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Abstract

In this letter, we consider the problem of constructing higte codes with low peak to mean envelope
power ratio (PMEPR) for multicarrier signals. Assuming fficeents of the multicarrier signal are chosen from
a symmetrigg-ary constellation, we construct codes with rate % log, 2 and PMEPR of less tham logn for
anyr andn, wheren is the number of subcarriers ands a constant independentefandr. The construction
is based on dividing: subcarriers intaw/r groups ofr subcarriers and choosing a sign for each group to
minimize the PMEPR. The signs are chosen using a variatidheoflgorithm proposed in [1], [2]. For large
n, we can in fact construct a code with a ratelof O(1/logn) and PMEPR of less thanlog® n. For BPSK
modulated signals, this partially solves the problem pdsgd.itsyn [3] and implies a construction &f*/2
codewords with PMEPR less th&alogn.

I. INTRODUCTION

Multicarrier signals are proposed in many high speed wsebnd wireline standards such as WLAN
802.11, xDSL, and DVB. In a typical multicarrier signal, ttransmitted signal consists of a large
number of subcarriers (e.g. 64 for the WLAN standard) thati$eto a signal with high peak to mean
envelope power ratio (PMEPR). This large PMEPR requiresgalyilinear power amplifier in the
transmitter front end that consequently hampers its pofieiesncy.

Over the years, a whole host of methods have been develop@BPR reduction such as coding,
deliberate clipping, selective mapping (SLM), reservedliees, and tone injection [4], [5], [6], [7], [8],
[9], [10]. Of course PMEPR reduction comes at a price in teofnsoding rate, average power, signal
distortion, and bandwidth. Methods like coding usuallyegar worst case guarantee on the PMEPR.
On the other hand, there are other methods such as SLM anidl geahsmit sequence (PTS) that
improve the probability distribution of the PMEPR, i.e. veé the probability of encountering a large
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PMEPR. In this paper, we propose a coding scheme that redlned3MEPR at the expense of a rate
hit.

Recently, in [1], an algorithm has been proposed to choosesihn of each subcarrier in order to
reduce the PMEPR. In other words, for a symmetrary constellation, a code is constructed with
rate 1 — log, 2 and PMEPR of less thanlogn for any n, wherec is a constant independent of
The algorithm works only for constellations larger than BR%e. ¢ > 2. For BPSK constellations,
recently in [10], the authors characterized the codeworitts RMEPR higher thaljn. This motivates
the question of whether we can construct exponentially nadewords from BPSK with PMEPR
bounded bylogn [3].

In this letter, we partially solve the aforementioned pewsbl We propose an algorithm that only
uses the signs of subcarriers and guarantees that the PMEPR of the resublidgnord is less than
crlogn for any n and anyr 1. For a BPSK constellation, this implies a code with rate % and
PMEPR less thamrrlogn. In general for a symmetrig-ary constellation, we construct a code with
ratel — %logq 2 and a PMEPR of less tham logn. It is also worth noting that all the complexity in
the encoding is to find the optimum signs, which can be doneolynemial time, and the decoding
is also simple as the transmitter does not send any infoomatver the signs of: subcarriers. An
interesting consequence of this result is the construatioocodes with ratel — O(1/logn) (almost
full rate) and PMEPR of less thaflog® n. Simulation results show a significant PMEPR reduction
with a little rate loss.

The letter is organized as follows: Section 2 introducesnatation and the statement of the problem.
In Section 3, the main result of the paper is presented and fiaigg codes with bounded PMEPR is
constructed. Section 4 discusses extensions of our workoged problems. Simulation results are

presented in Section 5 and Section 6 concludes the paper.

II. DEFINITIONS AND PROBLEM STATEMENT

We may write the normalized multicarrier signal(6) that consists of. subcarriers as,

n

sc(0) = Z ;e Q)

=1
whereC' = (c4, ..., ¢,) is the modulating vector (or the codeword)s are chosen from a constellation

such as BPSK or QAM, an€@l denotes time. Clearly, if the's are chosen from an MPSK constellation

Throughout the papet; is a constant independent afandr.



and they add up coherentlyg () will have a large peak of amplitude.
In order to evaluate the variation of the amplitude of a nealtiier signal, we may define the
PMEPR ofC' as

PMEPR(C) = max _lsc@F (2)

oso2m E{Y i, [eil?}
where the denominator is the average powes ). Thus, if¢;'s are chosen independently from a
constellation with average power &%, then E{>_" | |c;[*} = nPs,.

In this paper, we consider PMEPR reduction by adjusting itpe sf some of the subcarriers. This
method is a more general version of the scheme that has besmtlyeproposed in [1] and it is shown
that by adjusting the signs afl subcarriers, we can achieve constant PMEPR with a littke étfor
largen [11]. In [2] and [1], an algorithm is also proposed to desige signs such that the resulting
PMEPR is guaranteed to be less thdngn for any n.

Therefore, by using the sign of each subcarrier to reduc®MEPR, we can construct a code with
(¢/2)™ codewords (out of/™) that has a PMEPR of less thatogn [2]. To quantify this reduction in

the number of codewords, we may define the rate of a ¢bdse
1
R = —log,|C|, 3)
n

wherec;’s are chosen from g-ary constellation andC| denotes the cardinality of the sét Clearly
based on our definition of rate, full rate codes referegte 1 for anyg.

It has been shown that almost all tiie codewords have a PMEPR of less tHagn + O(log log n)
for various kinds of constellations including symmetri@grwhenn is large [12], [13], [14]. However,
there is no explicit construction of an almost rate-one dbdé approaches that limit for PMEPR. For
BPSK, there is even no construction of exponentially margeemrds with PMEPR less tharlogn
[3].

In this paper, we address both of the aforementioned prabl&amely, we construct codes that
have almost full rate (i.ek = 1—0(%)) and a PMEPR of less thariog® n for largen. Furthermore,

lo

for BPSK constellations, we propose codes with rAte- 1 — % and PMEPR less thatr logn.

[1l. HiGH RATE CODES WITH BOUNDED PMEPR

Unlike [2], where the signs o#@ll subcarriers are used to reduce the PMEPR, we consider the

problem of using a fraction of all the signs to reduce the PREPhis is in fact motivated by the fact

by symmetric constellation, here we mean that if a polnbelongs to the constellation; A will also be in the constellation.



that for BPSK there is no construction for a high rate codénWMEPR of less tha®(logn) (see
[10] and [3]) and the scheme of [2] does not work for BPSK ass@ésuthe signs of all subcarriers to
reduce the PMEPR.

In order to construct BPSK codewords with bounded PMEPR afor integerr, we use the sign
of = equally spaced subcarriers indexed from Intto minimize the PMEPR. Therefore, for any

given codeword”, we would like to solve the following non-convex problem:

-1 r
r
: j0(ir+s)
min max E € E Cips € 4
€1 ez 0022 | L= HT ( e @)

=0 s=1

wheree; € {+1,—1}. It is worth mentioning that setting = 1 reduces the problem to the one
addressed in [2].

Following [2], instead of maximizing oved < # < 27, we can minimize the maximum oveémn
samples of) [15], [16]. Therefore the min-max problem of (4) can be venittas,

n_y
s

6{2;171 121,85516” 2_; €i+10p; (5)
where
Re{2Zmi cirgse"T0} 1<p<hn,
o & (6)
{30 corps@ 0} kn 1< p < 2k,
andf, = 27rp_

Fortunately, the machinery used in [2] can be generalizatiisocase and the following algorithm
can be deduced by using a derandomization method as whatdaa {f].
Algorithm 1. For any C = (cy,...,¢,), let k be an integer greater than 1 and |¢;| < v/Eqs. Then

€1 = 1, and ¢,’s are recursively determined as

2kn s—1 n/r
€; = —sign E sinh { o €rQpy ¢ sinh(a*a,s) H cosh {a*a,, }
p=1

r=s+1
o n * 2log 4kn
for s=2,...,%, where o* = */FEmM'

The next Theorem gives a guarantee on the PMEPR of the rgguakideword by using Algorithm

r=1

3For simplicity, we always assumedivides . This condition is not necessary and it is just for simplifyithe notations.



Theorem 1. Let C be a given codeword wheie < /E,... and E,, = E{|c;|*}. Also let C, =
(€1¢1,. .., €161, €a¢,, .. .) Wheree;'s are determined according to Algorithm 1. Then the PMEPR of
C. is less tha% log 4kn for any n andr wherek is a positive integer such that: is an
integer.

Proof: The proof is along the same line as the proof of Theorem 3 ofTB¢ only difference here
is that we are minimizing the maximum @kn linear forms ovem/r signs as opposed to in [2].

Remark 1: It is worth mentioning that our scheme is similar to the PTShod in that we search
for the optimum sign for each group to minimize the PMEPR. dference however is that we do
not require side information in the receiver as the signs tisad for PMEPR reduction do not carry
any information. Moreover, we propose a simple determmesgorithm that provides a guarantee on
the PMEPR without performing any Fourier transformatiop [8

Remark 2: Sincek is a constant, Theorem 1 implies that the resulting codewasia PMEPR
of less thanclogn wherec is a constant independent aefand » and thatc can be determined by
optimizing overk.

We can now construct a code sésuch that the PMEPR of all its codewords is less thalvg n
when thec;’s are chosen from a symmetreary constellation. This can be done by reserving the sign
of only n/r subcarriers (indexed = 1, + 1,2r + 1,...,n — r + 1) to minimize the PMEPR over
those signs. Given all the’s, Algorithm 1 can be used to determine the signs in polybriime.
Therefore, we end up having/2)"/"¢"~"/" codewords with the PMEPR of less thanlog n for any
n andr. That leads to the following Corollary:

Corollary 1: If ¢;’'s are chosen from a-ary constellation, the codé constructed using Algorithm
1 has a rate of — % log, 2 and its PMEPR is less tham logn for anyn andr, wherec is a constant
independent of, andr.

It is worth noting that the decoding @f is quite simple as the decoder can infer the sigi's)(
from the corresponding subcarriers since they do not coamgyinformation over their signs.

Remark 3: The extension of our algorithm to the case whefe can be chosen fronf+1 + j}
is straightforward. In this case’s in (4) should be replaced by + je, wheree; and e, are chosen
from {+1,—1}. Therefore using the same argument as in (5), the problenbeagain written in a
similar form as in (5) and can be solved using Algorithm 1.

In the next two subsections, we further look into two specades, namely, we look into codes for



BPSK constellations and also the PMEPR-rate region of tlieseovhem is large.

A. Example: BPK Constellations

The famous result of Halasz [12] states that almost all BPS#ewords have a PMEPR of less
thanlogn + O(loglogn) for largen. The design of such a code has been recently addressed in [10]
where codewords with PMEPR of less th%fn have been characterized for any

Corollary 1 in fact construct®™'~/7) codewords with PMEPR of less thanlog n for anyn. For
fixed » and largen, this implies a construction of exponentially many codego(in fact2m(1~1/7)
such that their PMEPR i®(logn).

B. Large Number of Subcarriers

In [14], the result of Halasz is extended to many other cdlasiiens including symmetric QAM,
PSK constellations and spherical codes. Therefore, theesde of codes with rate approaching one
and the PMEPR of less thésg n+O(log log n) has been established, although, there is no construction
close to this result [3].

Since Algorithm 1 and Theorem 1 work for amyandr», we may choose to belogn. We can
e7) and a PMEPR
of less than:log® n. We can make a more precise argument in the following Carolla

therefore use Corollary 1 to prove that we can construct & eath ratel — O(

Corollary 2: For largen, using the construction as in Corollary 1, the cddeas a ratd —O(ﬁ)
and a PMEPR of less thaty(n)logn wherel < f(n) < n such thatlim f(n) = oco.

Therefore in an attempt to construct almost rate-one codt#s R\D\?IEOE’R oflogn, we have been
able to construct codes with almost rate-one (in fdtt= 1 — O(ﬁ)) and PMEPR of less than

cf(n) x logn wherec is a constant independent of

V. EXTENSIONS AND OPEN PROBLEMS

In [17], [18], constellation shaping is proposed to reduse PMEPR. In [17], it is shown that
by using amplitude adjustment on top of adjusting all thensjg.e.r = n, PMEPR can be further
reduced at the expense of a little average power penalty.aWeherefore use the same approach and
combine our coding scheme with amplitude adjustment tdhéurteduce the PMEPR at the expense
of a lower rate hit and a little average power increase. Itld/doe interesting to see what are the best

rate and average power increase that lead to the maximum RMeE&dRiction at the minimum cost.



The problem of constructing almost rate-one codes with PRIBFlog n+ O(loglog n) still remains
open. Even though the result of this letter implies a corsivn of a code with rate almost one (i.e.
— 1
R=1- O(@)

Another interesting problem is to investigate the perfarogaof our algorithm (or any other algo-

) and PMEPR of less thanlog® n, we are still off by a factor ofog n.

rithm) for designing the signs. Therefore, it would be uséduprovide a lower bound on the value
of the optimization problem posed in (5) as a bench mark. @fs® one simple lower bound can be
obtained by using Parseval’'s theorem and bounding the mewinf the signal by its average power.
However, obtaining tighter bounds remains as an open proble

Furthermore, as shown in [2], there exist non-vanishing ém zrate codes with even constant
PMEPR for largen. Achieving codes with better PMEPR calls for a sign alganitthat has a better

performance (or bound) for PMEPR. This also remains as a imégyesting open problem.

V. SIMULATION RESULTS

As we discussed in the previous sections, there is a trddeetiveen the PMEPR reduction and
the rate of a code. In this section we carry out simulationsxjlore this trade off forn = 128 and
for BPSK, QPSK, and 16QAM constellations. The algorithm designing the signs is applicable to
any symmetric constellation.

Fig. 1 shows the CCDF (complementary cumulative distrdoufunction) of the PMEPR whet}'s
are chosen from a BPSK constellation and for different \alofe- which correspond to raté/2 and
3/4 codes. As we use fewer signs (or increase the rate of codelC@DF shifts to the right.

Fig. 2 and 3 shows the CCDF of PMEPR for QPSK and 16QAM coratells. For QPSK curves
refer to different coding rates including’2, 3/4, and7/8, and for 16QAM, rates ar8/4, 7/8, and
15/16. It is also worth noting that although the rate of the codéhlyigiepends on the constellation,
for a fixed value ofr, the CCDF does not really change as we change the consielfatim BPSK to
16QAM. Therefore, PMEPR reduction comes with a lower pgniatterms of rate for higher order

constellations.

VI. CONCLUSION

This paper addresses the design of high rate codes with BdUPRIEPR. By using the signs of r
subcarriers and when thg's are chosen from a-ary symmetric constellation, we constructed codes

with rate1 — % log, 2 and PMEPR of less thamlogn for anyn andr. For BPSK constellations this
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Fig. 1. CCDF of the PMEPR for BPSK by optimizing oveyr signs forr = 2,4 whenn = 128. This corresponds to codes with
rate1/2 and 3/4.

implies codes with exponentially many codewords (in f2itt—'/")) that have a PMEPR of less than
crlogn wherec is a constant independent afandr. For largen, our result implies a construction

for a code with almost full rate, i.e. — O(;-), and the PMEPR of log® n. It is also worth noting

logn

that the encoding can be done in polynomial time and the degadd quite simple.
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Fig. 3. CCDF of the PMEPR for 16QAM by optimizing

with rate3/4, 7/8, and15/16.
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