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Abstract— In this paper we consider the effect of channel esti- However, the requirement of having accurate channel egima
mation error on the capacity region of MIMO Gaussian broadcast s g strict constraint.
channels. It is assumed that the receivers and the transmit have In this paper we consider the effect of channel estimation

(the same) estimates of the channel coefficients (i.e., theeflback th itv of MIMO G . broadcast ch |
channel is noiseless). We obtain an achievable rate regioraked error on the capacity o ausslan broadcast channels.

on the dirty paper coding scheme. We show that this region is We propose an achievable region based on the dirty papengodi
given by the capacity region of a dual multi-access channelith a scheme. This scheme is essentially similar to the achievalés
noise covariance that depends on the transmit power. We exple  optained for MIMO point to point and multi-access channethw
this duality to give the asymptotic behavior of the sum-ratefor —,certainty in channel measurements [12], [13]. We furthemw
a system with a large number of user, i.e.n — oo. It is shown - - ! .
that as long as the estimation error is of fixed (w.r.tn) variance, a dual!ty between the achievable ratg region a_nd thg capaicit
the sum-capacity is of order M log log n, where M is the number @ multi-access channel where the noise covariance is depend
of antennas deployed at the transmitter. We further obtain te on the transmit power at different users. This duality islesqxl
sum-rate loss due to the estimation error. Finally, we consier a to show the effect of the estimation error on the sum-rate for
training-based scheme for block fading MISO Gaussian broadast 546 number of users. It is shown that as long as the estimati
channels. We find the optimum length of the training interval as e . .
well as the optimum power used for training in order to maximize error is fixed V\_”th respect .to the number of u§ers,_ we achieve
the achievable sum-rate. the same scaling law as if there was no estimation error. Of
course, there is a loss due to the estimation error in therstien-
. INTRODUCTION which is obtained as a function of the variance of the estonat
error. Based on the achievable rate region derived ealier,
alyze the performance of a training-based scheme fokbloc
ding models. We show that the optimal amount of time used

gor training is equal to the number of transmit antennas.

There has been recently a great deal of research on the tap
region of the MIMO Gaussian broadcast channels (e.g. see |
[5]). These channels are of practical importance since taey
be used as a model for the down-link of cellular systems. In [
the authors show that the entire capacity region is achibyed 1. SYSTEM MODEL

an interference pre-substraction coding scheme knownrés di e consider a block fading Gaussian MIMO broadcast chan-
paper coding (DPC) first introduced in [6]. - nel with channel estimation error. The transmitter empldys

~ While DPC is the optimal transmission scheme, it is computgansmit antennas. We assume that there:arsers in the system
tionally expensive and also requires the transmitter teeh@er- oach equipped with;,i = 1, ..., n antennas. The channel matrix
fect knowledge of the channel state information for all tsers. petween the transmitter and useis an M x r; matrix and is
Furthermore, the capacity of broadcast channels highlgep denoted byH;. A block fading model with coherence interval of
on the amount of channel state information in the transmitigngth 7 is considered. We assume that the channel coefficients
(CSI). If there is no CSI available at the transmitter empigy for each user are zero mean jointly Gaussian random vasiable

multiple antennas does not increase the throughput signific  vith covariance matrixov (H;) = E (vec H;)(vec H;)* = Ry.
However when perfect CSl is available the throughput scal¢ge received signal at uséris given by

linearly with the number of transmit antennas (as the trainsm
power or the number of users increases). From a practicat poi yi = Hix +n;

of VIEW, 5'”."“'9 and effective s_chedullr_lg schemes that _ahu_as’o wheren,; is additive white Gaussian noise with zero mean and
against noisy channel state information (and/or requindizia identity covariance matrixz is the input vector with power
knowledge of the channel) and also have a good performar&%t?]straintE [x*z] < P

are desirable [21]. There has been some progress on dewsmﬁ1 this paper, the users and the transmitters do not have

simple scheduling_sche_me_s that operate close to bOunOl-m’ﬁ‘"ooexact knowledge of the channel matrices. We assume that user
of the capacity region with limited feedback [15], [16], [2[18].

i estimates its channel t&;. This estimate is fed back to the
— . . . , _ transmitter through a perfect channel. The channel estmat
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of H; are assumed to be jointly Gaussian random variablpsrmutation) and that = P is the transmitted signal.
with covariance matrices of form? ® K;, where A; and k; The received signal at usércan be written as

are positive semi-definitd/ x M andr; x r; matrices. The ) o on o imt _on
above covariance matrix models the possible correlatioat i = Hizi + Hi( Y z;) + H:i(> ;) + Hi(D_wi) +n: (1)
transmitter and the receiver side (see [19]). j=itl j=1 i=1

The capacity region of the aforementioned broadcast chhanne
is known whenH; is available to the transmitter and to tfigh ) .
receiver fori = 1,...,n [5]. Assuming the noise covariance Now using the result of [10] on the capacity of memoryless
matrix N; for the i'th user, and under the transmit covariancehannels with random state known noncausally by the transmi

matrix constraint, i.e.E [zz*] < S, the capacity region is given ter, we can show that the following rate is achievable for use
by dirty paper coding and can be written as in (1)

Vi

(s, () #13) = conv { | R, 1B} (N0, (1) } Ry = Huisy) = L 5:) @)

™ {B;} where the random state is; = >7_, , ; and is known

where the union is over all permutations on &ét...,n} and Py the encoder and the channel inputis Also u; has a

all positive semi-definite covariance matricss, ..., B, such Gaussian distribution and is a function 8, z;, z;41,..., %y,
that> " ; B; < S and The second mutual information term in (2) does not depend on

the distribution ofH,. The first term in (2) can be written as
I(uisyi) = h(ui) — h(uilys).
We have the following bound oh(u;|y;)

Rim, 5, {B:}, (N}, {H:}) = {(31,...,Rn>
[Nr(iy + Hai) (S ey By Higy)| }
|N‘rr(i) + Hﬂ(i)(z;c;ll Brr(k))H:r(i)|

Finally, the capacity region of the broadcast channel with
average total transmit power constrait i.e., Tr (S) < P, is since, for a given covariance matrix, the Gaussian digidhu

0 < Rqiy < log

h(uily;) < log|me x cov (u;|y:)]

given by the has the largest entropy.
Therefore, looking at (1), by considering to be a Gaussian
C(P,{N;},{H;}) = U C(S,{N:}, {H:}). random vector with zero mean and the same covariance matrix
S:Tr (S)<P we get a lower bound of®; in (2). The covariance of; is

i—1 n
E(viv)) = Hi()_ By)H; +EH,()_ Bj)H +1
j=1

Jj=1

In order to compute any point on the boundary of the capacity
region, [2], [3] establish a duality between the capacityion
of broadcast and multiple access channels under sum power ) - o
constraints. This duality is considered in a more geneeiado The first term on the right hand side is the contribution from

L : Lo e part of interference that is treated as noise. The sewwm
and based on the mini-max (and the Lagrangian) duality in [-}J:)mes from the error in estimating the channel. It can be show

[8]. Th_ese re_sult_s are very u_seful since the multi-acceaswbl 1 -+ £, H, with cov ( gi) — AT ® K; we have
capacity region is much easier to compute [9].

[1l. | NNER-BOUND ON THE CAPACITY REGION E(H:()_ B)H) = Tr(BA)K,.
=1 =1

In this section we give an inner bound on the capacity region ) . .
of the Gaussian MIMO broadcast channel with estimationrerroTherefore the effective noise of the system has covariance
The results are based on the fact that the worst uncorrelated
noise with given covariance matrix has Gaussian distidouti
This was in fact used previously to obtain lower bounds on | . ) ) )
the capacity of MIMO point-to-point channels and multi-ass ~12ving this, we get the rate region given in the theorem

channels in [12], [13]. statement.

> Tr(BiA)K: + 1. (3)
=1

. . IV. OPTIMAL POWERALLOCATION
Theorem 1. Consider a Gaussian MIMO broadcast channel

described in section Il where the estimated channel forithe [N the previous section an achievable rate region for MIMO
user isH; which is known to the transmitter and the correspondroadcast channels with estimation error was given. Thyore
ing user. The capacity region then includes the capacitioregis based on dirty paper coding. It is well known that the djréy
H; and effective noise covariande+ Tr (4;(>", B)))Ki. In ¢~ . ; : : -
other words, capacity region includes =1 fmdm_g the boundar_y p0|nt§ of t_he capacity region directbynf
. the dirty paper coding regime is not computationally trbtga
Conv{ U R(T"7S7 (B AT+ Te (A" BO)K, {E-}) } However, using the duality of the broadcast and multiplesasc
by P channels [2], [3], and the mini-max duality introduced if, [B]
Tr (3; Bi)<P ) i it is possible to find the boundary points of the capacity oagi
Sketch of proof: The proof follows using the dirty paper cod-nqer some class of power constraints using convex optiioiza

ing scheme. Suppose that, ..., z, are independent Gaussia . . : N~ .
vectors with zero mean and covarianés, ..., B, that are In this section we consider finding the power allocation for

generated according to a dirty paper coding scheme with @y boundary point on the achievable rate region described i
order according to permutation (here we assume the identityTheorem 1.



It is worth mentioning that since in our case the effectivisao all channel realizations. Clearly whenis large, computing the
covariance matrix also depends on the input covariancdgaajr average sum-rate becomes computationally intensive. lat wh
it can be verified that the transformations used in [3] do rmt dollows, we obtain the scaling law of the ergodic sum-rate fo
through. For the presentation of this paper we provide dualitiarge number of users.
results in the following two cases. Defining G; = H;(I + PA)~z, the ergodic sum-rate is given

1) For all users A; = I: It can be easily shown that anyon
boundary point on the region described in Theorem 1 is ~ .
achieved whery_" | Tr(B;) = P. Therefore if4; = T R = BReum) =B o 20x, 18I+ Z,Z_;PiGi Gl )
for all the channels, the effe_ctive_ noise of (3) does no\t/vhere the expectation is over,s for i = 1 . Here s
depend onB; anymore and is given by + PK;. In are independent Gaussian veétors with covariance matrilx
this case, one can use the duality of multiple access anc?

broadcast channels with sum power constraints. Hence E(GiG:)=({I+ PA)’%(RH - A+ PA)’%. (6)

the region of Theorem 1 is equal to the capacity reglor?\lote that (5) is in fact the ergodic sum-capacity of a MISO

of a Gaussian Multiple access channel with sum power o .

consant and channe coefcenl (11 i) | 1oo0EeS hatnel vhee channee are det e scormla

Therefore, any point on the boundary can be computg:'oa . . 9 . .
: L . : eﬁgodlc sum-capacity of MISO broadcast channel with spatia

using convex optimization. We have summarized this resu O S ;

as follows. correlation in channel coefficients is analyzed for largenbar

Theorem 2: Consider the setting of Theorem 1. Furthe(r)f users in [11]. Assuming thaft,; and A are fixed (in terms of

assume that the covariance matrix of the estimation erl%)r’ one can gse the_ result of [11.] to state the following Thaore
~ Theorem 4: Consider the setting of Theorem 3. Assume the

for i-th channel is of the following formov (H;) = I®Q K; . ; e .
. . . channel covariance matrix By and estimation error covariance
then the capacity region of the channel includes the capac- S
. . ; . iS Ry = A. Then as the number of usersgoes to infinity the
ity region of a multiple access channel with sum powearchievable sum-rate scales like
constraintP and channel coefficientd (I + PK;) " z.
2) MISO broadcast with estimation error, i.e. r; = 1: In R = M 1Og10gn+M10g£
the rest of this paper, we consider the achievable rates M

for MISO broadcast channels with estimation error. For +logdet(Ry — A) —logdet(I + PA) + o(1) (7)

this case, we can state the achievable region based onf@orem 4 suggests that as long as the estimation erroricovar
capacity region of a dual multiple access channel. ance matrix is fixed in terms of, one gets the same scaling as

Theorem 3: Consider a MISO Gaussian broadcast channile case where the channel is known perfectly at the reseiver
with estimation error covariancé; - 0 for user; and total and the transmitter. In fact, the effect of estimation esioows

transmit power constraint aP. Then, the capacity region UP @S @ constant hit in the achievable rate.
includes the capacity region of a multiple access channett the end, We should remark that since for a homogeneous

with one antenna at each transmitter allantennas at N€twork, the equivalent noise in Theorem 3 is linear in the
the receiver. The channel coefficient vector for transmittf@nSmit power, in the high SNR regime (and for a fixed number
i is H*. The total transmit power constraint B and the of users), the achievable sum-rate will be of constant offlee

’.

noise covariance is+>_"_, P;A; whereP; is the transmit also [17]).

power for useri. VI. TRAINING
Proof. Sketch of the proof of the above theorem is provided 1o o ,1ts obtained so far are based on a given estimation

in Appendix A. error covariance. To estimate the channel, a training plgase
Clearly, Theorem 3 implies that for a homogeneous systegiten required. During this phase, some portion of the triss
where A; = A for all users, the capacity region of this channeljon interval and transmit power is used to send known tngini
includes the capacity region of a multiple access channél Wijgnals. In this section we consider training for block fegli
total transmit power”” and noise covariance matrix+ P A. MISO broadcast channels with/ transmit antennas, coherence
interval of T > M and total transmit power oP. We further
assume that the channel coefficients are independent zeano me
8init variance Gaussian random variables. We find the optimum
amount of time and power that should be allocated for trainin

V. SCALING LAWS OF THEACHIEVABLE SUM-RATE

Using Theroem 3, we know that the following sum-rate i
achievable for homogeneous MISO broadcast channels.

|+ PA+ X", PH; Hj| to maximize our achievable sum-rate.
Rsum = max log T+ PA| (4) During the training phase, the transmitter sefid training
Y P<P vectors with total transmit energy . 7. Let X, be theM x T,

. o ) i matrix consisting of the training vectors. We have
This optimization problem is convex in thB’s and can be

therefore solved when is not too large. The achievable ergodic Tr (X7 Xr) = PrT- (®)
sum-rate for fading channels is just the expectatioRqf,, over  The received signal at usércan be written as

1The transformation used in [3] is valid for a sum power caiatr Yir = h; X, + (s



At the end of the training phase, each user finds the LMMSEe optimal power allocation is one that maximizes the difec
estimate of its channel and feeds it back to the transmitter. transmit powerP.¢. By maximizing P.¢ over P, and P; we get
order to obtain a meaningful estimate/gf, we need at least as )

many measurements as unknown, which implies #at> M. Pra(Ty) = (PT) a2

The estimate can be written as 2
(\/(PT +To)M + /(M + PT)Td)

hi =y (I +X:X) ' X7
Also the maximizingP. is given by

Note thaty; -, ...,y - are independent and identically distrib-
uted. The estimation error covariance for every user is Pr(Ty) = PT\/(Ta+ PT)M (13)
A —covlf) = I X'+ XX X)X, (T — Ta)(v/(PT + T))M + /(M + PT)T)
= (I+X.X)" In order to maximize the achievable rate o&r we have to
solve the following optimization problem
LetTy =T — T, and P;T, = PT — P,T.. After the training T
phase, the transmitter starts sending data over Thetime R = max —dE{gi}f(Pe*H(Td)) (14)
samples left and with total transmitter energyT,;. Therefore T4.0<Ty<T-M T

for a fixed Pr, T~, using the result of Theorem 3, the following where P, (T,) is given in (12) andf(z) is defined as
sum-rate is achievable off

n
|I+PdA7—+Z,?:1 ch;fh7,| ) f(x) = max 10g|]+x2ng:‘gz|

_ T 1
= = og iy, Pi<1 Py

E ma;
T P03 Pi<Py [T+ PyA;| ’

where ;s are independent vectors whose elements are joinflyis shown in [14] that the cost function in (14) is increasin
Gaussian random variables with covariance matrix4, (which in 7;. Therefore the optimal’; is T'— M. The next theorem
follows from the orthogonality principle). Now considereth summarizes the above arguments.

eigenvalue decomposition ok, X: = UQU*, whereU is Theorem 5: Consider a block fading MISO broadcast chan-
unitary and( is diagonal and from (8) we haver () < P,T:. nels with M transmit antennas, coherence intervallof> M
After some manipulation of (9) we can rewrite the achievablgnd total transmit power aP. Further assume that the channel

R-

rate as coefficients are independent zero mean unit variance Gaussi
. EE N [+ (1+P)Q' + 5" Pgial 10 {?;:g%rg variables. The following sum-rate is achievablegisi
T=TY RE % T+ (1+P)Q
>, Pi<Py T_M n
. . * = E (g, max log|I+Pg(T—-M pig; gi| (15)
The g;’s are independent vectors whose elements are indepen- T {s }pi,zimél | a( ); |

dent zero mean unit variance Gaussian random variableshand t . ' . . . .
S . . whereP};(-) is defined in (12). Furthermore this rate is achieved
expectation is ovey;. Now let us consider the case wheeis N

. . . . : by using orthogonal and fixed power training vectors over the
a scaled version of identity. Using the trace constraint weeh _ . L -
first M time samples and transmitting data over the remaining
P/ T,

I portion of the coherence interval. The power of each trainin
M vector isP*(T — M) and is given in (13).
The following Corollary gives further insights on the belwav
p Of the sum-rate in different regimes.
Corollary 1: Consider the MISO broadcast channel model

Q:

This 2 corresponds to the case where the training mattixis
a multiple of a matrix with orthonormal columns. Also it caa
shown that this choice df corresponds to the worst case noise

in (10), i.e. described in Theorem 5. Then the achievable sum-rate
T P.T, o For largeP scales like
i I = argmin R, v
Q,Tr(Q) <P, T- * — min{M,n}(1 — T)log P
;Js;gg thisQ2 and simplifying (10), the following rate is achiev- . For smallP scales like
- Tcloge o
_Ta ==

max log |T + Z Pglgil (11)

R,
1 P;i>0,37; Pi<Pest —
i=

wherec is the mean of the maximum of i.i.d random

_ N o variables withy?(2M) distribution.
where for each, g; is a vector of i.i.d zero mean unit variance « For large number of users:) scales like

Gaussian random variablef.g is the effective power and is

* M *
given as R* = M(1 — =)log(1+ Pi(T — M)logn)
P PP, T, In particular, Corollary 1 shows that using training-based
off = P.T,+(1+ Py)M’ schemes one can achieve the multiplexing gain of a MIMO point

- _ to-point channel with}/ transmit andn receive antennas in the
We can maximize the achievable lower bound of (11) over pow; rp

and time allocated for training. Note that for a fixéd (andT}), igh SNR regime: Howevgr the power invested in the training
phase increases linearly with (see (13) for largeP). Also the

2Throughout this section we udg rather thanH; to represent the channel requ”eq feedback _rate for sendlng the estimates to thertréter
vector fori-th user. should increase witlP.



VIl. CONCLUSION covariance()., that depends on the different users’ transmit
This paper considers the effect of channel estimation emor Powers in the following form

the capacity region of MIMO Gaussian broadcast channels. An n
achievable rate region based on dirty paper coding is dirives Qeq =1+ Z P A,
further shown that for MISO case this region is equivalerthi =1

capacity region of a multi-access channel with noise cevae and this proves Theorem 3.
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