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ML Parameter Estimation of a Multiscale Stochastic (or irregular) branching and where no fixed structure is assumed for
Process Using the EM Algorithm the dynamics of the process, i.d(t), Q(t), C(t), and R(t) can vary
from node to node. An example of such a problem is in speech recog-
Ashvin Kannan, Mari Ostendorf, William C. Karl, David A. Castafionnition in the context of adaptation of acoustic models to a new speaker
and Randall K. Fish [10]. Our application of the EM algorithm for ML parameter estima-
tion follows the basic approach of [11] and builds on results from [1]

Abstract—An algorithm for estimation of the parameters of a multi- and [12].
scale stochastic process based on scale-recursive dynamics on trees is pre-
sented. The expectation-maximization algorithm is used to provide max- Il. RTS SMOOTHING FOR AMULTISCALE TREE PROCESS
imum likelihood estimates for the general case of a nonhomogeneous tree . . . . .
with no fixed structure for the process dynamics. Experimental results are [N this section, we list equations to compute smoothed estimates of
presented using synthetic data. the tree state(t), which will also be needed in parameter estimation.

Index Terms—Maximum likelihood parameter estimation, multiscale ~ Défine thatY; = {y(¢)|o = t or o is a descendant af} and that
process. Y" = {y(o)|0o is a descendant af}. For a set of measurements

Y, definei(t|Y) 2 E{z(t)| Y} and the associated error covariance
P(t|Y) £ B{[a(t) — 2(¢| V)][2(t) — (¢ | V)]"}. GivenYy, i.e.,all
the observations, smoothed estimates of the stateY,) and error
Multiscale stochastic processes represent an important classc@farianceP(#|Y;) can be computed using a generalization of the
models, of which a particularly useful subclass is based on scale-fg;ch—Tung—Striebel (RTS) algorithm, as in [1] for binary trees and
cursive dynamics on trees [1], [2]. These models allow efficienfyen here for the general case of a nonhomogeneous tree.
algorithms for both estimation and likelihood calculation [1], [3], smoothing is performed in two sweeps: an upward sweep starting
resulting in a variety of applications, e.g., [2]-[4]. Denoting a node ig; the eaves to compute filtered estimatés|Y;) and P(t|Y;) fol-

the tree byt with parentt7, a state-space model for the evolution iNgwed by a downward sweep starting at the root to compute smoothed
scale of the Gaussian tree-based procésand its noisy observation estimatesi(# | Yy ) and P(t| Y;). For notational convenience, we ab-

|. INTRODUCTION

Y can be written as breviate the” dependence by using(# | ¢) for &(t| Y;), #(¢ | t+) for
2(t) = A(H)x(t5) + w(t) 1) 2(t|Y;T), andi, (¢) for &( | o), and s_imilarly fqu.
_ o). 2 Upward SweepThe root node covariance(0) is propagated to all
y(t) = C(H)(t) +v(t) (@ nodes by the Lyapunov equatiaiiit) = A(#)S(t7)A” (1)+Q(t). For

wherez(t) is the state of the process at nodéThe root node state @ nodet, X(t) is the unconditional error covariance, implied by the

2(0) has distributionV'(0, £(0)), where\ (., ) denotes a Gaussian oot node covarianc&(0), whereasP(¢|Y") is the error covariance

density with meam and covarianc&. The process noise(t) isinde- ~conditioned on the measuremedts The upward sweep starts at the

pendent and identically distributed (or “white”), independent@f), leaves with the initializatior(¢ | t+) = 0 and P(¢|t+) = X(t).

and has distribution/ (0, Q(t)). The statex(t) is observed via a noisy Suppose we have(t | t+) and P( | #+) at nodet, where we update

measuremeny(t), where the measurement noisg) is white, inde- these estimates by incorporating the measurem@hias in [1]:

pendent ofe(0) andw(t), and has distributioV’ (0, R(¢)). Note that . . .

the zero-mean assumptions of the root ned®) and the noise terms weft) = a(t]t+) + K@y(t) = COa(t[t+)] )

are nota requirement of the model but result in simpler estimation equa- P(t|t) = [I = K@)C@O)]P(t[t+) 4)

tions. Nonzero mean problems can be solved by subtracting out thfiere

mean, solving the resulting zero-mean problem, and then adding bac

the mean. K(t) = Pt|tH)choce) Pttt + R (5)
Relatively little work has been done in parameter estimation of mul-

tiscale processes of the form of (1) and (2) from data. The few existingie upward sweep uses a model for the dynamics

algorithms assume a restricted model structure [5], [6] oadd®ocfit- _ _

ting methods [4]. Itis reported that the expectation-maximization (EM) #(ty) = F(t)x(t) + @ (t)

algorithm has been used for maximum-likelihood (ML) parameter ey(t) = S(t9) AT (¢) andE{a@ ()@l (1)} = Q(t) & S(t5) —

timation for a binary tree [7], [8], but no details were provided, and thg(ﬁ)AT (1=~ (+)A(t)(#7). For the general case of a nonHomoge-

solution is apparently different from that described here [9]. neous tree, let the(t) children of node be denoted bya . .. tayy).

In this correspondence, we provide the solution to the problem of Mbvith #(ta; | tas), we can predict(t) from each child and find the as-
estimation of the parameters of a nonhomogeneous tree from Obseg\fﬁﬁated error covariance by

tion of multiple independent runs for the general case with nonuniform

#(t|ta;) = F(ta;)a(tos |ta;) (6)
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The upward sweep proceeds until we reach the root node computifttese averages can be thought of as “expected” sufficient statistics of

2,(0) = 2(0]0) andP,(0) = P(0]0). the parameters. Maximizing the expected likelihood using multivari-
Downward Sweeplhe estimates at the root nodlg(0) andP,(0) able regression to obtain new estimates of tree parameters gives

serve as the starting point for the downward recursion, which follows

as in [1] A(t) = ()2’ (#9) @)’ (#9) 7 (15)
Q(t) = (z(t)a’ (1)) — A(t)(x(t9)2" (1)) (16)

Bs(t) = &(t[t) + T (1) [#:(7) — &(7 | )] (10) C(t) = (gt (1) (x(t)e” (1))~ (17)

Po(t) = P(t]|t)+ J() [P.(t7) = P(t7 )] T (¢)  (11) B(t) = (y()y" (1) — C()(x(t)y" (1) (18)

J(t) = P(t|)F" (t)P~ " (t7]|t). (12) £(0) = (x(0)2" (0)). (19)

There is an alternative form of the RTS smoothing algorithm, whePéOte thatt)(t), R(t) andx(0) should be symmetric positive semi-def-

T-1(t) is setto zero at all nodes during the upward sweep, and the prJiBinte matrices. If structure is imposed on the process, e.g., if a parameter
is, node-invariant or scale-variant (but constant in a scale), the domain

of the root node is added between the upward and downward swedpd

See [13] and [14] for more information. Either approach can be ust Bthe averaging operator is increased .to include all the noded.
in the EM estimation framework. in the subsef; that share parameters, i.e.,

N
1 ~
lIl. EM A LGORITHM FOR TREE PARAMETER ESTIMATION {9(=)) = N|T.| Z ZT E{g(z,t)|Yo}. (20)
=1 te7,

We take the approach proposed in [11] for ML parameter estimation
of a stochastic linear system from multiple independent runs using tge E-Step
EM algorithm [15], which is known to converge but possibly to a local . .
(i.e., not ML) optimum? Let the parameters of the multiscale process 'he E-step of the algorithm computes the expected quantities for
$(0) and{A(t), Q(t). C(t), R(t)|t € T}, whereT is the set of all each run required |n_the r_|ghthand side 0f(15)—(_19). For &purthese
the nodes in the tree, be collectively denoteddbiThe state and ob- quantities can_ be written in terms of the ob_servatlo_ns,when presen_t, and
servation dimensions are assumed to be known (i.e., not pé)tmft smoothed estimates of the states and their associated error covariances:

may vary with scale. For thih run, IetX_i denote all the states in_the E{x(t)| Y]} = .(t) (21)
tree, and lety denote all the observations. The EM algorithm itera- B T, v p N T 22
tively maximizes the overall expected log-likelihood of the observed ‘{x(ﬂi Yo} = Pu(t) + &5 (1), (t’)T (22)
data and the missing data (all states and missing observations). For in- E{x(t)x’ (17)| Yo} = Po(t,17) + 25 ()2, (1) (23)

dependentrunsg=1,..., N, the expected log-likelihood is N o - TN
where P;(t,t7) = E{[z(t) — &,(O)][z(t7) — 2.,(¢9)]" | Yy }. The
N termsi,(¢) and P (¢) are computed by the downward sweep of the
> Bo{L(X',YS,6)| Yo} (13) RTS algorithm. The remaining term requiredAs(#, ), which we
i=1 show can also be computed using terms from the RTS downward
sweep. When observations at some nodes are missing, the missing
where observations and the unseen state information are jointly treated as
missing data by the EM algorithm. For each i, for missingy(t)
LOIX,Yo.0) == > {log|Q(t)] + [2(t)

te(T—0) E{y(t) | YUI} = C(t)E{‘T/(t) | Y(JL} , o (24)
— AWzt QT ()] (t) — A()x(t7)]} E{y(t)y" () |Ys} = R(t) + C(O) E{x(t)x" (1) | Y5}C (1)
— ST {log | RO + [y(t) — Ct)z(H)]” | | (25)
! Ely()2" (1) ¥2} = COE{e(t)2" (1) |5}, (26)

R™'"(H)[y(t) — C(t)a(t tant (14
8 Bly® (1]} + constant (14) The smoothed errok, (t) 2 z(t) — 2,(t) has been shown in [12]

Each iteration involves two steps: 1) the expectation or E-step, whé?ebe modeled as a multiscale process of the following form:

conditional expectations qf cqmplete-data sufficient statistics are com- Bo(t) = J(t)as (t7) + i (t) 27)
puted; and 2) the maximization or M-step, where these are used in } _ ) ) ) )
re-estimating model parameters. Below, we summarize each step, Wgere () is zero mean and white with covariance given by
ginning with the M-step to show what quantities will be needed in thE(* |#) — P(t[#)F" ()P~ (#7|)F(#)P(t|?) and is independent

E-step. of {#(o) | o is neithert nor a descendant @f. Using (27), we can
compute
A- M-step P.(t.47) = E{#. (0 (19| Y5}
Define the operatof ) to represent the average of smoothed esti- = B{[J(t)&.(t7) + w()]z] (t7)| Y5}

mates generated by each of tNeruns, e.g., — J(t)P.(19). (28)

1 X We now have all the quantities needed for (21)—(23) (the E-step) and,

{9(x. 1)) = & Z E{g(x, )[Yy}- inturn, (15)—(19) (the M-step). Performing iterations of these two steps
= will result in an estimate of that is generally referred to as an ML

estimate, even though the stopping point may be only a local maximum
1In practice, the problem of local optima can be addressed by using multi Ielikelihood g PPINg P y y

start points. In addition, in our experience with various EM estimation proble .
in speech processing applications, convergence typically requires only a fewh degenerate tree with only one leaf node (all parent nodes have only
iterations. one child) can be interpreted as a standard linear dynamical system,



1838 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 6, JUNE 2000

observations at all nodes

i.e., having a time-like index (note that the process stét¢ is still a 3
vector in general). For this case, the above algorithm givesahere- asl  emorA |
sults as that in [11]; however, they differ in the manner of computatic™ | YT S Sgmad

of P,(t, 7). In [11], filtering proceeds from the root to the leaf com- 2| ‘1 |
puting P(t, 7 | t) followed by smoothing from leaf to root to compute 151 | )
P.(t,t7) using a modified RTS algorithm. In our case, filtering pro- 1}-+! .
ceeds from the leaf to the root, followed by smoothing from the ror | _
to the leaf using the regular RTS algorithm. We compBiét, t) di- . \§+¢+++++t+++_+t++++¢+_+++i++++¢.++.t.+;++++++++.+ft+++ L

rectly in the downward sweep by using the result that the smooth "o 5 10 15 20 25 30 35 40 45 50
error is a Gauss—Markov process.

observations at leaves only
10 T T T T T T T T T

ol +++ _— erroré |
IV. EXPERIMENTAL RESULTS .ot + eitor sigmag

Experiments with synthetic data were conducted to investigate cc o *. |

vergence of the algorithm and accuracy of the parameter estimat 4 v +++ ]

under various conditions. Data (théerms) were generated for the sys- NI +++++ |

. . . \+\ +4

tems aC(_:ordlng to (1) and (2). To rest_rlct the s_cope_of the experimer | ++™>. . . . +TH”T****T++++++++++++++--

we considered only tree processes with node-invariant parameters, 9, S 0 P 20 25 30 3 20 25 50
A(t) = A, Q(t) = Q, andR(¢) = R. The matrixC'(¢) = T (identity) iteration index

is constrained for identifiability. In most experiments, the EM iterations

. . - . . . Fig. 1. Parameter estimation error f6(0), A, andQ in a system with scalar
estimated(0), A and@, using R held constant at its true value, sim state and observation spaces (6-levels) as a function of the number of EM

ilar to our end application in speech recognition [10]. Trees with botfrations. The top plot shows the case where observations are available at all
scalar and vector observation spaces were explored, using fixed dimesties, and the bottom shows the case where observations are only at the leaf
sions independent of scale and a balanced binary tree with 32 leaedes. Actual values aie(0) = 1.0, 4 = 0.9,Q = 0.5.

(total of 63 nodes). These simple examples were chosen to illustrate

convergence behavior of the algorithm and performance degradation TABLE |

associated with having observations only at the leaves. Detailed eXxapkg aveTERS FORSYSTEM WITH SCALAR STATE AND OBSERVATION SPACES

ination of the algorithm is problem dependent and left for other workiniTiaL ESTIMATES, VALUES AFTER SPECIFIEDNUMBER OF | TERATIONS FOR

CASESWHERE OBSERVATIONS ARE AT ALL NODES VERSUSONLY AT THE

. LEAVES, AND TRUE VALUES. C' = 1.0 AND R = 0.1 ARE FIXED AND KNOWN
A. Scalar State and Observation Spaces

For the scalar case to compare estimated and actual parameters, we Parameter estimates =(0) A Q
Qeflne a normalized error er= abgA — A)/abgA), Wh_ere abs_A) Initial 2.000 0.500 2.000
is the absolute value of. Fig. 1 shows the error associated with the -
different parameter estimates at each EM iteration for the initializa- All nodes — 50 iter 0.873 0.896 0.487
tion given in Table | and 100 independent runs of the process. The top All nodes — 200 iter 0.873 0.896 0.487

plot is for the case when all observations are used and indicates rapid
convergence (5-10 iterations). The bottom plot shows results when
only observations at the leaves are used, where convergence is much Leaves only - 200 iter | 1.217 0.894 0.476
slower (roughly 30 or more iterations). When observations are only at True 1000 0.900 0.500
the leaves, th&(0) estimate initially diverges and does not start con-
verging toward the true value until thé estimate is close to the true
value, leading to behavior that is often not monotonic, as illustrated i
the figure. Table | gives the parameter estimates for these two condi-
tions at 50 iterations and 200 iterations, showing that accurate estimatefsor the vector case, 400 runs of 2yDvectors were generated. The
are obtained. The difference in convergence rates for the cases with &fgler number of runs was used since the number of free parameters is
without observations at internal nodes is even more pronounced wigggater in the vector case than the scalar case. The true system param-
the system is “unstable.” Increasingfrom 0.9 to 2.0 had little effect eters are shown in Table Il, which also shows the initial values for the
when data were available at all nodes. However, with data only at thM iterations and the estimated values after 200 iterations. To compare
leaves () was still two orders of magnitude from convergence aftegstimated and actual matrix parameters, we define a (scalar) normalized
300 iterations. errorerry = [|A — Al|r/||Allr, wherel|Allr = (3, |45/
Several other experimental configurations were run to investigate li@the Frobenius norm. The normalized error as a function of EM iter-
havior of the estimation algorithm. Performance is not very sensitiation is shown in Fig. 2 for the first 100 iterations. The top two plots
to the values used for parameter initialization; therefore, the estimatiare for the case when observations at all nodes are used, whereas the
error is probably not due to local optima. Initializing an order of magsottom two plots use observations only at the leaves. The plots again
nitude above and below the true parameter values resulted in simitaticate that convergence is slower when observations are only avail-
convergence rates and parameter estimates even for the leaf-onlyaiide at the leaf nodes versus at all nodes, particularly for the root node
servation case. Changing the number of runs from ten to 500 shoveedarianceZ(0). The difference in convergence rates is also more pro-
little or no impact on system performance. Finally, wheis unknown nounced than for the scalar case. Experiments with different system
and estimated, convergence slowed significantly for the case where parameters, including diagonal matrices, show similar behavior, some-
servations are only at the leaves, as we might expect. Systems withtilzes with more oscillations in thE(0) estimation error than in the
servations at all nodes had similar convergence rates and final estimatezdar case when the observations are only at the leaves, as illustrated in
as for the case wheR is known. Fig. 3. The oscillations are likely due to the fact that there is ambiguity

Leaves only - 50 iter | 1.306 0.890 0.480

Vector State and Observation Spaces
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TABLE I
PARAMETERS FORSYSTEM WITH VECTOR STATE AND OBSERVATION SPACES WITHC' = I: INITIAL ESTIMATES, VALUES AFTER SPECIFIED NUMBER OF
ITERATIONS FORCASES WHERE OBSERVATIONSARE AT ALL NODES VERSUSONLY AT THE LEAVES, AND TRUE VALUES

Parameter estimates %(0) A Q R
20 00 ] 05 0.0 1.0 0.0
Initial fixed to true
0.0 4.0 | 00 03] | 00 1.0 |
[ 1027 1034 | | [ 0893 0111 ] | [ 0.504 0.105
All nodes — 200 iter fixed to true
1034 2186 | | | 0309 0.602 | | | 0105 0.505
[ 1483 0312 | | [ 0934 0.046 0.495 0.104
Leaves only - 200 iter fixed to true
| 0312 2449 | | | 0451 0541 | | | 0104 0513
[ 10 09 | [ 0.9 01| 05 01 0.1 005
True
09 20 | 04 06 | | 01 05 | | 005 0.1 |

observations at all nodes

———  efrorA
R error Q
--—--  error Sigma0

3 T T T T 7 T T T T

25+ !\ —— emorA B
P e error Q
Y N error Sigma0 |
AN
] .
N
15+ N i

30 40 50 60 70 80 90 100
iteration index

Fig. 2. Parameter estimation error (using the Frobenius normy.(6), A,

in the error betweex(0), A, and(, all of which account for varia-
tions in the observations at the leaf nodes. Overestimatdgesult in
underestimates @ andX(0), and vice versa. These types of oscilla-
tions are not surprising in EM-type algorithms, which are fixed-point
iterations rather than gradient descent. When observations are available
at all nodes, the estimation df, @, andX(0) is more decoupled.

V. DISCUSSION

In summary, we have presented an ML estimator for the parameters
of multiscale stochastic processes based on scale-recursive dynamics
on trees. This estimator provides a rational method for finding the pa-
rameters of such models for general tree structures, in contrast to the
ad hocapproaches that have been used to date. In this correspondence,
we have only presented the ML estimator and demonstrated its oper-
ation. Further work is needed to completely characterize its behavior
and performance in a variety of application domains.

The computational complexity of the tree RTS smoothék(g*n),
whered is the dimensionality of the state (assuming a fixed dimen-
sion), andn is the number of nodes (internal plus leaf) in the tree. The
memory requirements aé¥d>n ), due to the need to store covariances.

and @ in a system with vector state and observation spaces (6-levels) agfae algorithm is inherently parallelizable, although our implementa-
function of the number of EM iterations. The top plot shows the case whetien was on serial machines. Since the E-step of the EM algorithm for

observations are available at all nodes, and the bottom shows the case w|

observations are only at the leaf nodes.

observations at leaves only

1.7 T -
— error Sigma0
1.6 ]
15
147
1.31
1.2y
1.1f
1 . . X \
0 10 20 30 40 50

iteration index

Fig. 3. Parameter estimation error (using the Frobenius norniL€6) in a

Peliameter estimation uses the RTS smoother, the overall complexity of
training isO(d*nrp), wherer is the number of runs of the multiscale
process, ang is the number of EM iterations. The computational needs
of the M-step are insignificant in comparison with the E-step.
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Abstract—Modification to the architecture-oriented fast algorithm for ~ TWO parameterized nodes are connected in cascade describing a single
discrete cosine transform of type Il from Astola and Akopian is presented, node in the constant geometry structure. In other words, the number of
which results in a constant geometry algorithm with simplified parame-  arithmetic operations in the nodes at different stages varies, and there-
terized node structure. Although the proposed algorithm does not reach 46 specific scheduling of the operations is required for recursive im-
the theoretical lower bound for the number of multiplications, the algo- . o . .
rithm possesses the regular structure of the Cooley—Tukey FFT algorithms. plementations. This is inconvenient, especially when the forward and
Therefore, the FFT implementation principles can also be applied to the inverse algorithms are implemented on the same architecture.
discrete cosine transform. In this correspondence, we present a modification to the architec-
ture-oriented algorithms in [1], which results in a) constant geometry
algorithms where the operations are evenly distributed over the node
functions and b) simplified parametrized node structure. The modifi-
I. INTRODUCTION cation is only shown for the DCT of type Il algorithm, but the same

The objective for developing fast algorithms for discrete trigoncP—_rocedure can al_so be applied _to_other r(_egular DCT anq DST algo-
metric transforms is typically minimization of the number of arithmeti@thm,S proposed in [1]. The main 'de"% is in the observation that the
operations, especially the number of multiplications. However, tlgorithms in [1] could be equivalently interpreted as computationally
number of operations is not the only cost measure when realizing %anced but not constant geometry.
transform algorithms. This can be illustrated by the fact that Wino-
grad’s Fourier transform algorithm [2], although it has the smallest
number of multiplications in the known fast Fourier transform (FFT)
algorithms, is rarely used in practice due to its overall complexity The perfect shuffle permutation

Constant Geometry Algorithm for Discrete Cosine
Transform

Jarmo Takala, David Akopian, Jaakko Astola, and Jukka Saarine

Index Terms—Fast transforms, perfect shuffle, regular algorithms.

Il. PRELIMINARIES

reorders anV-point data
sequenceX = (xo, 21, -, zn_1)T to another sequence
Y = (2ps (0): Tps(1)s s :cpsv(N_l))T according to a function
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