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Abstract—in this paper, we develop a Gabor-based Gaussian GB-parameterized aperture distributions, the radiated fields at
Beam (GB) algorithm for representing two-dimensional (2-D) radi-  the observer are synthesized by summation over the individual
ation from finite aperture distributions with short-pulse excitation basis beam contributions. When interacting with a complex

in the time domain (TD). The work extends previous results using - . . o
2-D frequency-domain (FD) narrow-waisted Gaussian beams [1]. propagation or scattering environment, the (localization)

The FD algorithm evolves from the rigorous Kirchhoff integra-  resolution capabilities of the GB algorithms are essentially on
tion over the aperture distribution, which is then parameterized the order of the collimation width of the basis beams, which
via the discrete Gabor basis and evaluated asymptotically for high generally extends over many wavelengths. This is in contrast
frequencies to furnish the GB propagators to the observer. The TD 1, e ray-hased algorithms that explore local properties of the
results are obtained by Fourier inversion from the FD and yield . . . . ) .
pulsed beams (PB). We describe the resulting TD algorithm for sev- e”V'rF’,”me”t' PUt have deficiencies due to f_a'lures In r_ay'Opt'Cal
eral aperture distributions, ranging from simple linearly phased ~transition regions near shadow boundaries, caustics, etc. A
(linear delay) to arbitrary time delay profiles; the latter accommo- nonconventionalform of the Gabor algorithm, which uses
date the important case of focusing TD aperture fields. For modu- narrow-waisted poorly collimatedbasis beams, simulates
lated pulses with Gaussian envelopes, we compute accurate closeqay ike hehavior without the transition region failures of ray
form analytic solutions, which have been calibrated against numer- . . .

ical reference data. Our results confirm that the previously estab- fields. In th? FD, the collective eﬁeqt of the narrow-waisted
lished utility of the Gabor-based narrow-waisted FD-GB algorithm ~nonconventional Gabor-stacked basis beams has been shown

for radiation from distributed apertures [1] remains intact in the  capable of furnishing highly accurate and numerically efficient

TD. solutions for scattering by, or transmission through, complex
Index Terms—Gabor lattice representations, Gaussian beams €nvironments irradiated by aperture distributions [11]-{14];
(GBs), pulsed beam wavepackets. this renders the algorithm useful as an efficient forward solver

for inverse scattering and reconstruction [15].
In this paper, we extend the FD Gabor-based narrow-waisted
beam algorithm for radiation from extended apertures [1] to the
AUSSIAN beams (GBs) have been usemhventionally TD. The initial Kirchhoff integration over the FD aperture distri-
as highly collimated basis elements in a variety ofbution is parameterized via the discrete Gabor basis and reduced
frequency domain (FD) and time domain (TD) radiation, progpy high frequency asymptotics to furnish the GB propagators to
agation and scattering scenarios, especially in the asymptakie observer; the TD pulsed beam (PB) propagators are obtained
high frequency (HF) regime. The bases can be continuobg Fourier inversion from the FD. For insight into the analytic
or discrete, the latter being anchored to a Gabor lattice implications and physical interpretation of the FD-inverted inte-
the (physical-domain)—(spectral domain) FD or TD phasgals, various aperture distributions are analyzed, starting from
space [2]-[10]. When applied to radiation from extendeghearly phased (linear delay) to arbitrary time delay profiles; the
latter are illustrated by the important example of focusing TD
. . . a erture fields. Accurate and easily computable closed-form an-
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duction for narrow-waisted basis beams; the results are applie [ =

to linearly phased apertures (which includes the nonphased sp e S 1 FD profile
cial case). Section Il is concerned with the inversion to the g : .

TD, treating in sequence space—time separable linear-delay ai h
nonlinear-delay aperture field profiles. The analytic reduction

of the GB inversion integrals for modulated Gaussian envelops 13 prafile z i ',’a s et
pulsed beams (PB) is presented succinctly, with details relegate : '."f'ca- ;

to several appendixes. Simplifying approximations are statec o A I 8

The resulting constraints on the range of validity of the algo- i ¥ .-": '_-r

rithms are assessed analytically and phrased concisely in tern i . - d

of critical nondimensional estimators. Calibration/confirmation
is implemented through a sequence of numerical tests and e: E_ ar ¢

amples, including radiation from a cosine-tapered aperture dis-

tribution with nonlinear (quadratic) delay, which is tracked aSg. 1. Aperture geometry, global coordinates and beam coordinates
the wavefield approaches, reaches, and propagates beyond“ﬁ% tap)egis !?fi‘fllyg‘j'}as[igea‘égﬁre?S'dff’l“?)b““? 'm(‘ );()f =
focal plane. Snapshots in the examples are resolved in term Smg ) [see (28)].

spatial and temporal cuts that depict the spatial and temporal de-

formations along the propagation path of the pulsed wavefield. R
Conclusions are presented in Section IV. k, m=constant

L . g n=constant
Il. FREQUENCY DOMAIN FORMULATION ﬂx

We briefly summarize the frequency domain (FD) formula-
tion, and refer the interested reader to [1]-[4], [11], [12] for de-
tails. We restrict ourselves to the 2-B,(») domain, with all ° L
configurational quantities independentsrExcitation is spec- *
ified as ay-directed electric field with ImpIICIt time-harmonic Fig. 2. Discretized Gabor lattice in ther, k..) phase space, wheve, is
dependencexp(—iwt) and spatial distributiod’(xz, w), which  the z-domain wavenumbern = const.: spatially displaced beams centered

: : _ atz,, = mL,, with fixed phase gradient (beam tilth §..); m = const.:
occupies the aperture regl¢u1 BS d/2 atz =0 spectrally displaced beams with beam tilts3( ) at fixed locationz,,, .

E z,2=0,w)=F(z, w), lz] < d/2. (1) . o
A. FD Beam Discretization
The aperture geometry is shown in Fig. 1. The resulting (TM po- 1) Aperture Field: The aperture field”(x) is to be parame-
larized) electromagnetic (EM) field radiated into the half-spaggrized in terms of GB basis functions via the rigorous self-con-

z > 0 can be expressed by line-source superposition (Kirchh@fktent Gabor series representation [16], [17]
integration) in physical space

g [4/2 Fz) = Z Amnw(z — mLy)exp(infzz)  (5)

Ez, z,w)=— F(2', w)Gop(kR) dx’ oo
0z J_aj2 ’
Gon(kR) = j H(l) (kR) @) wherew(z) represents the normalized Gaussian window (initial
beam profile)
H-= V x Byuy = Hyu, + Hu,  (3) 1/2
iwio V2 Ly
where w(@) <Lx> exp|=n(e/La)
k = wy/eopo = 2n /A free-space wavenumber, with as *
the wavelength; / w?(x)dr = 1. (6)
denotes a unit vector; o
H((Jl)(-) zeroth order Hankel function of the This representation places the beam basis functions on a dis-
first kind; cretized &, k) phase-space lattice (see Fig. 2), on which each
and (in accord with the radiation condition) lattice point gives rise to a GB, whose spatial and spectral (beam
tilt) shifts are tagged by the indexesandn, respectively. Spa-
(x—a2)2+22>0. (4) tial and spectral periods are related by the self-consistency rela-

_ _ _ _ tion (configuration-spectrum tradeoff),.3, = 2« [16], [17].
In the remainder of this section, thedependence itt, and The expansion coefficients in (5) can be computed by intro-

F will be omitted in the notation. Equation (2) is derived USingucing an aux"iar)bi_orthOgona|functionry(x) [16], [17]
the free-space 2-D Green’s functi@®p(R)|. =0 to simulate

an equivalent magnetic line dipole current distribution on an A = /°°

electric wall boundary. F(a)y*(z — mLy) exp(—infpx)de (7)

— o0
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but as shown below, our subsequent use of narrow-waistemlthat

beams avoids the cumbersome computation afd numerical -

implementation of (7). Combining (2) and (5) yields the Gabor By(w, )~ >, AmoBmo(e, 2) (13)

lattice representation of the aperture field. 12
2) Radiated Field: The corresponding Gabor lattice repre- Bpol, 2) ~ k934 < L, )

Im|<(d/2Ls)

sentation for the field radiated into the half-space 0 is given &k
by [1] Tora (z — ib)
_ X eXp{Z[k(Rmo—i—'Lb)—i—W/éq} W
.Ely(.T7 Z) = Z ArnnBrnn(-Tv Z) (8) B (14)
m, n=—c0 Roo =V (x — mLy)? + (2 — ib)? (15)
_ _ 72
where the beam functior8,,,,,(x, z) are expressed by Gabor- b=bo = Ly/A. (16)
weighted line-source superposition In this approximation, the tiltedy £ 0) beams in the Gabor ex-
pansion, which generate evanescent “far fieldsTigf A < |n/,
i 42 , areignored. Second, for narrow-waisted beams, the CSP paraxial
Bin(2, 2) = D) /_d/2 w(z’ —mly) far-zoneapproximation (10) can be invokedabderatelistance

and, therefore, the paraxial beam superposition gives accurate re-
Hél)(kR) dx’ (9) sults even in theear zoneof the aperture Third, as shown in
[11]-[14], interaction of narrow-waisted beams with an environ-
R being defined in (4). By saddle point methods, the integral IRent can be effectively tracked lopmplex ray asymptotics
(9) (or its spectral counterpart) can be evaluated asymptoticagy )
in the beanparaxial far zoneyielding the followingcomplex ©- Lineéarly Phased Aperture

x exp(inf,x’) (;9
z

source poin{CSP) approximation [11], [12] As shown in [1] and [11], narrow-waisted beams work very
well for nonphased apertures, but usually require finer aperture
3 7. \1/? sampling in the presence of phasing. There are, however, spe-
Bpn(z, 2) ~ —ik2%/* <ﬁ) cial cases where more efficient implementations are possible.

. In particular, we consider a linearly phased aperture, which will
X exp{i[k (Rmn + ibn)+ 7r/4}} % efficiently parameterize the general case of nonlinear phasing

ran later on
(10)

F(x) = g(x) exp(ikxsinb4) a7)

with %, representing theomplex distance whereg(z) is a real function and 4 denotes the real tilt angle
. —_— _ _ of the main radiation lobe with respect to theaxis. In this
Ry = PoP,, = /(& = 2,02 + (= 2,02 (11) case, a more effective discretization can be obtained by Gabor

expanding the real functiog(z) only and including the linear
between the observer &, = (r, z) and thecomplex source phasing in the beam integral (9) for th,,, beam propagator.
point (CSP), P},.,, = (&1n> Zp) = (mle + ibnsinbn,  Accordingly, the narrow-waisted{, < A < d) beam ex-
iby cos ), where, in accord with the radiation conditionpansion can be recast as (for simplicity, the subscript™is,
[see (4)], the square root is defined Bg(R.».) = 0. Here nenceforth, replaced byni")
and henceforth, the tilde” denotes a complex quantity.
The CSP displacement parameter (Fresnel lentith)s re- Eyz, 2)~ > CpbBu(z, 2) (18)
lated to the beam lattice periatl, and the beam axis angle Im|<(d/2Ls)
6,, = sin™ (n\/L;) viab, = (L, cos6,)%/\ [11], and (10) is where

valid in the paraxial far-zone of each beajR,,.,| > b,. As 1/2
the tilt indexn increases tdn| > L./, the beam tilt angle C = (Lw/\/i) g(mLz), |m|<(d/2L,) (19)
#,, becomes complex, and the corresponding beams become ) Lo\ 2
evanescent B (, 2) = —ik2%/4 [ ==
8k

B. Narrow-Waisted Beams X exp{i [k (Rm +mLysinf, + ib) + 7r/4} }

As emphasized in [1], [11], and [12)arrow-waistedbeams o (z —ibcosba) 20)
(L, = A < d) have several attractive features. First, the Gabor 23/2

coefficients can be estimated with good approximation by 5 — — 5 — 3

samplingthe aperture field distribution, avoiding the time-con- By = /(& = mLy —ibsin 6.4)° + (z — ibcosfa)

suming integration (7) [1] (21)
b=(L,cosf4)*/\. (22)

1/2
A, ~ (L2/V2) " F(mL,), n=0 (12 The beam propagator (20) differs froBy,o in (14) by the
- 0, n#0 phase shift{tmL,sinf4) and by the different definitions of
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12 . : , ; , It is shown in Appendix A that the FD and TD fields
L Lor P i : Ey(z, z, w) andey(z, z, t) in (2) and (26), respectively, are
g z-:’ i A ] related through the Fourier transform pair
%o.m I e .
o ez ) =g [ Byl 2 ) expl-ivt) do

28 =
"3‘2:07 Ez, z,w) = /_Oo ey(z, 2, t) exp(iwt) dt. 27)
g
o 00F Direct numerical integration of (26) is complicated by the (in-
_E‘@.g_o, tegrable) square-root singularity at the upper lithit ¢ — R/c
I ‘ 1 ‘ . . and requires care in its execution. Here, we use the Newton-

5.0 -2.5 0.0 2.5 5.0 7.5 10.0 Cotes scheme proposed in [19] for the numerical integration of

x (wavelengths) (26), which represents our reference solution.

Fig. 3. Linearly phased cosine-tapered aperture distribution in (17),423) ( A. TD Beam Discretization: Linear-Delay Aperture Fields
10A, 8.4 = 30°) (see Fig. 1). Near-zone (= 5\) radiated field synthesized
using narrow-waisted nontilted and tilted beams is compared with the referencéThe GB discretization for the time-harmonic aperture distri-

solution [Kirchhoff integration in (2)]. — Reference solution; - - - Tilted bea ; ; i i i ima-de.
synthesis [, = 0.02d); --- - - - Nontilted beam synthesid( = 0.02d). "bution in Septhn Il can be general]zed to arbltrary. time d.e
pendent excitation by use of a four-index Gabor series, which
. . . _ is set on a discretized lattice in the eight-dimensional (space-
Ry, andb in (21), (22), respectively, which produce the propwavenumber, time-frequency) phase space (see [6] for analytic
agation-matched tilg,4 in the beam direction (see Fig. 1). Forand computational issues). A condensed summary of the ana-
comparison of the tilted and nontilted formulations, we considgftic results of section IlI-A has been given in [13], together
the linearly phased distribution (17) with cosine tapering  with one simple numerical example. In our presentation below
we give detailed derivations that were omitted in [13] but are re-
cos(rz/d), |z| <d/2 . ;
(z) = (23) quired for complete understanding of the results. Moreover, we
0, x| > d/2 have here a much more comprehensive set of numerical exam-
6, = 30°, and a fixed beam lattice period{ = 0.02d). In ples as well as calibration of accuracy, which are not contained

Fig. 3, the near-zone fields synthesized under the same corf@i13]- The resultsin this section are used for the important gen-
tions with the same number of narrow-waisted nontilted (13) af§@!ization in Section 11I-B to nonlinear-delay profiles which is
tilted (18) beams are compared with the reference solution [br@@tirely new. _ _
force Kirchhoff integration in (2)]. The tilted beam synthesis is FOr @ssessment of the extent to which the FD narrow-waisted

hardly distinguishable from the reference solution, whereas ig&M approach can be generalized to TD (short-pulse) excita-
nontilted synthesis is somewhat less accurate in magnitude. 10N, We begin by considering the case of a space-time separable
aperture field with linear time delay (assumifg real)

[ll. TD FORMULATION o, t) = g(x)p (t - Llrsin N (28)
We shall now explore the extension of the FD results for aper-
ture radiation in Section Il to time-dependent excitation, in pagnd its FD counterpart via (27)
ticular to short pulses. To this end, we consider a space—time

aperture field distribution at = 0 F(z, w) = P(w)g(x) exp(ikz sinf.4) (29)

eylm, 2 =0,1) = f(z, 1), lz| < d/2. (24) wherep(t) is a time-pulse with characteristic widtfj,, and
P(w) is the Fourier transform qi(¢),
Using the 2D TD Green’s function [18, Sec. 7.3] -
G Pw)= [ pt)esp(ion dr (30)
- 2m/(E -7 — (R/e)? . . .

Equation (29) differs from (17) by the (spatially independent)
with R defined in (4),c representing the speed of light, andrequency-dependent weight factBtw). This TD counterpart
H(-) representing the Heaviside step function, the field radiatedl the linearly phased aperture in Section 1I-C generates a
into the half-space > 0 can be expressed via the space—timgpace—time-resolved pulse propagating inéhelirection (see

gQD(xv 2y t; xlv Z/ = 07 t/)

Kirchhoff integration [18], [19] Fig. 1), with an assumed normalized pulse length much shorter
than the aperture dimensiahi.e., 7, < d.
ey(®, 2, t) Fourier inversion of the narrow-waisted tilted beam expan-

L | R (E—t) 2 (1) sion (18) for a FD Ii_nearly phased apertu_re field yields a p_ulse_d
-z / do! — / ot dt'. beam (PB) expansion for the corresponding TD aperture field in
—a2 BP0 JE—t)2—(R/c)? (28). However, the evanescent spectrum content in the FD beam
(26) propagator (20) motivates use of thealytic signaformulation

v
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instead of the standard Fourier transform [5], [8]. The analytigith spectrum

45 22
T W wT w7,
Plw)=,|F 2 2» s T Rt 38
(@) 2 150 000 eXp( 200 T' 2 ) (38)

which has desirable wideband properties, being sufficiently

l?ounded away fromv = 0 andoo. However, the procedure

abelow can be applied to any kind of modulated or differentiated

Gaussian pulse.

+ The beam parametérand hence, the complex distanke,

f(®) =Re [f(t)} . (32) (21) in (20) arefrequency dependebecause the beam lattice
period L, has been chosen frequency independent.0x

. . bcos 6 4], the amplitude factor in the FD beam propagator (20)
The analytic TD counterpart of the narrow-waisted FD beah}ij be approximated by

expansion (18) for the aperture field distribution (29) may thus

+
signal f(¢) is defined via the one-sided Fourier transform

+ B
Fi =2 / Fw)exp(—iwt)dw,  Tm() <0 (31)
T Jo

where F(w) is the conventional Fourier spectrum of the re
signal f(¢) [see (27)]. The real signal for regls recovered via

be written as (z —ibcosBy) z
53/2 ~ 3/2
. + Ryl Ry,
Gy(.’L’, z, t) o~ Z crnbrn(-/rv Z, t) (33) an = \/(.’L’ - mLm)Q + 22 (39)

Im|<(d/2Ls)
where the distanc®&,,, ~ R,,, is real and frequency indepen-
where the analytic PB propagatoy, is given in terms of the dent. In the phase, under the same conditions, we retain the first

paraxial, far-zone FD propagats,, in (20) order paraxial correction
2
- x
+ 1 > an N Zom — ib ——tm
bm(z, 2, t) = —/ Bz, z, w)P(w) # W 2(2pm — 1b)
"o . 23 (Zym +ib)
X exp(—iwt)dw Im(t) <0. (34) R 2y — B o T b< 2y (40)

2
2zbrn

Forimplementation, one can choose a frequency-independgfere (., 2., are the beam coordinates (see Fig. 1)
beam lattice period., (resulting in a frequency (i.e., wave-

length)-dependent beam paraméigsee (22)], or a frequency- [xbm} _ [cos 64 —sin GA} [x - le} (41)
independent beam paramebdresulting in a frequency-depen- sinf,y cosfy )

dentl.,). We consider frequency-independéntpreferable be- o _ o _ )
cause this yields frequency-independent Gabor coefficients [Sg¥ Phase approximation (40) is valid in the paraxial region of
(19)]. The real TD fieldz, then follows from (33) and (34) ~ €ach beam

Zhm z

T |75brn - Lb| > |xbrn| (42)
ey(x, 2z, t) =Re |e,(z, 2, t ] ) )
. o ) [ o )} together with the constraint that the beam parametemains
with small over the bandwidtf2,, of the pulse spectrum?(w)

+
bm(®, 7, t =Re |bn 2, b 35
(e 2, ) [ ufﬂ (35) Lo

2me

b= < Zbmy w S Qp (43)

where the Gabor coefficients, can be estimated through aper- o ) ]
ture sampling whet, < \ < d [see (19)] With these approximations, the integral in (34) can be evaluated
in closed form, and the analytic PB propagator can written ex-
1/2 plicitly as (see Appendix B for details)
em = (La/V2) " g(mLo),  |ml < (d/2L0). (36)
+
ba(x, 2, t)

For the important class of Gaussian time pulses, we have 11 T B
= Nm anlr Ml o4/ =

found useful closed-form approximations for the integral in

: . . : . 4 2 ap

(34). In particular, we use a Rayleigh (four-times-differentiated 13 “ g

Gaussian) pulse (see Fig. 4) + 5V 3mr<j> M, <5\/§ /mﬂ (44)
anl
50(t — T, /2)* ,
p(t) = exp [_%} with
b
L 000(t — T;,/2)* — 600(t — T;,/2)12 om (2, 7) = \/ m(cTpzom)? + 50(Laim cos4)*  (45)
X
317 B, 2, ) = T3 + 2om(220m + €T}, — 2ct)

(37) 4+ 2mL,2pm Sin 8 4 (46)



GALDI et al. NARROW-WAISTED GAUSSIAN BEAM DISCRETIZATION FOR SHORT-PULSE RADIATION 1327

1.2 T T T T T T T
1.0
-~ 0.8

‘b 0.6

o~

= 04

- 0.2

> 0.0

. . B —
t/T S 02
P

0.20 T T T T T -0.4
-0.6
—0'15“ (b) 1 -0.8 L i 1 1 It I 1
= 4.0 -3.0 -2.0 -1.0 00 1.0 20 3.0 4.0
5:0.10— 1

] y

T 005}

/
Ml

0.0% . ‘ . : s Fig. 5. Comparison between the exact and approximated fundtins in
.0 10.0 20.0 30.0 40.0 50.0 60.0, (48)_(51) J— Exact' - Approx|mated

oT

P

=1

Fig. 4. Rayleigh pulse. (a) Temporal profile in (37). (b) Spectrum (magnitude
in (38).

_ 42VI0L 7L Pz exp(—in/4) =

77771(3?, Z) = 3R;9,7{2am($7 2)13/2 3
(47)
Mi(y) =1F: (4, 5, —v%) (48)
Ma(y) =1F1 (4, 5, —¢%) (49)

where R,,,, zm and z,,, are defined in (39) and (41),(-)
is the gamma function [20, Sec. 6], anatl; (u, v, ¥) is the :
Kummer confluent hypergeometric function [20, Sec. 13]. Sinc .,
modulation or differentiation operations affect only the argu
ments of,F;(u, v, y), the above reduction can be applied tc
any Gaussian-envelope pulse.

The following simple approximations can be exploited for th e e oo oo &0
functionsM; andM, (see Appendix C): x
9 15 yG Fig. 6. Instantaneous snapshots of the TD beam propadyatér, =, t)
Mi(y) ~ exp(—y?) <1 -5 v+ < vt — 6 (m=0,L. = d/20,64 = 0,cT, = 0.5). @)ct = 1. (b)ct = 2. ()t = 3.
5 40 (d) et = 4.
-y’ - —) (50) . . : .
896 3840 of the linear delay in (28), we now consider the aperture field
7 7 y® distribution
Ma(y) = A 1=+ — oyt + =
2(y) & exp( y)< RARTIARETT 1
8 10 fla, t) = h(x)p (t — ¢ p(x)) (52)
+ 33’6 + 45240) ' (51)
2 with its FD counterpart

Fig. 5 shows comparisons between the exact functions (com- w
puted via reliable numerical routines [21]) and the proposed ap- F(z, w) = P(w)h(z) exp [L = ¢($)} (53)
proximations (50), (51). The results essentially overlap on the

scale of the plots. Since the functiok , resemble the form Whereh(z) and¢(x) are real functions. Recalling the efficient
and shape of the Ray|e|gh pu|se in (37) and F|g 4, then usi’ﬁgatment of the linear delay fields in Section IlI-A, we Sp|lt the
(50) and (51), the TD beam propagator (44) can be computeldgse (delay) functiog(z) into a linear part plus a nonlinear
very efficiently. Fig. 6 shows a number of instantaneous snajgmainder
shots ob,,,(z, z, t). Note the rapid transverse spatial spreading

of the ray-like narrow-waisted PB, but its retention of the wave- ¢(z) = wsiny + Pxr(x) (54)

front behavior in the longitudinal (radial) direction. where¢ 1.(x) does not contain linear terms. The FD narrow-

. o . .., waisted tilted beam decomposition (18) of Section II-C can,

B. TD Beam Discretization: Nonlinear-Delay Aperture F'eldsthus, be applied, witg(x) in (17) given by
Extension of the TD Gabor algorithm in Section IlI-A to non-

linear delay profiles is an important new generalization. Instead g(z) = h(z) explikonr(x)]. (55)
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The corresponding FD Gabor coefficients [see (19)] are com- 1.2 - - -
plex 08 ; (a)
1/2 |
Cp = (Lx/\/i) h(mL,)explik¢nr(mL,)] = 04 :
N /
Im| < (d/2L:) (56) ¥ 00 !
By '
and the corresponding TD beam expansion differs only slightly © o4t ;'
from (33) }
-0.8f ! 1
ey, 2, t) = Z hmbm (2, 2, t — T) (57) 4.875 5.125 ¢ 5.375 5.625
c

|m|<(d/2L.)

whereb,, is the real part of the analytic PB propagator in (44),
and

hom = (Lx/\/i)l/Qh(mLx)
Tm :c_ld)NL(mLm)v |m| S (d/2Lx) (58)

C. Assessment of Accuracy

The explicit analytic results in (44) are based on the approx- 50 30 -10 10 30 5.0
imations (39) and (40), which are valid in the paraXalzone X
(42). An additional condition is themallnessf the beam pa-
; ; :Eig. 7. Radiated field due to nonphased, (= 0) cosine-tapered aperture
rameterb °‘_’e_r the_Wh0|e bandWId_th of interest _[see (43)]- Thlgistribution. Parametersl, = 0.5,d = 5 = 10cT), (arbitrary units).
latter restriction, in turn, determines the maximum allowablgeference solution via space—time Kirchhoff integration of (26): solid curves.

lattice period (i.e., the minimum number of beams) for speclD narrow-waisted beam synthesis in (35): dashed and dotted curves.
bservation points for the temporal profile are on the beam axis=( 0).

fied €2, 04 a!’ld observation point. A rql_Jgh theoretlc_al estimatg) remporal profile ai = 0, = = 5 = 0.1F, (arbitrary units); (b) Spatial
can be obtained from (43). For specified observation planet@hsverse profile at = 5, ¢t = 5.25;---5beamsQ = 1.6, Ae, = —2
~~~~~~ 10 beams@ = 0.8, Ae, = —14 dB), -- - - - 30 beams

2 = 201, and recalling thaty,,, = 2.,/ cos 4 (see Fig. 1) the 9B); : ,
. . . .&) = 0.26, Ae, = —31dB). The r.m.s. errorde, pertain to Fig. 7(a).
overall constraint can be expressed by the following |nequal|§7

in terms of the nondimensional estimator
1.2 T T 1.2

_1 [r(cosB4)3
Q=N TSPl

0s @ 0
<1 (59 \ | _os
X 0.4 17
\ i /
where the integelV, = d/L,. represents the number of beam: ,,»“ﬂf « //\_ ?o"o\/ ]
in the expansion (33); = Q,7,,/2x is the normalized band- ¢ } \/ 1 o0
.0 -3‘.0 -1.0 1.0 3.0 5.

width of the pulsep(t), andx = z.s/Fy is the distance to the  -08-—co—57 053075 =5
t

(x,2,t)

(o]

observation plane scaled by the Fresnel distance of the apertt |, . ¢ ’ 12 X .

Fy = d%/(cT,). The nondimensional estimatér < 1 con- o8 /\ (© | d
tains all relevant parameters of the problem. For example, Co 0s I | 508 T
creasing thg number of be?m@ can be com_pensz_;tted py a_cor-i 00 i ’I \ ,'(\ ;_:0‘4

responding increase 6f,;.)'/2. However, a finer discretization o, YRY ] o v\/

may be required in the presence of nonlinear phasing/delay ' \j 1 oo N\
the same degree Of aCCLlI’acy. 49.75  50.00 SOéZtS 50.50 50.75 7.5 -5.0 -2.5 0}.? 25 50 75

D. Numerical Results
. . . Fig. 8. Parameters as in Fig. 7. (a) Temporal profile@at 0, z = 20 =
The TD narrow-waisted beam expansions in (35), (57) havar,, 15 beams@ = 0.27, Ae, = —32 dB). (b) Spatial transverse profile
been calibrated against a reference solution implemented @y = 20, ¢t = 20.25, 15 beams@ = 0.27). (c) Temporal profile ar = 0,
. . . . . . z = 50 = Fy, 10 beams@ = 0.25, Ae, = —34 dB). (d) Spatial transverse
space—time Kirchhoff integration of (26) in an extensive numbg,rOfile atz = 50, ct = 50.25, 10 beams@ = 0.25). Reference solutions
of numerical simulations. We present and discuss selected tygotid curves) and beam solutions (dashed curves) coincide on the scale of the
ical results, starting with the linear-delay space—time apertutigts-
distribution (28) whergy(z) is the cosine tapering in (23) and
p(t) is the time dependence of the Rayleigh pulse in (37). Figsnéar zone{ = 0.1F) of a large aperturel(= 10c7}); the ref-
and 8 show typical results for the nonphased cése £ 0). erence space—time Kirchhoff integration (26) is compared with
Specifically, Fig. 7(a) depicts the time evolution of thadi- the TD beam synthesis (35) for various numbers of beams. In all

rected scalar electric field at a fixed observation point in tr@mulations, we used a pulse-bandwidth velyd,, = 40 (see
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Fig. 9. Radiated field due to linearly phasetls( = 30°) cosine-tapered ! Lﬂ‘x

aperture distribution. Parameters, = 0.5,d = 5 = 10T, (arbitrary

units). Observation points for the temporal profiles are on the tilted beam a

0.4. (a) Temporal profile atr = 2.89, = = 5 = 0.1F, (arbitrary units), 3 ) X T,

25 beams@ = 0.26, Ae, = —32 dB). (b) Spatial transverse profile at “

z = 5, ct = 6.05, 25 beams@® = 0.26). (c) Temporal profile at: = 11.5,

z = 20 = 0.4F,, 12 beams@ = 0.27, Ae, = —33 dB). (d) Spatial

transverse profile at = 20, ¢t = 23.3, 12 beams@ = 0.27). (e) Temporal Fig. 10. Radiated field due to cosine-tapered focused aperture distribution in
profile atz = 28.9,z = 50 = F,, 8 beams@Q = 0.25, Ae, = —33 (61), computed via space-time Kirchhoff integration of (26). Parame{Efs=

dB). (f) Spatial transverse profile at= 50, ct = 58, 8 beams@ = 0.25). 0.3,d = 5 = 10cI},, Ly = 10 = 0.2F, (arbitrary units). Instantaneous

Reference solutions (solid curves) and beam solutions (dashed curves) coingitigpshots at various times. @)= 3.25; (c) ¢t = 10.235; (e) ct = 30.22.

on the scale of the plots. (b), (d), (f) Gray-scale plots corresponding to (a), (c), (e), respectively. See also
the spatial profiles in Figs. 12(b), 11(b) and 12(d) for different visualization.

Fig'. 4), Whif:h sets the reference level for the npndimensio.r]ﬁgtance, Fig. 8(a) and (b) show results for a moderate obser-
estimator in (59). As expected, the agreement improves withy .. distance{ = 0.4F,), whereas Fig. 8(c) and (d) show
increase in the number of beams, and satisfactory accuracy,is, o ¢ — F,) results. In these examples, only one beam
achieved for) < 0.3. In Qrder to better quantify the accuracysynthesis is shown, with the beam lattice period chosen so as to
of t'he TD beam synthesis and the role of the nondmen;mrg&sureQ < 0.3, according to the above calibration; accuracy
estimatorQ, we computed the r.m.s. (energy) error at a f|xeg confirmed. We conclude that even at moderate distances, ac-

observation point ceptable results can be obtained with a relatively small number
of beams £20). The corresponding data for a linear-delay ex-
Acy = ample ¢4 = 30°) are shown in Fig. 9. The same conclusions
/ Cg}ref) (@, 2, 1) Cg}beam) (@, 2, t)‘ d apply, ex_cept that the field maxima are tracked along the tilted
oo beam axig 4.

(beam) 2 11/2 As our final and most important example, we consider a
ey Wz, 2, t)‘ dt} nonlinearly phased aperture distribution. In particular, we have
(60) chosen a cosine-tapered aperture field with quadratic delay

U_OO D (g t)rdt/_oo
cos(mz/d)plt + 2%/(2cLy)], |x| < d/2

whose values are explicitly indicated in the figure captions. Itf(x’ t) = {0 2| > d/2 (61)

is observed that values ¢} < 0.3 yield errors< —30 dB. ’

We shall us&) as a convenient calibrator of the accuracy in thevhich represents the TD counterpart of a typical time-harmonic
numerical experiments. It is observed from the transverse éatusing (.; > 0) or defocusing; < 0) distribution, withL s
shown in Fig. 7(b) that despite the use of the paraxial far-zongpresenting the conventional focal length. The focusing case is
approximation (42), the TD beam synthesis works quite wetie most challenging, since standard (nonuniform) ray asymp-
even in the near zone of the aperture={ 0.1F,;) and not only totics would fail due to the presence of caustic transition regions.
around the main radiation lobe. As the observation distance Mereover, we have chosen numerical values so as to get fo-
creases, a coarser discretization can be used subject to (59).desing at moderate distance from the apertiire£ 0.2Fy). A



1330 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 49, NO. 9, SEPTEMBER 2001

ct
0.8 T 0.8 T J T
N . (© 06 @
9.875 10.125  10.375 = 10.625 = | =04
t - -
c ok 0.0 o 02
T ;;'0 . ;S, 0.0 —
e -0.2
4’2%.75 30.00 30.25 30.50 30.75 _0.:‘4.0 -2.0 O:O 2:0 4.0
ct b4

Fig. 12. Parameters asin Fig. 11, observed before and beyond the focal plane.
(a) Temporal profile at = 0,z = 3 = 0.3L; = 0.06F,, 100 beams@ =

0.1, Ae, = —33 dB); (b) Spatial transverse profile at= 3, ¢t = 3.25, 100
beams @ = 0.1); (c) Temporal profileat: = 0,z =30 =3L; = 0.6F,, 30
beams @ = 0.1, Ae, = —37 dB); (d) Spatial transverse profile at= 30,

ct = 30.22,30 beams@ = 0.1). Reference solutions (solid curves) and beam

2.0 -1.0 o:o 1.0 2.0 solutions (dashed curves) coincide on the scale of the plots.
X
Fig. 11. Radiated field due to cosine-tapered focused aperture distribution in IV. CONCLUSION

(61), observed in the focal plane. Parametels;, = 0.5,d = 5 = 10T, ] ] ) ]
L, = 10 = 0.2F, (arbitrary units). Reference solution via space—time By extending the time-harmonic approach presented in[1], a

Kirchhoff integration of (26): solid curves. TD narrow-waisted bea A ;
synthesis in (57): dashed and dotted curves. (a) Temporal profie=at 0, "2D narrow-waisted pulsed beam algorithm has been presented

= =10 = L, = 0.2F,. (b) Spatial transverse profile at= 10, ct = 10.235; Which allows an effective discretization of short-pulse radiation

o 10 beza5nzstC§) = 0.5%,0%% :@—9 dOB()),g- W 30 bgr?rgé)@; 0.19,  from one-dimensional (1-D) large apertures. Analytic approx-

Ae, = — y o m - eams{) = 0.U9, Ae, = —o¢ . erm.s. . . . H .

erroyrsAey pertain to Fig, 11(a). v imations in the form of reaqny cqmputaple fuqct|ons have
been obtained for aperture field distributions with separable

. . ' space—time dependence, general phasing, and Gaussian pulse
sequence of instantaneous snapshots of the radiated field at é@?itati on P g P g P
ferent times, computed via the space—time Kirchhoff integration Accuracy assessments of the beam algorithm have been for-

in (26), is shown n Fig. 10. O.n(_a'obs.erv'es how the space—tl%%lized theoretically in terms of the nondimensional estimator
Wavepacket', starting from the 'r."t'al distribution (61), has ac_orb and calibrated numerically through a variety of simulations
;:ave (foc]::usn::g) V\iaovefront dort]) |t'$.tway to. the fog;al plan.e, I'emvolving phased and focused pulsed aperture field profiles;
orz < ~f [ '9. (.a) and (b]; it experiences i s IT]aXImummdependent calibration of the numerical data was achieved
space-time localization at the focal plane= L [Fig. 10(c)

. by comparison with a rigorously based brute force space—time
and (d)], and spreads out beyond the focal plane with a Convlgl%chhoff integration. The results are encouraging and confirm

wavefront [Fig. 19(6). and (f)]. In order t9 assess the accuraht within the stated criteria, one can make fairly reliable
of the PB expansion in (57), the comparison with the reference_ . ..
o I ) redictions of performance.

solution is shown in Figs. 11 and 12 for representative temporal .

_ ; . . . verall, it appears that reasonably accurate syntheses can be
and spatial cuts at various observation distances. Fig. 11(a) and_. . o

obtained with a moderate number of beams, within the con-

(b) show the convergence results at the focal ptageL ; (most straintQ) < 0.3, thus making the algorithm a promising eff
challenging test). A slightly finer discretization is needed than = 9 9 P 9

. . Clent parameterizer for beam tracing in the presence of propa-
in the linear-delay case, for the same degree of accuracy; accu b 9 b brop

} ation and scattering environments. Toward this goal, the TD
rate synthesesXe, < —30 dB) are obtained fof) < 0.1, but g 9 g

reasonable accuraché, < —20 dB) is still within the less extension of the previously performed FD studies in [11]-[14]

stringent?) < 0.3 range. Fig. 12(a)—(d), show resuls for obserl-s now under consideration [22]. For extension to two-dimen-

vation distances smallet & 0.3L ;) and larger ¢ = 3L ) than s\llzr;?;r()zf-iEl)dzpz(ratgr[zzlwhlch generate three-dimensional (3-D)
the focal length, with the number of beams chosen so as to gs- ’ '

sure@) < 0.1. The spatial profiles in Fig. 12(b) and (d) show the
broader spatial extent of the wavefront, with respect to the focal
plane pattern in Fig. 11(b), which is analogous to the snapshots
in Fig. 10(a) and (e). The temporal profile of the incident pulse
in Fig. 12(a) is distorted at [Fig. 11(a)] and beyond [Fig. 12(c)] By Fourier transforming the FD radiated field in (2), recalling
the focus due to caustic-induced phase shifts. thatGop andgqp are related through the Fourier transform pair

APPENDIX A
PERTAINING TO (26)
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(27) [18], and applying the convolution theorem [24], the TD APPENDIX C
field radiated into the > 0 halfspace can be written as PERTAINING TO (50), (51)
The Kummer confluent hypergeometric function is defined
12 g R as [20, Sec. 13]
ey(z, 2,t) === dx
Tz 0% ) — (Wny"
roY Fi(u, v,y) = L 67
M) g (e2) il v y) 7;0 (©)an! ©n

St — (B0

where(w),, is the Pochammer symbol [20]

with R being defined in (4), and witli(x, ¢) andF'(z, w) being o o
related through the Fourier transfor(m p?’;\ir (27)(. The) diﬁerenti-(u)" =u(u+D(wt2) - (utn-1) (u)o =1. (68)
ation of the temporal integral in (62) can be performed through A rapidly convergent approximation for the functiavis and
differentiation under the integral sign, coupled with a limiting\I, in (48), (49) can be obtained by exploiting the Kummer
procedure to circumvent the singularity at the upper integratiaansformation [20]
limit (see [19] for details), yielding

lFl(U’v v, y) = exp(y)lFl(v —Uu, v, _y) (69)

9 /tR/C fla', ) " Accordingly
dz oo — N2 _ 2
ViE=t) (R/g} Mi(y) =1F1 (4, 3, —4%)
2 [rRe (t=t) 5 (@ 1) =exp(—4?) 1F1 (-2, 1, 4°)
“wl. e (1 90, 15 3 4
= o) (1= 30+ v~ §5 s
from which (26) follows. oyt 12
3840 + 0O (y ) (70)
APPENDIX B M (y) =1F1 (1, 3, %)
PERTAINING TO (44) =exp(—y°) 1F1 (-1, 2, 4%)
6 8
By substituting (20) and (38), with (22), (39), (40), into (34) = exp(—?) <1 _ Zy2 + 41 vt o+ yT + Z’
one obtains 6 0 0 240~ 3456
Y 12
71
by TN | = RCIUR)
mA\E 2 8= 1500007/cRY?  Jo v as shown in (50) and (51).
. iocfnw + 1007 ¢czpm Bm
X exp|iw 2000722 dw REFERENCES
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