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Quasi-Ray Gaussian Beam Algorithm for
Time-Harmonic Two-Dimensional Scattering by
Moderately Rough Interfaces
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Abstract—Gabor-based Gaussian beam (GB) algorithms, in
conjunction with the complex source point (CSP) method for gen-
erating beam-like wave objects, have found application in a variety efieciad fickl abs planc
of high-frequency wave propagation and diffraction scenarios. aperture Fiekl
Of special interest for efficient numerical implementation is the 2 2 F{T) a v-ilinecies
noncollimated narrow-waisted species of GB, which reduces the ’
computationally intensive complex ray tracing for collimated GB
propagation and scattering to quasi-real ray tracing, without the
failure of strictly real ray field algorithms in caustic and other ; ! ; -
transition regions. The Gabor-based narrow-waisted CSP-GB 2 £k I
method has been applied previously [1]-[3] to two-dimensional o \EaErs Hp)
(2-D) propagation from extended nonfocused and focused aperture anmanied Bakd ohe, e
distributions through arbitrarily curved 2-D layered environments.
In this 2-D study, the method is applied to aperture-excited field
scattering from, and transmission through, a moderately rough in-
terface between two dielectric media. Itis shown that the algorithm
produces accurate and computationally efficient solutions for this
complex propagation environment, over a range of calibrated Fig.1. Problem geometry. Anincidentfield from an extended tapered aperture
combinations of the problem parameters. One of the potential field distribution at> = =, is assumed to impinge on a moderately rough
uses of the algorithm is as an efficient forward solver for inverse interface, described by the continuous functidin), separating free space and

problems concerned with profile and object reconstruction [4]. adielectric half-space. Reflected and transmitted fields are observed at,..
andz = z,., respectively.

Index Terms—&Gabor lattice representations, Gaussian beams,
rough surface scattering.
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targets of interest. To enhance the detection and classification
processing, it is important to model the distortion introduced by
I. INTRODUCTION the air—ground interface.

. . Asafirststept d thi I, i tigate in thi th
EFLECTION from, and transmission through, a rough (ir S alirs: stepfowarc this goad', we investigate in tis paper the

lar) bound tina two diff t material dr’eflection from, and transmission through, a moderately rough
. regu ar). oundary separating two ditterent matenalme oarse-scale) interface between air and a homogeneous dielec-
is of interest in many applications. One such application is t

ic (soil) half-space (see Fig. 1); this forward problem consti-

detection and classification of buried objects using ground—pet?ieS an electromagnetic (EM) scattering problem, and inclu-

tetratmg dradar._ This anhpllti\i'Flontlnvolves dabpve-grou;(_j ttra?smé.-on of the transmitted field anticipates the subsequent interest
ers an rclecewers;. (fath Ice- ra\I/erse_t alr—g;oun dlrf] er atchqr{scomputing the scattering from buried objects. In a following
a principal corruptor of the signal on its way to and from Saper[4],we shall be concerned with the reconstruction (inverse

problem) of the interface profile under the realistic constraints

. . . of spatially sampled data. A key ingredient in the reconstruc-
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planar and cylindrical environments, and has been found to p Ak
duce accurate, robust, and computationally efficient solutio *
over a broad range of problem parameters, provided that th - - . n=constant
do not violate the constraints imposed by the high-frequen .
asymptotic assumptions. Briefly, the robustness and reliabil ——e - .
criteria arepragmatic,being based on the insensitivity of the X
result to “scramblings” (i.e., to different combinations) of the - - Py o »e
beam and lattice parameters within the constraint doma L,
Here, we extend this method to 1-D-aperture-excited 2-D fiela
scattering from, and transmission through, a 1-D moderatelly. 2. Discretized phase space lattice. Spatial shift indexadentify GB
rough arbitrary interface between two dielectric media. THgHnch points av = mL.. Spectral shift indexes identify linearly phased
. ! . " . B tilts atk, = ng,.
resulting algorithm for radiated and scattered field synthesis By

GB recombination is found to perform as in [1]-[3], but now o ) i
subject to new restrictions that are stated, as necessary, in#fgause of the polarization assumed in (1), all fields can be

appropriate sections of this paper. gene_rated_from the scalar= E, component, SO that the vector
The rest of this paper is organized as follows. In Section I, Wi¥Ptation will be dropped from here on. Alternatively, by spectral

summarize the rigorous, self-consistent Gabor-based Gaus&i@he wave superposition, one obtains [15]

beam algorithm for a general aperture field distribution and . I ,

the ensemble of paraxially approximated narrow-waisted CSP £ (2, 2) = o /700 (ko) expli(ken +kz)] dke - (5)

beams that this excitation generates [1]. Section Il deals wit

the preliminary (canonical) problem of beam reflection fromv,v ere

and transmission through, a curved interface between two P °° .

homogeneous dielectrics [14]. These constituents have been flha) = /_Oo f (@) exp(—ihoz) du ©)

used previously for beam tracking through planar and curved ] . )

layered dielectric configurations [2], [3]. In Section IV, wgS the Fourier spectrum off(z), k. is the z-domain

extend the algorithm to the new and more challenging probleffvenumber, and

of reflection and transmission of the plane-aperture-excited /

field in the presence of a moderately rough interface separating ko = (kG — k2, Tm(k.) 2 0 (7)

two homogeneous semi-infinite dielectric media. Extensiye the longitudinal ¢-domain) wavenumber.

numerical simulations calibrate the algorithm within clearly

stated constraints and highlight the role of certain critic@. Gabor Beam Discretization

m=constant

v

parameters. Conclusions follow in Section V. 1) Aperture Field: The aperture fieldf(x) is to be param-
eterized in terms of Gaussian basis functions via the rigorous
Il. INCIDENT FIELD FROM AN EXTENDED APERTURE self-consistent Gabor series representation [1], [15]-[19]
A. Problem Statement 0
Consider a two-dimensional problem whergdirected elec- fa) = Z Amnw(z —mLg) exp(infez)  (8)

m,n=—oo

tric field with implicit time-harmonic dependeneep(—iwt)
and spatial distributiorf () is assumed to occupy the apertur&vherew(x) represents the normalized Gaussian window func-
region|x| < d/2 at» = =4 in free space, as depicted in Fig. 1tion

| 1/2
E(x, z4) = fx)u,, |o|<d/2, z=z4. (1) w(z) = <@> exp[—m(x/L.)?] /00 w?(x) de =1
L, v '

Boldface quantities denote vectors amdienotes a unit vector. I )
The resulting (TM polarized) EM field radiated into the half'This representation places the aperture distribution on a dis-

spacer < dZ? clgn bKe eﬁ%ref?s'ed as gsupelrposition of Iine'sour(',:r":étized &, k.) phase space lattice (see Fig. 2), with spatial and
generated fields (Kirchhoff integration) [15] spectral shifts tagged by the indexesandn, respectively. Spa-

) i rd2 d ) tial and spectral periods are related by the self-consistency rela-
E™(z, 2) =5 / ) f@) 5, o (kokt) dz'u, (2)  tion (configuration-spectrum tradeoff) [16], [17]
—d/2 Z
) 1 ) ) ) L3, =2n. (10)
HlnC — - v >< EIHC — H;nCum + H;nCuZ (3) ) ) ) )
twito As observed in [15] and [19], the Gaussian window provides

whereko = w\/éofig = 2/, is the free-space Wavenumber,the best occupation of the phase space. The expansion coeffi-

Ao is the free-space wavelengtHél)() is the zeroth-order qentsAmn in (8) can be computed by introducing an auxil-

Hankel function of the first kind (line source Green'’s function)".ary function (z) defined through théiorthogonalitycondi-
and tion [16], [17]

R= -2 21 (= 7a) ) [m w(x)y*(x — mL,) exp(—infyz)de = 6,6, (11)
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where* denotes the complex conjugate afyd= 1 for ¢ = 0 C. Narrow-Waisted Beams
andé, = 0 for ¢ # 0. The expansion coefficients can be written

as [16], [17] In the following, we shall focus on nontiltea (= 0) narrow-

waistedbeams L, < A\g <« d), which, as demonstrated in
e N . [1]-[3], have several attractive features. First, the Gabor coeffi-

Amn = /_Oo F@)y* (@ —mLs)exp(—infex)de. (12) ientsa, i (13) can be effectively estimated bgmplingthe

aperture field distribution at the lattice points= mL,, thus

For Gaussian windows, the biorthogonal function can kg oiding the time-consuming integration in (12) [1]
computed explicitly [16], [17] but will not be required in what

follows later on. 1/2
L./v2 L), =0
2) Radiated Field: The initial distribution surrounding each Apn & { (Le/V2)"" flmLa), n (19)
lattice pointin Fig. 2 generates a Gaussian beam thatis launched 0, n # 0.

ggtrigrﬁ_lr_]rieexfg o:ic;ggﬂ:iiiggttlngj ?ﬁiﬂf'ggﬁiniixed lo- Under this approximation, the tilted 2 0) beams in the Gabor
! baces z4 expansion, which here generate evanescent “far fields” [com-

[see (2)] therefore admits via (8) a similar discretized represer'-exen in (18)], are ignored. Second, for narrow-waisted beams

tation (we follow the notation in [1]; however, there are som . g T .

sign changes with respect to [1] since here we assume propa g_CSP paraxial far-zone approximation (15) can be invoked at
19N 9 | resp ProPad3yerate distance; thus theirperpositiorcan furnish accurate
tion into thenegativehalf-spacer < z4)

results even in theear zoneof theaperture Third, as has been

) o0 shown in [2] and [3], interaction of narrow-waisted beams with
E™(z,2)= > AwnBun(, 2) (13)  an environment can be implemented effectively by tracking the
m,n=—00 complex rayfields and recombining them at the observer, sub-

where the beam functionB,...(«, ) are expressed by GaborJect to constraints that are elucidated in the examples below.

weighted line-source superposition
D. lllustrative Examples

s pd)2
B (z, 2) = é / w(z’ —mL,) A thorough analysis of the accuracy and computational fea-
—d/2 tures of thenarrow-waistecbeam algorithm can be found in [1].

- exp(infpz’) 9 Hél)(koR) de’  (14) Here, we merely summarize relevqnt results. Referring tq Fig. 1
0z we consider a linearly phased cosine-tapered aperture field dis-

with R being defined in (4). By saddle point methods, the intdtibution

gralin (14) (or its spectral counterpart) can be evaluated asymp- cos(ma/d) explikore), |z| < d/2

totically in the bearnparaxial far zoneyielding the following f(z) = { ’ - (20)

complex source poirdgpproximation [2], [3]: 0, || > d/2

L, 1/2 whered is the aperture width and = sin (), with ¢ de-
m) noting the tilt angle of the main radiation lobe with respect
o (z— 7 ) to the z-axis. A special case (nonphased cosine= 0) is
- exp {L [/fo (ann + ib) + 7r/4} } ——=—"">  used in the rough interface simulation in Section IV-B. Fig. 3

R shows the normalized magnitude of the exact Gabor coefficients

an(xv Z) Nik026/4 <

(15) [computed through numerical integration of (12)] as a function
with R, representing theomplex distanceetween the ob- Of the shift and tilt indexesr#, ») for narrow-waisted beams
server atP = (z, z) and the CSP (L. = 0.0125d). As one can see, the essential contribution

comes from the nontilted beams, whose coefficient distribution
P =(&,,, 2 )= (mL,+ibsinb,, z4 —ibcosh,) closely matches the aperture field profile.

(16) The beam-computed and reference near-zadiatedfields,
. S S S which are obtained from (13) [with (15) and (19)], and via nu-
Ry =PP,, = \/ (T = T00)" + (2= 250) (17)  merical evaluation of the Kirchhoff integral in (2), respectively,
. _— . . re shown in Fig. 4(a) for = 0.5. Although based on the
In accord with the radiation condition, the square root in (1 araxial far-zone approximation in (15) for the beam propaga-

is defined byRe(R,..,,) > 0. Here and henceforth, the tilde ) . .
. . . . tors, the accuracy is quite good even in the near zone of the
identifies CSP-generated complex quantities. The displacemen . L .

an\ﬁjerture (80 beams were used in this simulation). In the ab-

parameteb (equal to the Fresnel length) is related to the bea f ohasina(— derabl ling is ad
lattice periodZ, and the beam axis angfe via [2] sence of phasing/(= 0), considerably coarser sampling is ad-

equate. As shown in Fig. 4(b), even a beam lattice pefipe-
b= (L, cos6,)?/ Ao, 6, =sin"*(nAo/L,). (18) 0-1d(i.e.,tenbeams)yieldsaccurate synthesis. Coarse sampling
also works for linearly phased apertures if propagation-matched
Equation (15) is valid in the paraxial far-zone of each beartilted basis beams are used [20]. The stated number of beams
|}~?.,,m| > b. As the tilt indexn increases, the beam tilt anglg  in these simulations was arrived at via the pragmatic “scram-
can become complek{| > L./ Xo), whence the correspondingblings” test, i.e., when the result remains insensitive to varia-
beams becomevanescent tions in the beam/lattice combinations.
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iy ir e - 0 e W departure angle of incident beam axis with respect toattais; o, = real
j'l'.\",_.. _d T Lan _\'-u,\‘- departure angle of reflected beam axis with respect tortagis; andd; =
) ] W real incidence/reflection angle with respect to the surface nofvhait P;q;

A ;
™ r. = surface radius of curvature &,.

Fig. 3. Linearly phased cosine-tapered aperture field in @26 L0A,, v =

0.5). Exact normalized Gabor coefficient magnitudes..../Aso| in (12) . . . . .

evaluated numericallyl{, = 0.0125d = 0.125X,). Tilted (» # 0) beams Fig. 1, we treat the _Canomcal prqblem of 'nte_rac_t'on with a

are evanescent. smoothly curved portion of that profile as shown in Figs. 5 and 6.
The beam-based synthesis of the reflected and transmitted

fields can be constructed by propagating each of the incident

1.2 . i
_g Lof _ — (a) 1 . . : ;
S os] V=05 ] narrow-waisted basis beams in Sections II-B and -C through the
= os} ] environment and recombining thereafter. Because the asymp-
;g: . totic basis beams are parameterized in terms of a source pointin
00 ‘ ‘ ‘ ‘ i the complex coordinate space, they propagate in complex space
4.0 ‘ ‘ ‘ : 7 alongcomplexay trajectories, which yield onlysinglephysical
§ zo/ ] pointatthe real space observer. This renders the field evaluation
£ ol ‘ ‘ ! b computation intensive. However, for narrow-waisted beams, one
%_20_ ‘ 1 “ k ‘1 L & may utilize a paraxial approximation scheme, which leads to
£ ‘ ‘ Y Vi almostrealaytracing [3], [14] thatis only slightly different from
%o 25 : ) 75 10.0 (and even computationally cheaper than) standard ray tracing

x (wavelengths) from the Kirchhoff integration (2) imeal configuration space.

1.2

Pl (b) B. Reflected Field
';5005' The problem geometry is illustrated in Fig. 5. An incident
g z;‘ Gaussian beam is generated by a CSP at
20 P, = (zs + ibcos as, 25 + ibsin o) (21)
) r: |
E >0 X\\ ‘; ' ! }’ / with «, being thereal departure angle of the incident beam axis
) 0o ! f E ISV with respect to thec-axis. As shown in [14], for electrically
Z-20 W i ‘/ :,7/ ] large and smooth scatterers, and when the observation point
m y v - S . .
a0l ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ P = (z, 2) lies in the paraxial region of the reflected beam
-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0 ~ 2 b2 1/2 . F 5 th ﬂ t d f Id b
x (wavelengths) A< (.|F”°P°|. + )% in Fig. 5], he reflected field can be
approximated in terms of the on-axis field &) and a com-

Fig. 4. Cosine-tapered aperture field in (28)% 10,): Radiated near-zone plex phase correction. Denoting the on-axis parameters by the
field with 24 = 10X, zors = 5Ag. (@)v = 0.5, L, = 0.0125d = 0.125,
(ie.. 80 beams). (0) = 0. L, = 0.1d = Xy (i.c.. ten beams). () Referencesubscrlpt zero, one finds for thedirected electric field [14]

P, P (Lkoé )

solution [Kirchhoff integration in (2)]. (- - -) Beam-computed from (13), with e fl .
(15) and (19). E™IY(P) m E"TY(Ry)|
) exp [ (Lo +8,)]
(22)

P=

I1l. REFLECTIONFROM AND TRANSMISSIONSTHROUGH A Eunc

SMOOTHLY CURVED DIELECTRIC INTERFACE CANONICAL
PROBLEM

A. Problem Strategy where (see Fig. 5)

Before considering the interaction of the beam-based incident R _
field in Section 1l with the rough surface profile sketched in Ry = F,oF,

Lyo = Fiolo (23)
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andgp is the complex phase correction

bp=R—Ry, R=F,P. (24)
Moreover,F,o = (% #r0, Zfr0) is thecomplexvirtual focus ob-
tained via analytic continuation of the standard ray-optical fo | __ ¥En-Ho !
mulas (see [21, p. 169]), but approximating t@mplexinci- irtaal fiaes ¥ e~ DiLx]
L L. . = B iy |
dence pointP; by thereal beam-axis incidence poin€,, = i O — i
(w0, 2i0) . —— ‘! -—h,_ﬁ____ A ol poiat
& pro =Ti0 — froCOS i, Zrr0 = Zio — frosina,  (25) r : g 7 T-Et“"--”f_
~ . [LLY] 11.1
. Liore cosb; . —_— - -
Jro = or’e €08 Lo = P Py. (26) g

2L.0 + recosb;
Here,«,. is the real departure angle of the reflected beam axis

with respect to the:-axis,r. is the curvature radius dt Fig. 6. Beam transmission through a curved dielectric interfageand6 »
3/2 are the refracted (transmitted) real departure angles with respect toekis
[1 + (/1/(351‘0))2} / and the surface norm&’ at P;,, respectively.
o= — =d/dx 27
¢ h// ({EZO) 2 / ( ) .
wherek = kg./¢, and

andl is the TM plane-wave reflection coefficient

Ro=FpPy,  Lw=DPoR 31
I — 8 0, — Ve, —sin’ 6; 28) ~0 Nto ON t(j i} 020 (31)
cosb; + Ve, —sin? 6; bp = R — R, R="ILyoP (32)

wheree, is the dielectric relative permittivity an} is the real  Fyo = (0 + fro cos ar, zio + frosin ag) (33)
incidence angle with respect to the surface norimalt P;,. ~

As shown in [14], this corresponds to tracing a ray along af,, = Liore cosfr 7 _ _cosbi (34)
complextrajectory from the CSP &, to the intersection of the (@ —1)L;o + Qr.cosb; NGXC
real beam axis with theeal surface; from there, the pathtothe 7 =147 (35)

observer proceeds entirelyrigal configuration space, along the , )

beam axis. Also presented in [14] are further corrections, offith ar denoting the real departure angle of the transmitted

tained by expanding the analytic continuation of the reflectidtf@m @xis with respect to theaxis andfr denoting the re-

coefficientI" in (28) and of the divergence coefficient fraction angle, with respect to the surface nordvait I, ac-
cording to Snell’s law

— - ~ 1/2
b _ (Pst‘ + PiP) 7 €08 6; sin; = /e, sin fx. (36)
2P,P;, PP + (155151 + PiP) 7. cos f; As before, this approximation corresponds to tracing a complex
;o ray from the CSP to the real incidence point and then a real ray
ei = 91 Pz'ozf)i (29)

to the observer [14]. Note that in the presence of a slightly lossy
in Taylor series about their on-axis values. Actually, these catielectric as in Fig. 8, the refraction anglg becomes complex.
rections are more cumbersome to generate; we obtained accepthat case, we still use a real refracted ray, propagating along
able results by using only the phase correction in (24). Multiptbe directionRe(fg). Multiple reflections/transmissions can be
reflections can be incorporated by iterating (22) whereby [withandled by iterating and combining (22) and (30), following the
proper definition of the square root in (17)] the complex focuguidelines given in Section 1lI-B.
determined at each iteration becomes the phase reference for the
next iteration (see Appendix A). Again, apart from the complex V. REFLECTION FROM AND TRANSMISSION THROUGH A
ray connecting the CSP to the first real incidence point, the mul- MODERATELY ROUGH DIELECTRIC INTERFACE
tihop path to the observer proceeds entirelseial configuration ; " - .

S . We now address the “real problem” geometry in Fig. 1, using
space along the beam axes, and the phase correction is ap%e . .

€ building blocks of Sections II-B, 1I-C, and Il

only to the last beam segment that reaches the observer.

A. The Multiply Reflected/Transmitted Beam Algorithm

C. Transmitted Field ) ) .
The same considerations applied to the transmitted field (seérhe main steps of the proposed algorithm can be summarized

Fig. 6) yield [14] as follows.
N 1) Aperture Field DiscretizationThe narrow-waisted CSP
E'"(P) % E"(Fo) | p—p, exp(ikéy) algorithm (15)—(19) in Sections 1I-B and -C is applied to
0\ 1/2 the given aperture field distribution and yields the Gabor-
= TE™(Py) <@> exp [iko (LtO + \/ggp)} weighted beam amplitudes.
Ry 2) Beam-Axes TracingThe beam axes follow real-ray

(30) trajectories in real configuration space. For each beam
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launched at the aperture plane, the axis trajectories after 1.2 : ; N
intersection at an interface are governed by Snell’s laws : : ‘ ’
of reflection and transmission (see Figs. 5 and 6). The
hierarchy of possible multiple (reflection/transmission)

bifurcations at each encounter with thmugh interface ]
can be organized formally through use of a binary-tree 1206}
data structure [22], whosedescontain the relevant data ‘;«

1.0+

0.8F

(i.e., incidence point, departure angle, etc.). However, in 04}t .

our applications here, we shall rely primarily on the first,

and possibly also the second, bifurcation. 0.2+ -
3) Beam Parameter ComputationHaving determined 0.0 .

the beam axis topology, the other relevant parameters 0.0 1.0 2.0 3.0 4.0 5.0

for each beam segment (e.g., reflection/transmission x/A

coefficients, complex foci, phase lag) are computed
recursively, starting from the initial complex sourceig. 7. Quartic B-spline basis function ().
point and progressively scanning the binary tree (see
Appendix A). = 0

4) Beam Field ComputationEach reflected/transmitted ’
Gabor-weighted beam field contribution at the observe b {
is computed via the quasiray paraxial approximation: .= 5.0}
(22)—(28) and (30)—(36) described in Section Ill. As al- Lol
ready stated, in the presence of multiple interactions, th
complex phase correction is applied only to the last bear
segment that reaches the observer (see Appendix A).

5) Beam Summation for Total Fieldlhe individual re-
flected/transmitted beam contributions are recombine
to yield the total field at the observer.

In principle, the above multiple interaction algorithm is able tc i
account for possible evanescent contributions (total reflection ™~ ‘{,_'J_U K0 @O0 2 9A0 KOO
We have not explored this aspect so far and have, in fact, r
stricted the problem conditions in the numerical tests of Sec
tion 1V-B so that total reflection does not occur. Also excluded _ o
are near-grazing incidence contributions, which require mofd_%, * ?g.%g;ﬁgﬁﬁuge;gféfym?nginf’,iLanT e e g oL
sophisticated propagation models than those in Section I1l. Not&ximum heights5.88A,. The chosen permittivity models a class of realistic
also that in [2], [3], the narrow-waisted beam algorithm is aysoil conditions.
plied to propagation through planar and circular cylindrical di-
electric layers where the beam tracing can be performed analyitbn of interest, with edge effects deemphasized due to the aper-
ically; in our problem, due to the irregular form of the interfacéure profile tapering. Since we intend to apply the beam method
profile h(x) (see Fig. 1), a numerical procedure is required. to detection and identification of buried objects, the dielectric
half-space parameters have been chosen to simulate soil con-
B. Example Problems and Numerical Results ditions [24]. The reflected and transmitted fields for this con-

In the problem geometry of Fig. 1, the TM-polarized fielfiguration have been computed via the beam algorithm detailed

generated by the nonphased cosine-tapered aperture field diffrSections Il and 1ll and compared with a reference solution
bution in (20) (with» = 0) is assumed to impinge from freeObtained by the Leviatan—Boag multifilament current method

space onto a moderately rough interface described by the clfpl- Although this method was introduced in [25] for cylin-

tinuous functiom(z), which in the examples below is paramedrical scatterers, its application to the rough surface geometry is

terized by a quartic-spline [23] justified in Appendix B. Since beam superposition is a high-fre-
guency (HF) method, the rough surface parameters were ad-

|
.0 |

0.0l £=3+0.05i

hix) (waveleng

x (wavelengths)

Np—1 justed so as to guarantee a minimum curvature radius of about
h(x) = Z cnsa(x — xp), Tmin £ < Tmax  (37) 4.2 free-space wavelengths and a maximum slope of ab6ut 34
n=- (see Fig. 8). This places the wave dynamics well within the
Tn = Tmin + Ay, A, = (Zmax — Tmin) /N, (38) Fange for HF asymptotic localization. Note that the dielectric

is slightly lossy so that the remarks in Section 1lI-C apply. It
with s4(-) representing the standard quartic B-spline basis funghould be mentioned that we have previously applied the algo-
tion (Fig. 7) [23]. Because of this parameterization, most oithm to reflection from a perfectly conducting sinusoidal profile
the beam tracing computational tasks (solution of fourth-dand have calibrated its range of validity there [26]. The results
gree algebraic equations) can be perforraedlytically. The from this test case have guided our choice of problem parame-
aperture width is adjusted so as to illuminate most of the reers here.
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Fig. 9. Beam-computed reflected/transmitted fields and Leviatan—Boag reference solution in various observation planes. Parameters gsanurigwddih:
d = 80X; aperture heightz, = 6.4\, (i.e., 0.52, above maximum profile height); beam lattice peridd: = 0.0125d = X, (i.e., 80 beams). (a) Reflected
field at zg,. = 20\,. (b) Reflected field ato,. = 40A,. (c) Transmitted field ato; = —20\,. (d) Transmitted field ato;, = —40X\,. (—) Reference solution
and (- - -) beams.

In Fig. 9, for a fixed beam-lattice configuration and the
problem parameters in Fig. 8, the beam-computed reflected and
transmitted fields at various observation planes are compared
with the reference solution. Here, the aperture is located\@.52
away from the nearest portion of the interface profile, thereby
ensuring that thendividual narrow-waisted paraxial GBs are
collimated sufficiently to have them interalctcally with the _
irregular surface. We found that in order to obtain robust and g
accurate predictions, the aperture distance to the profile should Tg’

£

be no larger than a wavelength. As in [26], good agreement

is verified for the beam/lattice parameters listed in the figure

. . } -30.0 200 0.0 200 40.0
captions. The accuracy of the scattered/transmitted field syn- x (wavelengths)
thesis improves fogreater observation distancbecause of 0.05 : : ‘
the collective behavior of the beams in the far-zone paraxial g oosf z,=-402, ®) 1

approximation. The agreement is satisfactory even at moderate g 0.03}
observation distances, despite some slight local deviations. As &0z} ]
in [1]-[3], numerical insensitivity to beam/lattice parameter §0-0v ]
scramblings is taken as a pragmatic performance criterion for
robustness of the algorithm (see Fig. 10). This feature permits

a priori accuracy assessments when reference solutions are no :‘é: |
available; note that the pragmatic scrambling criterion used i‘ :
here aims at andequateaumber of beams, without any attempt & -2
to minimize that number. For the nonphased aperture example, > 40

-40.0 -20.0 0.0 20.0 40.0

we found the best tradeoff between accuracy and computational
x (wavelengths)

cost forL, ~ XAg. A finer sampling may, however, be required

for phased aperture field distributions. It should be emphasize@: 10- (a) As in Fig. 9(b), but with various beam lattice periods. (b) As

. L . . Fig. 9(d), but with various beam lattice periods. (—) Reference solution;
that the accuracy deteriorates with increasing distance of f(ﬂe 9 ){3)4 beamsi, = 0.0075d); (- - -) ngeamsi ‘ ): 0.01254): and

aperture from the nearest point on the surface profile. As noted---) 58 beams L, = 0.0175d).
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Fig. 11. AsinFig. 9, butwith aperture planezat = 35.9\,. Multistep beam Fig. 12. Rough interface profile as in Fig. 8, but scaled so as to have
algorithm: i) Narrow-waisted beam discretizatiorzat- =4 with L, = 0.01d  maximum slope: 3% minimum curvature radiug.42X,; maximum height:
(i.e., 100 beams). ii) Beam-computed incident field projection ontirtaal  (.588\,. Beam-computed reflected/transmitted fields and Leviatan-Boag
aperture aty = 6.4, as in Fig. 9, to restore the local sampling capabilityeference solutions. Aperture widtih: = 8o; aperture heightz 4 = 0.8Xo;
of the surface profile by the individual basis beams. iii) Narrow-waisted beaggam lattice periodL, = 0.1d = 0.8), (i.e., ten beams). (a) Reflected field
decomposition at = zy- with L, = 0.0125d = X, (i.e., 80 beams) as in atz,, = 8A,. (b) Transmitted field at,, = —8),. (—) Reference solution
Fig. 9. iv) Beam-tracing paraxial-approximation scheme. (a) Reflected field &td (- - -) beams.
Zor = 30Xg. (b) Transmitted field at,, = —30Ay. The maximum height of
the profile in Fig. 8 is 5.88,. (—) Reference solution and (- - -) beams. . . . . .

numerical calibration experiments. In particular, we have found

above, teestablistthe scattered/transmitted field by local bearf€Curate results for moderate roughness with maximum slopes
sampling of the interface profile, the aperture must be close 40° and (average) curvature radii larger than a wavelength,
enough to the surface so that the rapid spread of the beam@?{ for indidence directions far from grazing [ sin 30° in
greater distances has not yet taken place. However, this is F%Q)]-. We hfa\ve also perfprmed SImulgnons for very high and
a severe limitation, since, as shown in Fig. 11, it is possible {3 dielectric contrasts witle(c,.) ranging from 1.2 to 10 and
perform a two-step Gabor decomposition, i.e., projecting th&\(c) Up to 0.5; the quality of results was found to be similar
beam-computed radiated field onto a virtual aperture (withinlg those for the case of Fig. 8. Concerning computing times,
wavelength above the surface so as to restore the local sampiftfge Most expensive (two-step) implementation described in
capability) and then again applying the (narrow-waisted) bedn- 11, we found about 9 ms to compute the field at a single
algorithm. The additional cost is computationally minimaP©Sition on a 500-MHz laptop; no particular effort was made
because of the highly efficient evaluation of the Gabor coeffi¢ OPtimize the numerical code.

cients for narrow-waisted beams [see (19)]. Even for relatively

“low-frequency” geometries with critical dimensions on the V. CONCLUDING REMARKS

order of a wavelength or less, the beam algorithm, though noA previously developed, rigorous, self-consistent, quasi-ray,
longerhighly accurate, may still be able to provide reasonablyarrow-waisted beam algorithm [1]-[3] has been reexamined
good predictions. Fosmall radius of curvature portions onand applied to the new problem of EM transmission and reflec-
the roughness profile, this is demonstrated in Fig. 12, with thien in the presence of moderately rough surfaces.

problem parameters given in the figure caption. Of course, The narrow-waisted beams are wave objects with very short
each such excursion into the “low-frequency” range must lellimation lengths and therefore act lisémost realray fields.
validated independently by the scrambling criterion, but it iShe rigorous complex ray machinery that is required for arbi-
worth noting that such attempts need not to be doomed to failurary complex source point beams can thus be reduced to

a priori. Although the beam algorithm performance assesstost realray asymptotics, which, however, avoids failures near
ments here are based on the single example depicted in Figsaistics and other ray-field transition regions. Due to its rapid
and 8, we emphasize that confidence in these assessmentshesading, the paraxial approximations described in Section Ill
been established by an extensive sequence of relevant pa of little use for tracking ainglenarrow-waisted beam away
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from an aperture into the far zone. However, as observed in [2] cos 09 _ /e sin? —g)

and [3], when treatedollectivelyas arensemblgeach paraxial ro = ! ! R (45)
beam can be tracked locally to and from dielectric interfaces cos 95]’ ) 4 \/ €. — sin? 9;{)

with large radius of curvature. Apart from the paraxial beam-

tracing procedure, the computational complexity of the beam§(N-) = R¥) — g RN = (i) p, (46)

algorithm isO(N,), with N, being the number of beams in
the expansion. In contrast to standard ray methods, time-Cothe above expressioné,gj) and m(j) represent the real in-

suming eigenray search for evaluating the field at a given Obsgfdence angle [with respect to the surface normdP%f] and

vation point is avoided, and_ the beam tracing need; to be p e real reflected beam axis departure angle (with respect to the
formed only once(phrased in another way, we are interested

in reliably evaluating the actual field at the observer Withoft_ax's) atthejth reflection, respectively.
worrying about which appropriately weighted individual beam

contributions establish that field). The algorithm has been cali- APPENDIX B
brated against a reference (full-wave) solution, and will be ex- REFERENCESOLUTION

p_I0|ted as a fast forward solver in the mterfac_e.proﬁle estima- . ultifilament—current method in [25] has been applied
tion problem [4]. A two-step beam decomposition may be re-

ired when th ture is “sufficiently far” from th it Briginally to scattering by, and transmission through, dielectric
guiredwhen the aperture IS “summciently far- from the SCaterety ;i jers putit can be easily adapted to smoothly irregular scat-

In this case, the computational complexity is of the same orq fers or moderately rough interfaces. The extension is based

as th? physmal optics (PO) Kirchhoff apprQX|mat|on for a d'én the expansion of the internal and external unknown fields
electric interface. However, the beam algorithm usually allo

W& terms of basis functions generated by suitably placed line
a coarser discretization, so ths} is typically smaller than the g y y P

. ; ; Lo .~ sources. As in many numerical techniques, the unknown expan-
corresponding number of PO integration points in the chfg y d P

. . . . ) ion coefficients are determined by solving a linear system ob-
hoff integral [see (2), but applied to integration along the 'meféined by enforcing the continuity boundary conditions of the
face profile] for specified accuracy. In addition, the beam alg

?éngential fields at selected points on the dielectric interface. In

rithm is potentially able to accommodate multiple interaction[ﬁée resulting algorithm, the obtained numerical solution satis-

ina sw_npler fashion. The algorithm can be extended to pUISﬁ s Maxwell's equations by construction, and its convergence
excitations [27]. and consistency are controlled by monitoring the error (discon-
tinuity) in the boundary conditions at the dielectric interface be-
APPENDIX A tween the matching points [25]. In our simulations, we chose
MULTIPLE REFLECTIONS the relevant parameters so as to ensure a 0.01% maximum error
Consider an incident Gaussian beam generated by the G8the boundary conditions.
in (21). Denoting byPi(g) = (x%), zi(é)), j=1,..., N, the

real incidence points from which emerge the (real ray) reflected ACKNOWLEDGMENT
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