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Abstract—We consider the problem of distributed target
tracking in a sensornetwork under communication constraints
betweenthe sensornodes,a problem that hasrecently receved
signi cant attention. The problem requiresthe dynamic selec-
tion of which sensornodeswill communicatetheir information
and the selectionof a corresponding fusion center which will
processthe collected information. Ideally, selection of which
sensorswill communicate and where will fusion take place
will be a dynamic process,adapting to new information, to
trade off tracking accuracy versus communications usage.
The resulting coupled problem is generally intractable and
signi cant effort has been devoted towards proposing simple
strategies under various performance criteria. In this paper,
we proposean adaptive dynamic strategy for sensor selection
and fusion location using a certainty equivalence approach
that seeksto optimize a tradeoff between tracking error
and communications cost. We de ne a certainty equivalent
optimization problem for dynamic relocation of the fusion
centerthat usesmeasuesof averagemulti hop communications
costand averagetracking errors, and solve the resulting optimal
control problem for classesof tracking problems. The optimal
strategy is a hybrid switching strategy, where the fusion center
location and reporting sensorsare held stationary unlessthe
target estimatesmove outside of a thresholdradius around the
sensors.We illustrate the performance of our algorithms on
sampletracking experimentswith sensornetworks.

I. INTRODUCTION

Considerthe problemof trackingatargetmoving in region
populatecby sensonodegshathave limited wirelesscommu-
nicationcapabilities.The sensordave limited sensingange
andthe quality of measurementdegradeswith distancefrom
thetamget. In suchnetworks,theidealtrackingsystemwould
procesameasurementisom every sensorat a singlelocation
to estimatethe tamet state.However, this centralizationis
not possibledueto communicatiorconstraintson individual
Sensors.

In the presenceof communicationconstraints,one must
usea distributedmechanisnfor selectingwhich information
shouldbe communicatedand whereshouldthe information
be processedIn this paper we explore a particular dis-
tributed protocol for trackingin sensometworks with com-
municationconstraints We assumethat thereis no central
authority governing network operation.Since measurement
quality degradeswith distancepnly sensorsufciently close
to the target should sharetheir data. Furthermore,since
thereis no designatedcentral authority an arbitrary sensor
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is designatedas the fusion center (or leader nodg for a
given time period and the datais processedt this sensor
Therefore,the entire mechanismcan be broken down into
threetasks:

1) Fusion center estimatesthe current tamget position
basedon sensednformationfrom sensorset.

2) Fusioncentercomputesthe nev sensorsetaswell as
the new fusion centerfor the next time period based
on currentestimatedarget state.

3) Fusion centercommunicatesstateinformation to the
new fusion center

Communicationcosts arise while transmitting data from
sensorgo the fusion centerand while transmittingcurrent
stateinformationto a subsequentusion center

An early approachfor nding the bestinformative sensor
along with communicationcosts was taken in [1],[2]. In
[3] non-myopicstratgiesfor sensorselectionwas proposed
with an information utility measure.However the cost of
communicationbetweenthe successie sensorsand cost of
aggreationwasnot takeninto accountin [4] the problemof
trackingwith leaderselectionand communicationcostswas
formulatedasa dynamicprogramwith informationtheoretic
utility measuresas cost per stage,and constraintson the
total communicationsDue to analytical intractability they
usedapproximatedynamic programmingmethodsto solve
nite horizon DP.

In this paper we propose and analyze an alternatve
formulation that capturesthe inherent tradeofs between
communication costs and estimation performance,based
on a continuum approximationto the number of sensors.
We develop and solve a fully obsered Markov decision
problemfor sensomndfusioncenterselectionWe shaw that,
for classesof tamget dynamic models,an optimal stratey
is a switching stratgy characterizedoy dead zones. The
reportingsensoifocationsare stationaryuntil the target exits
the deadzoneandthenlocationsare switchedto bestsensor
locationsaroundthe tamget.

In order to apply our resultsto the control of sensor
networks with partial information about target states,we
adopta certainty equivalent perspectie, where target state
estimatesretreatedascorrespondingo actualcurrentstates.
We implement our sensornetwork control algorithms in
severaltrackingscenariosandshaw the resultingreductions
in communicationthat arise from effective network control
in contrastto alternatve algorithms.

The paperis organizedas follows. In sectionll we will
presentthe tamet tracking problem of interest,and discuss
the dif culties with existing approachesln sectionlll we



will formulate and solve an approximationfor the tracking
problemwith two different modelsfor target dynamics.In

sectionlV, we illustratethe performanceof our approximate
approachcomparedto alternatve approachesn two exam-
ples. SectionV summarizeghe results.

Il. GENERAL PROBLEM
Consider a collection, S of n sensorsat positions,

s; is given by,
Zi = F(Xk;si) + W

whereXy is the stateat time k of the tamget, typically con-
sisting of position and velocity, andV, is additve additive,
white Gaussiamoiseof variance , andis independenbf
Xko for all k% The target state evolves as an autonomous
systemas follows:

Xk+1 =f(Xk;k)+wk (1)

where wy is zero meanwhite Gaussiannoise of variance

w Which is assumedndependenbf Vkio for all i; k° and
independentf the initial condition X .

The problemof interestis to selectthe fusion centerat
time k + 1 and the set of active sensorsto report at time
k + 1, basedon the information available at time k, with
a goal of minimizing a tradeof betweencommunications
cost and tracking error A similar problem was studied
in [4], where they soughtto maximize the information
collectedover time subjectto a communicationgonstraint.
The resultingformulation was a Partially Obsened Markov
Decisionproblemwith acombinatorialdecisionspacevhose
exact solutionwas intractable.

In this paper we focus on the problem of locating the
fusioncenterassuminghereportingsensorwill bein apre-
speci ed neighborhoodf the fusioncenter This reduceghe
combinatorialcompleity of the decisionproblemwhile fo-
cusingon the fundamentalssueof tradingtrackingaccurag
with communicationgost.

Let "¢ denotethe location of the fusion centerat stage
k. Let | « denotethe information available for decisionat
time k, which includesall of the pastobsenationscollected
and the past locations of the fusion center including the
obsenationsat time k. The control problemat time k is to
selecta stratggy x : Ix ! S that determineswhere the
fusion centerwill belocatedattimek 1.

The performanceobjective for selectinga control strateyy
is a tradeof betweencommunicationscosts and tracking
error. We expressthis costover a nite horizonN

l’( 1
Ef [Keci(Tk+1
k=0
wherec; () is the communicationgostof switchingthe fu-
sion centerbetweenlocations,c,( ; ) representshetracking
error. For our purposes,we choosethe squareestimation
error

C2(Xk; lk) = (X

k) (X 1)l + e2(XnsIn)g (2)

EXilkD)T QX E[Xkilk])

whereQ is a weightingmatrix that canbe usedto selectthe
position entriesin X, or ary otherdesiredweighting. The
communicationgostis chosenask u k1, asdiscussedater.

Notethat,whenN > 1, theresultingproblemis a partially
obsenred Markov decisionproblemwith an underlyingcon-
tinuous statespace(X k), renderingthe problemintractable
unlessthe sensorobsenations have special structure(e.g.
nite valued measurements}-or the special casethat the
horizonN = 1, theproblemreducedo evaluatingthe costin
(2) for eachof the possiblechoicesof fusioncenterlocations
at the next stage,”; 2 S. This can be done approximately
usinga CramerRaoboundapproachor an extendedKalman
Iter (EKF) to approximatethe error covariance of the
estimate,as in [5], as follows. Let o denotethe error
covarianceE[(Xo E[Xojlo])(Xo E[Xojlo)"jlo], andlet
X o denotethe estimateof the stateat time 0 given | o. Then,
the EKF canbe usedto estimatethe tracking error at time
1 giventhe choiceof *; = s;, as

X1j0 = £ (Xo;0)
1o = @@f (X;0)jg, oa@f (X;0)j}, + w
¢ = Zres)i,
@ Ty e A
lj}.(l) = 1jé+ (CJ )T vlcl
i2N;
Efc2(X1;11)]  Trace 41(i)Q] (3)
The choiceof " is selectedas
i = argmin;fTracd 41(i)Q]+ Kci(si  si,)
=S (4)

The above algorithm can be usedin a recedinghorizon
mannerto generate decisionpolicy (l) for eachtimek,
basedon a one-stedookaheachorizon. However, extending
the approachto a policy thatis basedon looking aheadfor
morethanonetime periodis muchmorecomplex. In thenext
section,we presentan approximateapproachthat allows us
to develop decisionpoliciesbasedon multi-period horizons.

[11. CONTINUOUS APPROXIMATION

We want to formulatea simpler problem,which captures
the essentiafeaturesof the original problem. Assumethat
we have a nearly uniform placementof identical sensors
in a region, and that the quality of obsenations degrades
substantiallywith increasingsensordistanceto the tamet.
We assumethat the reporting sensorsare located near the
fusioncenter Thus,we approximatehetrackingerrorby the
distancefrom the fusion centerto the tamet. We also adopt
a certainty equivalent perspectie, decouplingthe problem
of estimationand control, by modeling the current target
positionas perfectly obsered dueto the sensordensity We
referto this approachasCertaintyEquivalentControl (CEC).

In terms of modeling communicationcosts, single-hop
communicationenegy is proportional to the square (or
fourth power) of the distanceof communication.However,
in low-power sensometworks, the usualprotocolsare multi-
hop,andthecommunicatiorcostis dominatedy thenumber



of hops.In our contt, the main communicationscost is
dominatecdby the switchof fusioncenterdocation.For amesh
network with multihop communicationson a uniform grid,
this is proportionalto k ;1 ", ki1, where; is the location
of the currentfusion nodeand ", is the new location.

Let "¢ denotethe location of the leadernode at time Kk,
and let px denotethe position of the tamget at time k. The
sensorameasuringthe target are locatedaroundthe leader;
since measuremensignal power decayswith distance,we
model tracking error as proportionalto jjpx  “kjj?. The
decisionat time k is the location of the next active sensor
denotedby “k+1, basedon the current state of the tamget.
Let u(t) = “(t+ 1) “(t). The cost of communication
is proportionalto jjugjjz = jux(t)j + juy(t)j for multi-hop
networks.

A. RandomWalk Model

We analyze rst a simple dynamic system where the
target motion is one-dimensionalThe resultsextendto two-
dimensionalmotion. as the minimization at each step is
decoupledin differentdimensions.Let the target dynamics
be given by

Xk+1 = Xk + Wk

wherewy is a zero mean,white noise independenpf xy.
The stateof the augmentedsystemincludesboth the taiget
andfusion centerpositions,asxyx = [Xk; «]° with dynamics

1 0 0 1
0 1 Xt 1 Wt g 5)

De ning anew statezy = xx ¢ with dynamics

Xk = Wi

Zx+1 = Zk Uk + Wy

As discussedreviously, the objective function is
N 1 . .. e e .. ..
ker diUkiis + fizdi® + Jizi?

For sale of exposition we considertwo casesviz., (a)
Nno processnoise,i.e., a stationarytarget and (b) a uniform
processoise.

1) NoiselessCase: Assumewy = 0, and perfect state
obsenation. This is a deterministic control problem with

non-zeroinitial condition. The cost-to-goat time N 1,
with onestepto go, is

miny..uy , E

(6)

This is a corvex function of juy 1j, which is not differ-
entiable at 0. The subgradientset [6] of the right hand
sideof (6) atu = Ois[ 1;1] 2zy 1. Hence,0 is in
the subgradientset if jzy 1j < 1=2, which is a sufcient
conditionfor u = 0 to be optimal [6]. At u 6 0, the right
handside of (6) is differentiable,so the optimal control is

In 1(zn 1) = min jui+zgi 1+ (v 1 u)?

u=2n 1 O:5(sign(zN 1). Then,
22,% 1 if jZN 1j 1=2
In alzn 1) = L ) . L
jzn 1) 1=+ zg 4 ifjzy 1) > 122

The interpretationof the control at N-1 is that we do not
applyary controlif thestatezy 1 isin a“dead-zone’region

[ 1=2;1=2]. Otherwise,the control brings the stateto the
edgeof this region.

By induction, at time N
given by

k the costto go function is

In k(zn k)
(k+ 1)z

jZN kj 1=2k
v ki st Z8 ke dzn k> 152k
and the optimal “dead-zone”region at stageN Kk is
[ 1=2k;1=2k]. Note that the cost-to-gois a differentible
corvex function of z, and the dead-zoneshrinks as the
numberof stagesk increases.

2) Uniform BoundedProcessNoise: Supposenow that
the noise processwy is not zero, so we have a stochastic
control problem. Assumethat the white noise processwy
is a uniform noiseboundedbetween] ; ]. Underperfect
stateobsenation, the cost-to-goat stageN 1 is

In 1(zn 1)

= umin( jUN 1j+ Zl%l 1+ EW(ZN 1 Un 1+ WnN 1)2)
N 1

Sincethe noiseis zero meanand uncorrelatedthe costto

go at stageN 1 is given by
In 1(zn 1)

278 1+ & jzn 1 =2
- fize 1 =20+ =+ z{ .+ 4 jn 1> =2

By induction, we establishthe following result.
Theorem 3.1: The optimal n-stagepolicy is a switching

policy, i.e.,

Un n = 0; jzj n

uv n = (2] n)signz); jzj o«
where, , > 0. The correspondingn-stage cost-to-gois
describedby:
I n(2) = 22+ E(In ns1(Z+ W) jzi  n

(Jzj n)+ 2%+ EJn ns+1( 0+ W) else
The switchingpoint  is uniformly boundedfrom below,
ie.,
n 0 = min 5; —
Consequentlythe in nite horizon policy is a switching
policy aswell.

Theproofis outlinedin theappendixThetheoremimplies
that the optimal stationarypolicy is describedoy a deadbeat
zone around the current fusion center location that does
not switch the fusion centeruntil the track has moved far
enoughfrom the fusion center Note that this stratgy is a
consequencef our choiceof *; penaltyon communication
costs,representatie of multihop networks.

A key assumptionin the above model is that the track
positionat eachstageis perfectlyobsened, soxk is known.
In general,we only have an estimateof the target position
with a non-zeroerror covariance.We can incorporatethis
estimationerror heuristicallyinto the solution by increasing
the processnoiseateachstage.Although the density of the
noise wx may no longer be uniformwith nite support,it
will still be zero-mearand symmetric.Thosepropertiesare



sufcient to establishthat the optimal stratgly andthe cost-
to-gowill be of the form
Lemma 3.1: The n-stageoptimal policy is

u
u

0; jzj n
(zi n)sign); jzj  n
The correspondingh-stagecost-to-gois given by:

In n(2)
22+ E(In n+1(Z+ W+ Wo)) izl n
(iZi  n)*+ZZ+EIn na( 0+ W+ W) jzj>

The proof is sameas that outlined in the appendixfor
proof of theorem 3.1. However, since the noise is not
uniform, we cannotguaranteghat , > 0.

In two dimensiongthe problemcan be treatedseparately
in eachdimension,asthe N 1 step cost-to-gofunction
decouplesas the sum of the errorsin the two dimensions.
Note that, for the casewhen the error covariancesare dif-
ferentin differentdimensionswe getasymmetriaegions of
switchingin the two dimensionsj.e., the switching regions
arerectangularratherthan square.

B. Target motionwith velocity dynamics

Now considerthetamgetmotiondescribedy thefollowing

dynamicalsystem
2 3 2 3
Xk+1 Xk

fi -

Xk+1 = Vil
+

wheredt is the samplingtime. The processoisew(k) has
variancegiven by 3
dt*=3 dt’=2 0 0

Q= g dt?=2 dt 0 0 é
BRE 0 dt®=3  dt?=2
0 0 dt?=2 dt
where g is a scaling constant.The above is a standard
discretetime model derived from continuoustime target

dynamics.Assumethat the leadernode positionis given by
“x;y- Thejoint Ieadernodeandthetar%et dynamicsare
) 372 32 3 3 2 3

Xk+1 0 0 Xk Wk
4 %4 5=40 1 054 5+4uy¢5+40 5
)k,+1 0 01 \K Ui 0
As in the previous caseidentify z} = xx ¥ andz? =
Y. Then
Yoo k-Theno o, 5, 3
Vi Y
§ Y% E=af ¥ 5 §0, 5rw
Zics1 Z Uy
Vi vy 0

Note that wy is independenbf z}, z2
zeromean.The objective is

_ P
(Q) :miny;;5uy L E l’:l=ll

and u¥;uy andis

liukiis + Jiz«ii® + jizn ji?

whereuy = [uf;ul]®andzx = [z};z2]°. The cost-to-goat
stageN 1is

In a(zv) = min o jujjs+ jizii® + jiz+voouj? o+
where 2 = E(w(1)2+ w(2)? + w(3)? + w(4)?); andw(i)
arethe component®f the noisevectorw. The optimization
problemin the two dimensionsis decoupled,so we will
focus on describingthe one-dimensionaproblem instead.
For simplicity, we drop the use of superscriptsaand refer to
variablesz; v andu for a given coordinate.For the motion

in x directionwe have
u)?
As in the zero velocity case,the optimal control satis es

uny 1=0ifjzy 1+vn 1 0:5 . Outsidethis regionthe
optimal control is given by,

In 1(z;V) TVZV = ming juj+ (2)%+ (z+ v

_ 1
UN 1= 2y 1+ VUN 1 3SigNzy 1+ W 1)

A similar policy holds for the optimal control in the y
direction.Theresultingone-dimensionatost-to-gofunction,

atstageN 1is
U S jz+vj 1=4 jz+ vj> 05
I aZv) =204 5w+ (z+ v)? jz+vj 05
At stageN 2 the cost-to-gois
In 2(z;v) = minfjuj + jzj*+
EwIn 1(z+ v+ w(l) u;v+ w(2))]

From the abore minimizationit is clear that the cost-to-go
is jointly corvex in z;v. Considerthe costto go function at
stageN n. By recursion,we get

In n(Z;V) = min[juj + 2%+
u

EwIn ns1(z+ Vv u+ w();v+ w(2))]

Lemma 3.2: If the joint densityfunction p(w(1); w(2))
is symmetric in (w(1);w(2)) and Jy nh+1(Z;Vv) =
IN na1( 2z V), thendy n(z:v) = In n( Z; V).

Proof: The minimization remains unalteredif we
substitutefor u = u, w(1) = w(1) andw(2) = w(2)
andnotingthatJy n+1(zZ;V) = In n+1 (2 V). [ |
Sincedy 1(z;v) = In 1( z; V), lemma3.2impliesthat
In n(z;v) = 3n( z; v) forall n.

Letz+v u= . ThenatstageN n, we have the
subgradiensetfor zero control

@y "iyco

@ "
_ : @ :
= [ ;] =EwIn naa( +w@d);v+ w(2)
@ u=0

Sincedyn n+1 (3;:) is a corvex functionin both aguments,

EwJn 1 is alsocorvex. For a corvex functionwith left and
theright derivativesalmosteverywhere[7]. Furthermorethe
derivative exists almosteverywhere sowe canexchangethe
expectationandthe derivative operation.Thuswe have,

Dy tiv-o o
=[5 1 Bu @I an( +wWDivewR)




The “deadzone”region, i.e. the region of zero control is
given by,

2 (V) = O e (+ W)V + w(2)

@ u=0
Note that it is a function of the velocity v. Simplifying as
in the Appendix can shawv that thereis a sufciently small
thresholdregion, , suchthatthe optimalpolicy is to switch
the fusion centeronly whenjz + vj n and not switch
otherwise Furthermorethe optimal controlis whenthereis
switchingisu= z+ v nsSign(z + v).

" JEw j<

IV. EXPERIMENTS

To illustrate the performanceof the CEC algorithmsde-
scribedabove, we must map the solution of the continuous
sensor eld approximationto a discrete grid of sensors,
and evaluatethe relative performanceof the algorithmsas
comparedwith alternatves such as the greedy algorithm
describedn Sectionll. We do sofor two classe®f dynamic
target models:the randomwalk model and the model with
velocity dynamics.

A. RandomWalk

We considera network of 225identicalsensordaid outin
a uniform grid on integerscoordinatesn [ 7;7] [ 7;7].
We assumethat the processnoiseis uniformly distributed
on [-0.5,0.5]. Thetargetis initially at[0,0] with smallinitial
covariancein eachdirection. The obsenation modelat each
sensotis given by

20

p— +V
1+ 2(((x  xp)2+ (y  Yp)?)
wherev is Gaussiamoiseof variancel andx, andy, are
the coordinatesof the sensaor We collect measurementat
time intervals dt = 1. The information provided by selected
sensorss processedby an ExtendedKalmanFilter (EKF) to
generatestateestimatedor 50 time steps.

To implementthe CEC algorithmin this example,we use
the EKF updatedstateestimateas correspondingdo the true
target position (certainty equivalence).The fusion centeris
constrainedo be at one of the sensorsWe usea threshold
alongboththe x andy directionsand computethe distances
along eachdirection betweenthe updatedestimateand the
currentfusion center If the differenceexceedghethreshold,
we computethe control u generatedby the CEC control,
androundthe continuoudusioncenterocationto the nearest
integer point to selectthe next fusionlocation.The reporting
sensorsvereselectedasthe four sensorghatsurroundedhe
continuoudusioncenterlocation.Thethresholds afunction
of theweight on communicatiorcostsandthe look-ahead
horizon; varying this weight yields a performancecurve in
termsof communicationsostversustracking error.

As referencealgorithms,we usetwo algorithms:the one-
steplookaheadcombinatoriaklgorithmin (4) with avariable
weight to obtaina similar tradeof betweentracking error
andcommunicationsThe secondalgorithmwasanon-causal
algorithmcorrespondingo a hindsightpolicy wherethe set
of four reportingsensorsareselecteasedn thetruefuture

Z(Xp;Yp) =

tamget position (andhencehadoptimal obsenability) andthe
fusion centerwas selectedas the sensorin this set of four
that had the smallestswitching communicationcost. This
providesa boundon the bestestimationaccurag obtainable.

Figure 1 shaws the tradeof betweenthe communication
cost and the rms tracking error for the two causalalgo-
rithms varying the weight on the communicatiorncostin the
performanceobjective, as well as the performanceof the
hindsight optimization algorithm, averagedover 50 Monte
Carlo runs, tracking over 50 time stepsper Monte Carlo
run. Theresultsillustratethe advantageof CEC controlover
a one-stepcombinatorialpolicy, achieving smallertracking
error for comparablecommunicationcosts.

25
—e— CEC policy

: : : : : = @ = One step heuristic
20p % iiiin i[9 Hindsight Policy

communication cost in bit -meters

rms error in target position

Fig. 1. Communicationcostsvs tracking error performancefor different
algorithmsin randomwalk experiments

B. Target motionwith velocity

In this case targetmotion cancover additionalarea,sowe
needa larger sensorgrid. For theseexperiments,we usea
uniformtwo dimensionabridin [ 45;45] [ 45;45], where
the sensorsare placedat a distanceof = 3 metersapart.
The measurementodelis given by

20 + Vv
I+ (X %2+ (Y yp)?)=10

Y(Xp; Yp) =

wherev is a Gaussiamoiseof variancel andx, andy, are
the x andy coordinatef the sensorNote that eachsensor
has an effective sensingrange that overlaps its adjacent
sensorsFor the taiget dynamicsq = 0:01 anddt = 1. The
tamget startsat (0; 0) with a velocity of 0:25 in both x and
y directions.

In this experiment,6 sensoraroundthe leadernodewere
selectedto report their obsenationsin eachof the cases.
Speci cally, the 3 adjacentsensorsiorth of the leaderposi-
tion andthe 3 sensorsouthof theleaderpositionreport.The
resultsaveragedover 20 Monte Carlorunsand50 time steps
areshovn in gure 2. As before,the CEC control achieves
smaller RMS error for comparalblecommunicationcost,
with trackingperformanceloseto theboundprovided by the
hindsightpolicy with signi canlty smallercommunications.
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Fig. 2. Communicationcostsvs tracking error performancefor different
algorithmsin velocity model experiments

V. CONCLUSIONS

In this paperwe studiedthe problemof locating dynam-
ically a fusion centerin a sensornetwork for distributed
target tracking that trades off communication costs and
estimatiorerror. For the caseof regularnetworkswith homo-
geneousensorsye developeda continousapproximatioras
a stochasticcontrol problem and characterizedhe optimal
policiesfor fusioncenterlocationin this approximationThe
optimal policies have a dead-zoneegion where the fusion
centerdoesnot changeuntil the track's predictedposition
is far enough. The feedbacksolution of the continuous
approximationcan be used with a certainty equivalence
approachto locate the fusion centerin discrete elds of
homogeneoussensors.In simulation, the resulting fusion
centercontrol providesimproved performanceversusa one-
step policy basedon discrete sensorlocations, in terms
of reducedcommunicationcostsfor comparableaccurag.
Furthermore the on-line computationrequirementsor our
feedbackpolicy are minimal.

The main limitations of our resultsare that we assume
the sensorsare homogeneousand that thereis enoughin-
formationfor accuratetracking so that certaintyequivalence
controlis adequateFuturework will explore to what extent
theseassumptiongan be relaxed.

V1. APPENDIX

A. Outlilne of Proof of theoem 3.1

The completeproof andadditionalresultscanbe foundin
thereport[8]. We outline the major stepshere:Let n denote
the numberof stagedeft. Then,

dn(2) = min - juj+ ZZ+ E@Wn 1(z+w uw) (7
The following propertieshold for the n-stagecost-to-go
function:
Lemma 6.1: The n-stagecost-to-gofunction, J, () is
real valued,positive, corvex, & symmetricaboutz = 0 and

monotonicfor z 0.

The proof follows by induction,andexploits the factthatthe
noisew hasa symmetricdistribution.

Lemma 6.2: The n-stagecost-to-go,J, () is differen-
tiable almosteverywhere(with respecto lebesgueneasure)
and

—@EJn( +W) = E@Jn( +W) = zi(J( + ) J(C )

%is follows from the corvexity property and by direct
computation.

Lemma 6.3: The n-stageoptimal policy is a switching
policy, i.e.,

u = 0;jzj q
u = (jzj  a)signz); jzj  n
where, , > 0. The correspondingn-stagecost-to-gois
describedby:
Jn(z) - 22.+'E(Jn 1(2"2' W)) JZJ n
(zZi n)+Z°+EJy 1(n+WwW) jzj> g

The necessaryand sufcient condition for optimality is
that the sub-gradientset containthe elementzero [6]. The
optimality of switchingpolicy follows from the factthatzero
is aninterior point of the sub-gradientf the agumentin the
minimization problemof Equation7.

To establishthat |, is boundedaway from zeroindepen-
dentof n,let = inf, ,.

Lemma 6.4:

0 = min E; "
Assumethereis ann suchthat, , =2. If not thenthe
resultis establishedConsiderfor 0  z 0

A +2) W( 2)
CE Jrge( 22 ] 4 (2
=z= . 8z 0

where,(a) follows from Lemma6.3 and noting the fact that

n n. Therefore wheneer z o the sub-gradient
setalwayscontainsthe zeroelementfor the zeropolicy, i.e.,
u = 0. This impliesthat , 0-
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