is
possible spatio-temporal environment dependency of SNR.communication-intensive, and arguably unsuitable for energy

Let xj, MMSE estimate ofk; using the measurements Ufimited sensor networks. Furthermore, its performance should
to and including timet, i.e. Y, = (y7 : v € V,7 < 1), be viewed in the tracking context and the impact of inherent
and letP}, denote the covariance of;,. If both the system delays in a multi-hop network on tracking performance needs
dynamics and observation models are linear then the MM pe quantified. Rather than such brute force techniques
estimate is given by}, = E[x,[Y], and it admits recursive we focus on in-network data processing, which, in essence,
computation via the Kalman filter. This practically appealingmounts to refinement of data as it progresses in the sensor
feature disappears if the linearity assumption on the functioqgtwork.
f(.)andhi(.), v € V,is relaxed, since computation of MMSE  The main difficulty that renders the task at hand nontrivial
then entails the complete distributionof conditioned onY. s that sensor measurements are not conditionally independent
In this latter case a convenient approximation for the MMSfghen conditioned on the current state. When measurements
estimate can be obtain via tfixtended Kalman Filte(EKF) do satisfy conditional independence as in the parametric
provided thatf(.) and h(.), v € V, are differentiable. In estimation case (static case) the global MMSE estimate can

principle the EKF technique adopts an approximate linear syse recovered as a weighted average of local MMSE estimates.
tem model based on first-order Taylor expansions of nonlingar other words, if By 2, yilx:) = p(ylx:) p(y¥|x:), then,

components. Namely le€} and A, be matrices defined as e can write the global MMSE estimate,; as,
of

yi = hi(x) + i, veV,

Ay

. Ci= : Xije = ) wo(t)xj),
X X xV

t—1|t—1 _ v

where the dependence on state estimatgsllt_l,xglt_l where,w, (t) is a sensor and time dependent weight.

is suppressed for notational convenience. Epproximate In the dynamic case although the current measurements
MMSE estimate ofx; based on(y? : v € V,7 < t) then (y{ :v € V) are conditionally independent given the current

satisfies state, the entire history is not. In fact, the past measurements
B are coupled through previous states, i.e.
X¢t = Xejp—1 + Py Z C;)T(Rv) "yy - hi (%¢pe-1)), (1) . . Y
veV p(y‘rayr‘xt) 7é p(y7‘|xt) p(yT|Xt)7
and the covariance?;, is given by the recursion: wherer < ¢ and {v,u} € V,v # u. The main idea as we
p-1_p-1 TR -1C 2 will show shortly is that if the network reached consensus on
e = L1 T Z i (R?) tr @ X4¢—¢ It is possible to compute the optimal estimate using

veV VYU
onlyxtlt X1

For the sake of completeness we mention the prediction stepsirst, we derive a relationship between the centralized

of the Extended Kalman Filter here as well: estimate and coarser estimates that are based on local obser-
vations:
Xepre = fOo), . (3) Lemma 3.1: For each sensar letxj), = Elx|y? : 7 <
P = APgpA +Q. 4) t] be the MMSE estimate of; based on local observations

Our objective in this paper is to address the trackin%ﬂ + 7 < t) and letPy, be the covariance of that estimate.

problem, i.e. recursive and distributed computationxof, he fused sensor update is given by:

When. sensors are cpnnected via a communication networl&t‘t = X1+ Py, Z(P;}\t)_l(x;}\t — X)) )
Specifically, we consider a communication infrastructure rep- st
resented by a directed gragh= (V, F') whose vertex set is B

comprised of the sensors and ea(ch e(c}ge/) € Eindicates a B Z Ci'(RY)™ (hf(xt|t_1) - hf(x?\tfl)) 6)
directed communication link from sensargo +’. In order to vev

avoid trivialities we shall assume throughout the paper hat whereP;; is the centralized error covariance given by equal-
is strongly connected . A sensor is calledgighborof sensor ity (2). . _

v if it has a communication link t@. The main goal in the Proof: For a single sensar, the update equation for the
following section is to study distributed algorithms to computéalman filter is

x4+, where each such algorithm amounts to specification of xjj, = x;,_, +P§‘tC§T(R”)’1(y§ — h{ (x{)t-1))s
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which can be rearranged to give We finally note for linear dynamical systems, transmitting
T on—1, v - v 1, » local innovation instead of measurements has communication
C, (RY) (yi — e (Xt|t71)) = (Pt\t) (Xt\t - Xt|t—1)' ; ; ; ; ; ;
advantages since it requires less energy as innovation power is
Note that the state update for the centralized Kalman filter égall and stable. We present the fact as the following lemma,

given by Equation (1). It now follows that, Lemma 3.2: Let S, = Elly: — Cpxye1)(yr —
T ) .
P lx,, = P lx,_.+ CT(RY) M (y? — hY (xy1s C,x¢—1)'] be the innovation power for some sensor (where
e e ,;/ R ¢ Ceage)) we have dropped the superscripidentifying the sensor here

_ ngxmq n Z Ryl — By (xl)e_1) for simplicity of exposition). The dy_nam|cal system and the
measurements are assumed to be linear. Then

veV
=Y CUTRY) T (hY (xej—1) — hi (x3)-1)) Ely.y7] > S.. (10)
veV
= Py/xye1+ > (Ph) (XD — Xfje-1) Proof: Using the definition of innovation power we have:
veV ~
St = E[(y:— Cixyi—1)(yt — Cexepe—1)"
= CYTRY) (R (xege-1) — by (x1)1-1))- ¢ [(ye i te—1) (Yt Xeji—1)
vEV = CtPt|t—1Ct + R;
m Py = APRAT+Q
To interpret this lemma from an algorithmic viewpoint, sup- = APy, AT+ Q- APy, 1CTS~t_IC P, AT
- - t - t t - t

pose for a moment that the network is in a state of consensus

so that the centralized state estimate ;;_; (and therefore LetS; = E[x;x]], then data power is given by:
x4¢—1) and error covarianc®,_,;_, (and thereforeP,;_,) o T

are available at every sensor node at tim&his implies that Elywy:] = CtStCtT +R
the last term in (6) is identically zero. In turn, a given sensor St+1 = AtSiA +Q.

node can construct the next estimatey, if it is provided Using the initial conditionSy = Py _, and by noting that

with the second term in (6). This term.mvolve_s the new €M%he second part dP, |, is always positive semi-definite, we
covarianceP,; and the sum of local innovations scaled bi'
in~’

associated error covariances. We are therefore intereste
distributed algorithms that lead to computation of these two

guantities. This also hold true for nonlinear systems assuming the lin-

The intuition of the previous paragraph can perhaps be bglyi;ation error is small compared to state covariance.m
ter formalized in thénformation form[3] of the Kalman filter.

Towards this end lel,, £ Pt‘ltl, definez,, £ (Py;) ™ 'xy
and zy;_1 £ (Pyi—1) 'xy—1, and denote byzy, and
z)),_, as local versions of the last two quantities respectively In this section we consider distributed tracking algorithms
at sensor. Under the aforementioned consensus conditioim the case when the network is significantly faster than the
equality (2) can be rewritten as: dynamics of the system. Namely, in the scope of this section,
Zoy = P;tlxt‘t_l n Z(P?‘t)—l(xat X%y Eeighboring sensors can exchange messages multiple times
= etween consecutive measurements. The complementary case
when the network and the system have a common time-scale
= <Pt_|t11 +> C,?T(R”)‘ICQ’> Xe[t—1 will be considered in Section V.
veV The present scenario can be conveniently abstracted by a
+ Y [(P?,t)*le‘t - ((Pl’ufl)*l + ch(R”)*lc;’)) x;), tiife-scale separation argument in which the system time is

Stv1 =2 Pip1e = Eb’t}’ﬂ >SS,

IV. DISTRIBUTED ALGORITHMS

vev frozen and the network has infinite time to share the data. We
=z Z CIT(R") " Clxypes shall continue to us¢ as th_e system time, and consistently
vev refer to the network time witht. Hence, for examplem} (k)
v v v vy — v v b th i th
+ Z (28 — 200_1) — Z C/T(R")'CY s (&) denqte the k _message sent by sensorin the ¢ t
eV eV system time (that is, between taking thé and (¢ + 1)*
= zaea+ > (2 — 2 measuremer_ﬂs). o _
eV The algorithms studied in the next two subsections are
characterized as follows. At each system timeach sensor
i A p-1  _ -1 T
Ncitle also t_hat, W't_hltlf—l - Ptltf1 - (A‘Itfl\tflAt T » makes a local observation and computes the state estimate
Q)™ equality (2) yields x;), based on the current observation and past information.
L = Lo+ Z c'(RY)'Cy. 9) The objgctlve of the algorithms is to rea_ch consensus by
oy exchanging messages before the next sensing interval and thus

in order to achieve centralized Kalman ﬁlterpamtam the qptlmal global est|maFe available at any time at
m%l nysensors. Without loss of generality assume scalar messages

Therefore, |
and denote their vector form by

estimate, the sensors need to compute two sums, na
Sev (7~ 2 1) and e CYT(RY)TICY in a dis- )
tributed fashion. M, (k) = [mi(k) mik) --- myk) --- m(k)] .



At each network time messages are updated linearly as  to m1,(0) = Cy"(R")~'Cy andm2; (0) = (z;’lt - Z;}|t71)
for each sensov. Then

M, (k) = BiM,(k— 1), (11) ~
lim (P} 11, = P
where B, = [bi(u,v)]vxy is a weight matrix for thek'" klngo( tfe—1 7+ |VIm t(k)> te>
messaging round such that(u,v) > 0 only if sensoru khlr;o P, (k) (tht_l n |V|1ﬁ2;’(k)) .

is a neighbor of sensar. Each algorithm is specified via a
different choice of weight matrices. Note that if this choicaherex,,, P, are the centralized state estimate and the error

leads to covariance matrix respectively conditioned on sensor data upto
lim m} (k) = Z m¥(0), (12) timet for all of the sensors.
koo v Proof: The weight matrix B is chosen such that,

limy, ., B¥ = 117/|V|; so fori = 1,2 we have
for some sensow, then either sumy_ (Zf\t _z:&}|t71)
or 3",y CYT(RY)"1CY can be constructed at each sensotim Mi, (k) = Jim B*Mi, (0) = (Z 1f1if(0)/|V|> 1.
if my(0) is initialized as(z;, —z;, ) or C'T(RY)"'CY

respectively at each sensarThus using (9) and (9), we haveln turn, by choice of the initial messages,

the consensus of centralized Kalman filter estimate at each .

sensor at every time We shall show that (12) can be achievec}}in;o (P;ltl_1 + |V\rﬁ1§’(k:)> = (
simultaneously at all sensors by proper choicéBaf

veV

-1
P+ czT(R”)lc§> =Py,
veV

A. Generalized Belief Propagation Jim Py (k) (xee-1 + VM2 (k) = Py (Pt_fﬁ‘ttl + > 7 — 7,
veV
We start by seeking weight matricd3;, such that each = Xy
entry of M, (k) converges to a scaled version of the sum -

> vey m; (0) of initial values. That is, Remark 4.1: Convergence rates of both algorithms are

lim 1\~/It(k) — lim B,B,_; ...B11\~/It(0) _ c(llT)1\~/It(0), dete_rmined by the second largest eigenvalue of the weight
k—oo k—o0 matrix B (see, for example [15, Theorem 8.5.1)]).
for someknown constantc (herel is the vector of all 1's).
It will be convenient to choose = |V|~!. Let us further B. Asynchronous Algorithms and Packet Losses
consider adopting the same communication rule in each mesThe synchronous nature of the algorithms in the previous
saging round by settin@,, to some suitable matriB. This section is to some extent an artifact of the formulation, since
latter matrix then needs to satisfym. ... B¥ = 117/|V], these algorithms can in fact be implemented in an event-
which holds if driven manner by programming each sensor to send out its
T T T k" message onlyafter receiving the (k — 1)** messages
1'B=1, Bl=1, pB-11/|V|)<]1, from all of its neighbors. Despite its<practi():al appeal, such
where p(.) denotes the spectral radius of its argument. TH¥ implementation has drawbacks since the overall rate of
following two specifications foB are doubly stochastic andmessage exchange in the network would be determined by the
therefore both satisfy the conditions above, so, at all timslowest sensor therein. Furthermore, packet losses would have
stepsk, the weights can be chosen according to one of tigignificant negative effect on the network-wide computation.
following rules: Our goal in this section is to consider a generalized version
of network operation that addresses these shortcomings.

Maximum-degree weights ) . . )
g g Given sensors, v we shall say that linke — v is functional

Ii‘lf\’ u#v, (u,v) €E in roundk if sensorv receives a message from sengan that
Blu,v) =4 1— deol round. The link is then non-functional if either sensodoes
) . . . .
0 Vi otherwise not send a message or such a message is lost in transmission.
)

Note that since in an asynchronous setting not all links are
Metropolis weights necessarily functional at each messaging round, the weight
1 matrix B, cannot be taken constant for all rounés Let
Trmax(@eg(@ deg)’ U7 U (40) 6uéglexpress; the evolution (11) of messages in a form that is
B(u,v) = ¢ 1= uwepb(uv), u=v convenient for the purposes of this section:

0, otherwise - -
M, (k) = (BB} ---B[)'M,(0), k>1,  (13)
Here deg(u) refers to the out-degree of (i.e. the number of

edges emanating from) sensein the communication graph where T indicates matrix transpose. We shall consider the
a. distributed algorithm specified by choosiBy, = (I+F)Dy

whereFy, = [fr(u,v)]yxv is @ binary matrix with

_ Theorem 4.1: Consider two parallel instantiations
M1,,M2; of the decentralized updating scheme (1, v) = 1 if link v — wu is functional at round:
presented above. Suppose that initial messages are sé’f BYE0 else,



andDy, = [d(u,v)]v«v is a diagonal matrix with Since there aréV|*> node pairs is stochastically dominated by
V|2 > (wonyer (0, v). Let u be the mean of this latter variable so

-1 that,
dp(v,v) =1+ fr(u,v .
(v,) Eu: (u,0) PA(Biy11BryioBlosx) <) >1-P>k)>1- %
In particular columns oB,, are probability vectors; and thusWwhere last inequality is an application of Markov’s inequality. The
lemma follows by choosing:(e) = u/e. [

eachB] is a stochastic matrix. ) .
k Corollary 4.1: Since eachB; takes values from a fi-

The system (13) describes the evolution of local messa eI set there exists a positive numbér< 1 such that
when each transmitted message is normalized by the number =" _5 T P <
kot1Bhys2 - Broix) <1, for kg > 0.

of outgoing functional links (i.e., the number of receivers g : )
the message) in the same round. Inspection of the matri¢eg @ Sauare matri¥ = [p,] define
B, yields that each transmitting sensor distributes its current §(P) = max max |Pn, m — Pnay.m
value equally to its recipients who simply add the message to meonnne
their own values. In particular the sum of all sensor values Téie following lemma is a recitation of [29,Lemma 2] and is
invariant under the algorithm. Note that the identity matrix igiven without proof:
B,, indicates a self-loop at each sensor node that is always Lemma 4.2: Fork > 1
functional; so a transmitting sensor is also a recipient of its k
own message. §(BiB;_,---B]) < [[A(B])
Theorem 4.2: Suppose that the matricé®, : £k > 1) =1
are 1D, and thate'[F,] is irreducible. Then for each € V' proof of Theorem 4.2Fix o, e > 0 andk > k(e). Appeal to

there exists a random sequer(eg : k£ > 0) such that Lemma 4.2 to write,
. mY(k) - k mod k(e) k/k(e)
lim —2 = o | |
kggo Tk ;/mt (O)’ aimost surely 5(B11-B12- T B%) < H )‘(BD H /\(Bzflk(e)+1B}c-flk(e)+2 o 'BZ

=1 =1

We prove the theorem via an adaptation of the techniqu8ice each factor of the product on the left hand side is at
in [26] for asymptotic analysis of stochastic-matrix productsnost 1, Corollary 4.1 implies that the product is larger than
We start with some auxiliary results. Given a square matrpnly if there are more thahlog, ()] values ofl with

P = [p.m], define
ABL iy 11Bl ko2 Bi_q_1yme) > d
A(P) =1 - min me(pwmpnzm) Lemma 4.1 now implies that fok > k(e)|log, (o) |

ni,n2

. [loga ()]
Lemma 4.1: Under the hypothesis of Theorem 4.2, folp(5(BTB]... B]) > o) < . (LM?(E)J) (1= e)lk/h()-1
eache > 0 there existsk(e) such that fork > k(e), =

IN

— )k/k(e) llogy(a)]
P()\(BZOHBZUH : "B-li—:u+k) <1)>1-¢€ ko=0 (1= ke,
where ¢ does not depend ok. The left hand side is thus

Proof: It suffices to show that for large enoughall o ink: in turn

entries of the matrix product
lim sup§(B{Bj...B]) <o, almost surely
BT BT BT k—oo
ko+1ko+2 -+ Pko+k . . . .
- . 3 o . due to the Borel-Cantelli Lemma. Arbitrariness ®fimplies
are positive with probability at least-e. By definition ofB;s, that5(B]BJ ... B]) converges, hence by definition the rows
entries of this product are positive if and only if all entries if the productB]BY ... B] almost surely become identical
T T T (though they do not necessarily settle to a fixed vector). In
I+ Frgr1) T4+ Frgp2) - (T+ Fropn) (14) light of equality (13) the theorem follows by identifying)
are positive. Thév, v')™" entry in the product (14) is positive With the vth entry of an arbitrary row oB{B;...B]. O
if and only if a hypothetical message that originates at node
in roundk, can reach node’ by roundk, +1 by traversing a ~ Theorem 4.2 states that the sum), ., mj(0) of interest

functional link in each round. Note that a self-looping link i$an be obtained at a senser provided that the random
always functional due to the identity matrix contained in ea%l_} v . ; i ;
factor of (14). Letq(v, /) be the probability that linkov, v') Scduencery : k > 0) associated with that sensor is known.
is functional at a round, so that without loss of generalityt@tistics of this sequence depend on the network topology as
E = {(v,v') : q(v,v") > 0}, and let(¢(v,v') : (v,0') € E) Wellas the frequency of message transmissions at each node in
be independent geometric random variables whgtev') has  the network, and furthermore the sequence itself need not be
tphaer ?%??gl(rggé % asgn%‘eog([aﬁ}}!)rﬁ zlarrqedctjtﬁgrlenggehygofthﬁgtl% convergent. An appealing technique to compytenith litle
i y y via functi : ; ; ; ; ;
links is stochastically dominated By .. . . ¢(v, /). Define "&erhead mv_olves a pilot signal, which entails augmenting
: (vv)€ messages with a redundant entry that has a globally known
the random variable: as 9 o .
initialization. Specifically, letm} (k) be an augmented mes-

k& =min{k : (I4+Fxy11) (I+Fpy42)" - - (I+F5,+%)" has positive esaige that is initialized to, sayh?(0) = 1 at each sensos



and is transmitted along with each messagg(k). Then, by Our main objective here is to regulate message transmis-
Theorem 4.2y (k) /vy — |V|; and thereforeny (k)/|V| can sions in a distributed fashion so as to reduce unnecessary
be adopted as an asymptotically accurate proxy;to transmissions and thereby to achieve energy gains. This goal

We finally note that the proof of Theorem 4.2 relies only ors achieved by deactivating each transmitting sensor until the
Lemma 4.2; hence the conclusion of the theorem holds undigne it becomes reactivated by reception of a message. Formal
more relaxed assumptions on the statistic{¥f : £ > 1). specification of the algorithms is as follows: We continue to
From a deterministic perspective, conclusion of the theoremefer to the network time by:.. Each nodev € V' maintains
holds if each link is functional infinitely often, provided thata status variable} (k) which is either‘active’ (i.e. 1) or
the incidence matrix of the communication graph is irreduciblale’ (i.e. 0). The value of} (k) indicates whether sensor
and aperiodic. v is eligible to transmit a message in rourid as will
be explained next. The initial valug’(0) depends on the
particular algorithm in the following fashion: Undeimple-
walk £7(0) = 1 for exactly one node, say nodg, whereas

For purposes of comparison we also consigessip algo- £/ (0) =1 for all nodesv undercoalescent
rithms that have origins database applications and have redlet m} (k) continue to denote the value (equivalently the
cently been proposed for sensor networks [8]. In broad ternmsessage) maintained at nodeAt each messaging round each
gossip algorithms refer to distributed randomized algorithnaxtive node sends a message, say with some probability
that are based on pairwise relaxations between randonily1). Such a sensor, say sensarsends its message to a
chosen node pairs. In the context of the present sectiomamdomly chosen neighbor and sets its own valuénftk +
pairwise relaxation refers to averaging the two values availallle = 0 and declares itself as idig‘(k + 1) = 0. For clarity
at the associated nodes. For completeness we briefly descabexposition we impose that a node is either a sender or a
the algorithm here. A more detail description of this algorithmeceiver in a given round, but not both. The receiving neighbor,
can be found in [8]. The algorithm is specified by a stochastsay sensow, simply adds the message to its own value and
matrix P = [P,,]vxy such thatP,, > 0 only if nodesu declares itself activé?(k + 1) = 1. Note that idle sensors
and v are neighbors in=G. At round & each node makes ahave value 0, therefore the value of the sender passes to the
randomized to relax its value in that round, and then choosegeiver if the latter is idle, or its added to the present value
a neighboru with respect to the distributiofP,,, : ©v € V). otherwise:

C. Gossip Algorithms

Both nodes, say nodes and v, then update their local ~ i (k) +my(k) if &(k) =1

v~ariables by set~ting them~to the common vatuég(k + 1) = m; (k+1) = { rh?(k:) ! elsé.

my(k + 1) = (my (k) + my(k))/2. It has been shown that

under this procedurimy_,. my (k) = |V|71 Y, m¥(0), at In both algorithms an active node can be interpreted to

each nodev in the network [8]. Note that gossip algorithmgPe holding a transmit token that moves with the transmitted
bear qualitative similarities to the asynchronous algorithms Bfessage. Reflecting on the algorithm specification reveals that

the previous section. In fact the two algorithms have vef#0 such tokens coalesce into one if they meet at the same
similar convergence properties. node. Clearlysimple-walkmaintains a single such token in the

network. An illustrative scenario that depicts the evolution of

token locations (equivalently of active nodes) undealescent
D. Token Based Algorithms is given by Figure 1.

Wireless sensor nodes are typically equipped with limited 1) Correctness and complexitjNote that under both algo-
power source and, in most realistic scenarios, replenishmé&gfims, the value of an idle node is 0 if it has ever been active
of power resources might be impractical. Hence, energ&ﬂ. the past. Both algorithms then maintain the network-wide
efficiency is of additional importance when designing digsum of values invariant:
tributed algorithms for sensor networks. Another apparent Proposition 4.1: Under both simple-walk and coales-
advantage of token-based schemes is that one can trade sp&bé
for time, i.e., the scheme aggregates information only from vy ~
nodes reachable in short time. This is particularly advanta- Z m; (k) = Z m; (0)
geous in slow networks where the target dynamics and network
messaging time-scales are comparable. In this section we Proof: The proof is straightforward via induction ot
consider distributed algorithms to compute a global estima#8d is omitted here. u
with emphasis on energy_efﬁciency_ To determine the Stopping criteria for the two algorithms,

We introduce two algorithms that have identical dynami€t us define the random times, 7¢ as follows:
specification but differ in their initialization. Similar to the
previously considered algorithms, each algorithm is executed ,
after the sensors make a new observation at tiaved until the ~ 7¢ = nf{k: Z & (k) =1}.
next observation at timet1. At this time all the sensor update vev
their local estimate using the information received so far amdbte that under algorithntoalescentthere exists a single
the new measurement, and the same procedure is repeateatctive node in the network fot > 7. Since all nodes start
the next sensing period. out active under this algorithm, the values of the remaining

for all £ > 0.
veV veV

= inf{k: each node becomes active by tirhe



| COALESCENT | SIMPLE-WALK | GOSSIP

Clique O(logn) O(logn) O(n)
Ring O(n) O(n) O(n?)
Torus @ = 2) O((logn)?) O((logn)?) O(n)
Torus @ > 3) O(logn) O(logn) O(n2/d)
TABLE |

MESSAGE COMPLEXITIES FOR THREE DIFFERENT PROTOCOLS AND THREE
DIFFERENT TOPOLOGIES FOR AN? NODE NETWORK

In adopting a measure of messaging complexity gtk )
and nc(k) be the total number of transmitted messages in
the network by timek under algorithmssimple-walk and
coalescentrespectively:

An illustrati ¢ evolut  acti des in aldoritha Definition 4.2: Average per-node message complex-
Fig. 1. An illustration of evolution of active nodes in algorithooa-  ; ; ; }
lescent The white circles represent the active nodes at some arbitr ity of algorithm simple-walk (resp. coalescent refers  to

time ¢, and the arrow represent the next message transmission aftef!s (7s)]/[V| (resp. E[nc (rc)l/|V]). _

t,. After transmission, Node 20 becomes active and the value of theFOr each network timek let the vector valued variable
transmitting node 8 passes onto the receiver. Active number of nodgék) be defined by (k) = (¢/(k) : v € V). Note that

in the network remains the same. If the next transmission is from, (k) : k£ > 0) is a time-homogeneous Markov process
node 17 to node 20, theinBErBenefircigagpdes decrease by ofifyder poth algorithms. More preciself, (k) : k > 0) is

20 ‘ a random walk onG under simple-walk and a coalescing
18 1 random walk [13] onG under coalescentIn particular the
161 i average time complexity ofimple-walk E[rs] is the cover
time of G, which is the expected time that a random walk
@ 4y | visits all nodes ofG [28]. Since only one node is active
S 12f : undersimple-walkthe mean number of messages transmitted
S 10l | in the whole network iS\E[rg] (note that\ is the rate at
% which an active node transmits); and the average per-node
@ 8f 1 message complexity of the algorithm &FE[rs]/|V|. The
** . .
61 1 average message complexity afalescentE[nc(7¢)], is the
mean area under the sample path trajectory of the number of
4f 1 ; I S
active sensors shown in Fig. 2, over the time intefoaic¢].
2 1 Asymptotic time and message complexities aafalescent
0 \ and simple-walkin specific graph topologies can be found

2 4 6 8time1? 214 16 18 in [2] and are summarized in Table I.

Fig. 2. Atypical sample path of then’ mber of active nodes under “?3 In particular, token based algorithms yield drastic gains in
ig. 2. ypI u iv u . . . . .
algorithm coalescentThe algorithm terminates when a single activeener.gy relative to the algorithms dlscussgd in the previous
node remains, which occurs around time 18. sections. Furthermore, token based algorithms compute the

exact sum in finite time, whereas belief propagation and gossip
can only guarantee a bounded error in finite time. It should
n — 1 idle nodes are all 0 for such . Under simple-walk &lS0 be noted that the latter algorithms compute averages, and

there is always one active node, but all nodes become actiygall errors in the average may translate to intolerable errors
at least once by times. Therefore the: — 1 idle nodes again N the sum when the number of sensors is large.
have O values fork > 7g. In turn Proposition 4.1 has the
following corollary: V. COMMUNICATION DELAYS
Corollary 4.2: Let k > ¢ (respectivelyk > 7c) and In this section we relax the assumption that the network is
let v(k) be the unique active node at tinkeunder algorithm much faster than the system, and consider message passing
simple-walk(resp.coalescent For suchk;, and measurement on a common time scale. This operational
regime has significant implications on tracking performance
rhf(k)(k) = Z m? (0). since communication delays dictate restrictions on the quality
eV of the optimal estimate that can be obtained. We focus on
the linear setting with linear system dynamics as well as
We regardrs and 7¢ as termination times of respectivelyobservation models for simplicity of exposition. With some
simple-walk and coalescentin the sense that the value ofmodifications in message composition it is possible to realize

> ey M (0) is known to a single node from there on.
Definition 4.1: Average time complexityf algorithm
simple-walk(resp.coalescentis E[rs] (resp.E[r¢]).

EKFs for non-linear problems.
We determine the optimal estimate subject to the communi-
cations delays, which typically differs from sensor to sensor.



We also give a distributed message passing algorithm tlafiormation according to Equation (21) with initial conditions:
computes the optimal estimate at each sensor. The optimgly = xo, Py = %o, mg = 0, (133)*1 =0, VvoeV
estimate at sensor when messages from different sensothen each sensor, at any timet has the optimal estimate
arrive with delayk is: wy = E[xe|y?, Yio1].
v Elx, [y, v v Yo ] Proof: Let us assume that Fhe Sensors reaphed consensus
He 1Yt Yi—to oo Ykt Lk of (x4—1)¢—1,Ps—1)¢—1) by the timet. Then at timet, each
Here we focus on a completely connected network topologgnsor obtains measuremeyjt and uses it to computg;
for simplicity of exposition. These techniques can be extendading standard Kalman filter update equation. As Kalman filter
to arbitrary topologies with a more elaborate message passpigduces the optimal estimate for linear systems, we have the
scheme. We first consider a network with unit delay, i.e., treguality (17). As we have assumed that the sensors receive
k = 1 case, since this setting can be handled by a minthre message&n}, P}) from all other sensors transmitted at
modification of the scheme of Section Ill. time ¢t before the timet + 1, then each sensor maintains the
Note that since the network and the system have a commmonsensus ofx, ., P;;) at the start of the time+1 by using
time scale we use the same symbit indicate time. We shall (18,21). Hence, starting with the sarfw, Pojo) at time0,
denote the message transmitted by sensartimet by m}, by method of induction (17) is true at each timestep =
and define it as an encoding of the optimal prediction of the Note that the paitx;;_1, P;;—1) is an internal state for the
state at timeg based on data available at the originating senssensor at time¢. Namely,m} is determined by, ;_1, P¢;—1
subject to communication delays. Namely, the message, together with the local informatioy? and C¥"(R?)~'C?,
v ~v B whereas(x;1:, P+y1¢) IS determined by new information
m; = (m;, Pt) (15) obtained(attch‘e en:j_ <‘)f) time ’
where The algorithm guarantees that each sensatynamically
constructsy}, i.e. the optimal estimate ok; that can be

mi - _X5|t‘1 (16) obtained subject to the delay constraintsnposed by the
B = Elxtly?, Yi-1] (17)  network. In general, the error covariand@® associated with
PV = E[(x; — pu¥)(x; — ). these estimates are different due to non-identical observation

models. These covariance matrices are also constructed lo-

. i B ) .
with ;1 = (7 : 7 <t — 1,0 € V) as defined earlier. clally; in turn the network can be queried to identify a sensor

In a completely connected network this message is simuyl- , . .
taneously received by all sensors at tithe- 1. The same with a highest quality estimate.
y y ' .-Theorem 5.1 can be generalized to sensor network system

message composition rule is adopted by all sensors, thoug\r/1vi|t k-delays by modifying the message passing algorithm.

Is clear that messages differ from sensor to sensor since tt]%se ideas are based on our related work on asynchronous
are adapted to different filtrations. At tinte+- 1 each sensor distributed Kalman filtering [21]. In this setting, if a message

: v ;
: constructsu s next messaga,,;, based on the recelved.&s transmitted at time, its reception is completed by another
messageany’, u # v, as well as the local measuremen

v, taken after the last transmitted message. We specify tﬁansor.at time + k. One way to generalize Theo“‘"‘.“ 51is t_o
. i transmit message vectors composed of all of the intermediate
construction as follows: Note that

state estimates from + 1 to ¢ + k. However this scheme
Py = Xep1)e + K (V8 — CloiXeqaye) (18) does not scale well to large delays. An alternative scheme
is to compensate for the cross-correlations and transmit a
compensated estimate as described next.
First, notice that the global KF estimate can be written in

(f):},)—i-l)_l = Prp1e) "+ ( L)TRY)TICH,,  (19) the information form:

where K., = P¥,,(Cy,;)T(R")"! is the Kalman gain
matrix. The conditional error covariand}, , is given by

where P, |, can be constructed fror®,; ; and received Pt]tlxt\t = Pt_‘tl,lxt\t—l + Z CyT(R") 'y}
information P}, # v, via the recursion (4) and the repre- veV
sentation = P AP P X > CTRY)yy

P, =Y P —(V-1P,, (20) ) vev

uev Denotings; = Pt]tlxt\t and 4; = P;‘t{lAPt,”t,l we get:

Note that the last term in (19) is local information at sensor _ T )
Manipulation of equality (1), as outlined in Section 11l yields se=Asi1+ Y CYT(RY) 'y}
that _ veV

Xejt = Xep—1 + Py Y (P}) ™'y (21)  The main observation is that the state evolution of the informa-

u€v tion, sy, is linear. The main property of a linear system is that

therefore x,;; can be computed based o®,;_; and the superposition of the inputs leads to superposition of the
mi,u # v via (4), in turnpy,, is calculated via (18). We corresponding outputs. Consequently, it follows that if each
collect these observations in the following theorem. sensor transmits a local compensated estimate their superposi-
Theorem 5.1: Consider the message passing scheme tidn leads to the required global estimate. In particular, suppose
Equation (15) and suppose each node upon reception fute at timet all of the sensors have global estimates ;.



then each sensor computes the following compensated estin . Error Convergence (within ¢ = 0.01)

10 T T T T T T T
(note that this is unrelated to the local optimal KF estimate v gossip
* imple-walk ]
s? _ A s? +C1}T(R1;)—1 v Ci=0.1 k x i'c:gfezc;v,i SR ¢
t—k+j+1 — “tPt—k+j t Yi—ktj+1 T =Y ’(‘ . ')’ © - coalescent () G vV |
22 B bp v vV oo
. o - 1 oV N o L ]
with initial cond!tlon Sy_p = Pt—.k_\t—kxt—k\t—k vvwvvv v e O o
It follows by linear superposition that: 107 S ASNESPLLELE : 1
[} \v4 o ]
o v 1 E VV DDD
=) s = P e Xe)e (3) H v pal
veV g v .o
a vV o
Now each sensor at timecan transmit its local compensatec?; S
estimate,sy (or the innovation insy). This can be locally * “ e s T T SR tih e *
IR : ]
computed because each sensor has the consensus global Lt Lh i :
. . . * “ P RRRROIS S SRR SRS Se- S X
mate fort — k£ and the update in Equation 22 only require K i K SXXRE LGRS a
knowledge of local sensor data. This arrives at all the oth X000
sensors at time+ k. Now each sensor fuses this informatior '
using the above fusion rule. Consequently, a consensus
time ¢ at timet + k at each sensor is achieved. Each senst 10’ T o e o o ae  ae ae mw
v, can then produce its local optimal estimate by running #of nodes, N
local KF to obtainu = E[x|y}, yi_1, --» Yi—pr1» Yi—kl-
We collect this result in the following theorem: Fig. 3. Average number of messages transmitted per node needed

Theorem 5.2: Consider the message update scheme ©fachievef(r) < e = 0.01 for gossip simple-walk coalescentnd
Equation (22) and suppose the estimateis transmitted belief propagatioralgorithms. The curve focoalescent(rshows the

. .nerformance otoalescenwhen the nodes retains the best estimate
by each sensor and arrives at all the other sensors at tlﬁg

X . | fﬁg a weight variable that keeps track of the number of contributors

t + k. Suppose each node upon reception fuses informati@nne current value.

according to Equation (23). Then at any timheach sensor

can compute the optimal estimaté = E[x;|y?, Y;_1].

Although this result appears to generalize Theorem 5.1 theiéde which is initialized withV. Such an initialization is of

is an important difference in terms of sensor knowledge. Noijgterest for two main reasons. Firstly, in most applications,
that the result in Theorem 5.1 did not require that each sensigé spatial distribution of information quality (i.e. SNR) is not
has global knowledge of observation models for other sensa®mogeneous across the whole network. For example, in target
However, it is clear from Equation (22) that this knowledgeracking usually the nearby sensors have better observation
is required in realizing the linear dynamical system and hengempared to the distant ones. The scheme we have chosen can

in establishing Theorem 5.2. be used to characterize the extreme case where only a single
sensor has a large SNR compared to all other sensors in the
VI. SIMULATION RESULTS network. Secondly, this initial configuration can be considered

In this section we obtain numerical results to compalaes a worst case in terms of the square error in the network.

performances of the algorithms outlined in previous sections.!)-et the value of nodev at the start of the algoritrlm be
In order to illustrate main concepts in a plain setting, w8 (0)- We are interested in finding the sum,, ., m"(0)
first consider a static situation in which each sensor has offiihout using a fusion center. Under each algorithm of interest

measured value and the goal is to compute the sum of théem" (7) denote the local estimate of sensoat timer. We

values. We then return to distributed Kalman filtering wherefi€fineé the square error of the sensor network at timas

the main issue is to obtain sums of dynamically generatécﬁT) = fov:l(mv(ﬂ - N)%.
local innovations and error covariance terms. In both settings!n order to clearly distinguish between the time and the
we examine the relationship between the square error and fiygnber of message required to reach consensus we consider a
number of message transmissions in the network. continuous time model. Namely, each node has a Poisson clock
Numerical simulations of this section are conducted dhat ticks at rate\ > 0. In simulations we choose the Poisson
random geometric graphs that have received significant glock rat_e suitably for each algorithm to make fair comparisons
tention in wireless ad-hoc networks. Namely, we randomﬁpncernmg_the total number_of_messages exc_hanged. If, for
generate a sensor network as follows: A total Bfnodes €xample,\ is taken to be unity in all the algorithms, under
are distributed uniformly on the unit square, and each nogénple-walkthe nodes transmit only 1 message on average per
maintains_a_communication link with those nodes that akglit time (only the active node can transmit ancsimple-walk

within /21og,(N) distance at any given time, only one node is active). On the other hand,
N undergossipnodes exchang2N messages per unit time (at

o _ a tick of a local Poisson clock, two nodes exchange messages
A. Distributed computation of sum between each other).

We first consider a scenario where each node is initializedFigure 3 shows the required number of messages to get
with a scalar value of zero except for a randomly chose¢he network error€(r) below ¢ = 0.01 for different al-
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gorithms. The results fobelief propagationare obtained time, ¢

via the Metropolis weights as described in Section IV-A. In

algorithmssimple-walkand coalescenthe estimate of an idle ~'9- 5 A typical sample path of error convergence fgossip

. . . . simple-walkand coalescentalgorithms. The network has 20 nodes
node is taken to be its value when it was last active. As thgih 118 edges. We have used different Poisson clock rates for

figure illustrates, token based algorithms need significantdjfferent algorithms so as to achieve the same message count on
fewer messages to reach the same consensus condition rel@veeage. The solid line indicates the instantaneous (rather than mean)
to belief propagationand gossip Performance of the two Square error of the global optimal estimate, which is constant between
token based algorithms can be improved to some extent Wasurements.

coalescent(rjn which the estimate of an idle node is the prior

value which was contributed by the largest number of sensors.

sections, at the start of each interval, every node uses its local

measurement to update the local estimates. Then until the start
Next we apply the algorithms in distributed Kalman filteringf the next interval, the nodes run the consensus algorithm.

application. Consider a target, maneuvering through a sendothe simulated setting the network is fast compared to target
field whose state space is given by = (pm,vz,py,vy)T dynamics; hence the nodes exchange multiple messages within
where p,, p, andv,, v, are thez,y position and velocity each interval.
resp. and its evolution is given by: Figure 6 shows the square er®fr) (with N representing

X; = Ax;_1 + Wy the sought sum for each interval) per node in a network of
20 sensors. We have recorded the per-node effot)/20
after each message exchange for every interval and have taken

B. Target tracking

wherew; ~ N (0, Q) is the process noise independentgf

and, the average over the entire simulation period starting from
5t2 5t2 t = 6 leaving out the initial transient. Fdyelief propagation
Lot 00 5oz 00 have impl d h broad ion of
010 0 s 0 o0 we have implemented an asynchronous-broadcast version o
A= 0o 0 1 sl Q=g¢q| 2 58 s the algorithm where at each time a randomly chosen node
0 0 5 & broadcasts its value to all of its neighbors, which in turn
0 0 0 1 0 0 at? St

2 update their own values. We have also employed the pilot
wheregq is the covariance scale. At each discrete time step Signal technique to determine the right estimates as described
the sensop takes a noisy measurement of the target's positiof, Section IV-B. Note the initial error increase @fossip

L0 o0 0 and belief propagationis a result of using average to obtain
W =Cxul, i~ NORY), C= )

00 1 0 the sum, as this amounts to multiplying the estimation error

for the average by the number of sensor nodes. We notice
Noise covariance matrice®R", are chosen so as to makeno such behavior ircoalescentand simple-walkwhere we

individual measurements highly noisy. For this simulatiogan compute the sum directly. The aforementioned features
we have usedit = 1, ¢ = 0.01 and R* = 10.0I. A have direct implications for the slow network setting. In a
typical target trajectory is shown in Figure 4. We comparmynamic setting when the network is slow relative to target
the performances ofjossip belief propagation simple-walk dynamics it is important to optimally aggregate information
and coalescentalgorithms under these settings. only from nodes that can be reached in a short period of
Figure 5 shows a typical sample path in the (systertime. The behavior of the coalescent walk suggests that mean-
) time intervalt = 4 to ¢t = 8. As explained in earlier square error is not only monotonically decreasing but also is
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agation have similar order-wise complexity, so the apparent
complexity gain ofbelief propagationmay be attributed to

its broadcast nature (note that the nodal degrees in Figure 4
are fairly large, so broadcasting has a significant impact on
efficiency). This suggest further improvementscoalescent
due to incorporation of broadcast and this direction is the
subject of future research.

VII. CONCLUSIONS

We have presented methods for distributed tracking of a
target via networked sensors. The networked sensors com-
municate with each other by means of a multi-hop protocol
over a communication network. We presented optimal en-
ergy efficient in-network processing algorithms to deal with
arbitrary network topology and non-ideal channel conditions
where packet transmissions are subject to delays and losses.
The techniques presented differ from existing techniques in
two important aspects: a) there is no designated leader/fusion
node and each sensor attempts to optimally track the system
trajectory based on its local observations and time-dependent
information available from other sensors in the network; b) the
message computation at each sensor is structurally identical,
where the transmitted message is related to the state innovation
conditioned on the information available. We then present
two multihop protocols—one based on Gossip and another
token-based—for distributed implementation of the in-network
processing techniques. We show that the latter token-based
approach leads to significant energy savings, i.e., message
complexity for achieving a given tracking error performance
is significantly smaller than the conventional approaches.
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