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Optimality of Index Policies for the undiscounted reward case) to that derived in [3] assuming an
a Sequential Sampling Problem infinite horizon and that the sole option is sampling from opfiofhe
optimal policy derived by Weitzman is defined as follov&opping
David Castéion, Simon Streltsov, and Pirooz Vakili rule: stop sampling if the current maximum reward is higher or equal

to z; for all options from which sampling is still allowedglection

rule: if the decision is to continue sampling, sample from the option
_ Abstract—_Consider the following sequentia_l s_amplin_g problem: at each with the highest index; among all those from which sampling is
time, a choice must be made between obtaining an independent samplesti” allowed.

from one of a set of random reward variables or stopping the sampling. Lo . . .
Sampling a random variable incurs a random cost at each time. The The similarity of our setting to that of multi-armed bgndlt prob!ems
objective of the problem is to maximize the expected net difference iS apparent (see, for example, [4]). However, the difference in the

between the largest sample reward obtained before stopping and the reward structure renders the results derived in that setting inapplicable
accumulated costs incurred while sampling. In this paper, the authors in qurs.

prove that the optimal feedback strategies for this problem are index T R . .
policies and provide an explicit expression for the optimal expected Our motivation for considering the above sequential sampling

reward from any state. The problem is motivated by search methods for Problem is to obtain guidelines for deriving and analyzing global
global optimization problems where the cost of computation is explicity ~optimization algorithms where, in evaluating the performance of the
incorporated into the objective. algorithm, the cost of computation is directly taken into account. A
Index Terms—Optimal policy, sequential sampling. finite horizon version of our problem was considered by Tang [6] in
the case of partitioned random search for global optimization. Tang
[2] considers a case where the maximum number of samples allowed
I. INTRODUCTION is specified and wherd, the number of regions to sample from,
Consider a sequential sampling problem where, at each time, dge finite set. This problem does not seem to have a simple index
may either sample from a set of choicésor decide to stop the policy solution (Castadn and Tang [6] give a counterexample to the
sampling. Assume that sampling from choices I yields a real- solution offered in [6]).
valued random reward; with known distributionF; at a random  The setting of this paper can be used more generally, where the
nonnegative cost of’; with known distributionG;. Assume also set of choices, for example, may include different algorithms or
that rewards and costs of sampling at different sampling times axébroutines for solving some of the iterations of an optimization
independent. The goal is to determine an optimal sequential samplfiigblem. The sef should be viewed as representing all or a subset

policy to maximize the expected total reward defined by of available options in the search for a global optimum.
N In this paper, we assume thiais a compact set in some appropriate
E |max{Y(0),Y(1)- -, Y(N)} — ZOU) topology (generally a subset ét") and that the horizon is infinite.

Given the ultimate goal of solving a global optimization problem, we
assume the existence of a uniform upper botihe: oc on all sample
whereY (0) is the initial value (before sampling)y is the stopping yewards (so thaf(Y; < M) = 1 for all i € I.) The main result of
time of sampling, and’(;j) and C'(;) are, respectively, the rewardthe paper is that under conditions the optimal sampling policy is a
and cost from the sampling at théh time interval. pure index policy based on the indexes (defined above), and the
Chow and Robbins [3] consider this problem under the assumptigBtimal reward can be expressed in terms of these indexes. Indeed,
that the sefl is a singleton (in a somewhat more general setting); iur results indicate that the optimal sampling policy should sample
this case, the problem reduces to determining the optimal stoppif@m one option only, the one with the maximum index.
policy. They show that the optimal stopping policy is specified by & The problem studied in this paper assumes a complete statistical

j=1

single threshold value™ and is defined by knowledge about the reward and cost of sampling from each option
continue sampling, ifnax{Y(0),---,¥(n)} < z* (knowledge of the distributiond’; and G; for eachi € I.) This
{stop sampling, ifInax{Y‘(O); e ,y(n‘)} > 2t assumption is rarely satisfied in practice. Our results can be used to

) generate adaptive sampling strategies for cases where these distribu-
Moreover, they show that the optimal expected reward {gns are estimated from data, as in Tang [6]. Streltsov and Vakili
IllaX{Y((_))vZ*}' ) ] 7] use thez; indexes (recalculated after each sample) to modify a
Modeling a class of economic search problems, Weitzman [éihown global optimization algorithm which is based on a statistical
considers a version of the above problem wherel 1y a finite  qqe| of the reward and report overall performance improvements.
set; 2) the maximum number of samples allowed from each, The rest of the paper is organized as follows. In Section Il we
is boundeda priori; and 3) the maximum total number of samplegjefine the sampling problem of interest. In Section 111, we develop a
allowed is equal to the sum of the maximums allowed from eaeynamic programming formulation of this problem, derive a sufficient
option. ) _ o _ statistic for control, and give an equivalent formulation of the problem
Weitzman shows that the optimal sampling policy is an indexs 5 minimization of cost problem. In Section IV, we define global
policy where the index for each option say =/, is identical (in jhgexes and establish the optimality of a candidate index policy and
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G,. We assume that the distributioris; have finite means for all The reward associated with a policy is the expected infinite
¢« € I. Assume that rewards and costs of consecutive samplinigsrizon reward given by

are independent for all sampling policies. We consider the following oo

sequential sampling problem. R (y)=E [Z In (X (X))
Givenn samples, denoted By (1),---,Y (n), and an initial value n=0

Y (0), we may make one of two types of decisions: 1) we M3 here X, = y.

sample from choicé € I, in which case the new samplE,(n + 1), Now, define the statistic

has distributionF;, and a cost of sampling with distributiof; is ) _ e .
incurred, or, 2) we may stop sampling and collect a reward equal to 7z, = (X, ) = {max{} (0),-- Y ()}, if X, =7
5.

max{Y (0),---,Y(n)}. " ; if X, =s.

LetY" = (Y(0),---,Y(n)) € R""'. Apolicy 7 = {no,n,---} Before sampling is stoppedZ, represents the maximum value
is defined by a sequence of functiops: R"*" — I U {s} where, observed so far4, = X, = s after sampling is stopped.) This
7. () = i € I represents the decision to sample from chaicand statistic captures all the relevant past information and is all that is
nn(-) = o represents the decision to stop. needed to make the next decision. That is to $8y,is a sufficient

Let N = min{n: #,(Y") = o} denote the stopping instance (letstatistic for control for the above dynamic programming problem.
N = oc, if 9, # o foralln > 0). Our objective is to find a sequential  To establish this fact, we first formulate an alternative dynamic
sampling policy that maximizes the expected total reward defined pyogramming problem in terms of,,. (To avoid cumbersome no-

N—1 tation, we will use similar notation as above for the corresponding
R™(y)=E|- Z Cy, (vny + max{Y(0),---, Y(N)} terms in the following dynamic programming problem.)
o0 Forn > 0, let
where'(0) = y. S =R U {s} =the state space at periad

We make the following assumptions. ]
U =1 U{c} =the control space at period

A. Bounded/Compact/Continuous (BCC) Assumptions g: S x U — R =the period reward for each stage

1) There exists a real numbéf > 0 such thatF;(«z) = 1 when wheres ands are as defined above. Define decision rilesS — U,
x> M for all i € I. That is, all sample rewards are uniformlyang |eti denote admissible policieSjo, 71, - - -} satisfyingij, (s) =

bounded byA/. o for all n. For any policy#, the system dynamics are given by
2) I is a compact set in a topology defined dn o
3) The functions¥,: I — {F;i € I} (V.(i) = F;) and Znv1 = f(Zn,1n(Zn))

Uy: I — {Gi;i € T} (V2(i) = Gy) are continuous (weak \\here

topology on{F;;i € I} and{G;;i € I}). max{z, Y (n+ 1)},

Note that parts 2) and 3), i.e., compactness and continuity assump- - for i € I, and Y(n + 1) has
tions, are trivially valid when! is a finite set. flzd) = distribution F:
To solve the above problem, we will formulate it as a dynamic 5. ifi=o.

programming problem, as described next. . . '
The period reward is defined by

IIl. DYNAMIC PROGRAMMING FORMULATION —Ci, foriel
. . . . . g(z,i) =< z, fori=o0,2%#s
Consider the sequential sampling problem described previously. 0 for = — s

For n > 0, define
S, = R"T' U {s} =the state space at period
U, =U =1 U{c} =the control space at period R™(y)=E [i I Zn it (Z0))
gn: Sn x U — R =the period reward for period n=0

The reward associated with a polidyis given by

where s is an absorbing state that is reached when sampling v@ere Zo =¥ Note that the system_ dynamics gnd the period
stopped. andy.: S. — U, with the stipulation thaty, (s) = o reward functions for the second dynamic programming problem are

for all n for all admissible policies. Let X,, € S, denote the state Stationary. , _ N .
of the system at stage. Define the initial stateX, = Y (0). With Proposition 1: The sequencéZo, Z1, - - -} is a sufficient statistic

this notation, the state evolution is described recursively as for control for the original dynamic programming problem.
Proof: Note that the control spaces for the two problems are

Xog1 = fo(Xn,nn) identical and hence by moving to the sequefiZe, Z,, - - -} no new
control constraints are imposed. Moreover, it is simple to verify that
for any policym = {nq,n1,- - -}, the distribution 0fZ,, 1 is uniquely
determined by the values &, = ¥(X,,) and the decision,,(X.).
And, finally, it follows directly from the above definitions that for
all policies

E[gn()(m"In(‘Xn))Nj(Xn) = Z,’}n(Xn) = l)] = g(z,1).

where the functionf,, is defined as

(X,,Y(n+1)) € ",
if i € I, where Y(n+ 1) has
distribution F;

s, if i =o.

fn(Xn,i) =

The reward associated with period is defined byg, (X,,%),

where Therefore, the sequendeZs. Z1,-- -} is a sufficient statistic for
-C foriel control for the original dynamic programming problem (see [1, Ch.
G( X i) = max{Y (0),--- ,—Y(n,) }' L 10]). O
S for X, =Y" e R""i=0 To simplify notation throughout the rest of this paper, we use

0, if X, =s. and1, to denote admissible strategies in the modified optimization
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problem using the sufficient statisti£,,. As a last step in this Example: In this example, we give a few samples of the indéx
preliminary section, we reformulate the problem of maximization 1) Consider the discrete r.¥. defined byP(Y = 10) = 0.5 and
of reward as an equivalent minimization of cost problem. The  p(y =2)=0.5. Itis easy to verify that for = 8, z* = —3.5,
advantage of this new formulation is that the period costs are always and fore = 3, 2" = 2.5.

nonnegative, and hence the problem falls into one of the classicab) LetY be an exponential random variable with mearnThen,
cases for which characterizations for the optimal cost and the optimal  for ¢ < i, z* = pln(c/p) and fore > p, 2* = p — c.

policy exist. 3) LetY be a normal random variable with mearand standard
Let the period cost:: $ x U — Rt (we use the same notation deviation o. Then z*(c;p,0) = p 4+ 02"(c/0;0,1) where
g) be defined by 2*(¢/a;0,1) is the solution to the equation
Cs, ifiel ’ -
h(z,i) = {AJ—:, ifi=o0,z#s 0(2) —2(1-2(2) = -

0, if 2= and¢ and® are, respectively, the standard normal density and
and consider the problem of determining the optimal policyto the distribution. For more details on computing indexes for the
minimize the expected total cost normal case, see [5].

J"=E [Z W Zn,ma(Z0)) |- B. The Optimal Policy
n=0

It is simple to verify that this minimization of cost problem is
equivalent to the above maximization of the reward problem. With

this reformulation, therefore, we have an undiscounted infinite- i =argmax{z;i € I'}.
horizon dynamic programming problem with nonnegative period
costs.

*

2" = max{z;i € I},

Under BCC assumptions the indeg is a continuous function of
7. Then, compactness df guarantees the existence and uniqueness
of z*, and the existence aof".

IV. OPTIMALITY OF INDEX POLICIES Now, define;™: § = R U {s} — U =1 U{o} by

In this section we propose an index policy and show that it is the - <
« v, z<z
v ={

optimal sampling policy. We begin with defining the indexes which .
o, z>z ,0rz=s

form the basis for this policy.
and define the stationary policy™ = (»*,n",---). Note that

A. Global Indexes ™ = =« as defined above. Therefore, Lemma 2 implies that

the cost associated with policy”, denoted by.J*, is given by

For i € I, define the functionl; as N N . - X .
J*(z) = M —max{z, 2" }. Our main result is that the optimal policy

L(z) = E[(Y; — »)T]| = B[C] = / Fi(x) de — ¢ and the optimal cost function for the sequential sampling problem
2 are, regpectivelyw* and J*. X
wherex™ = max{x, 0}, F;(z) = 1 — F;(2), and¢; = E[C}]. Let J denote the optimal cost function. Clearli(s) = 0 (the

I.(=) represents eyopicindex associated with choiéec I, given same is true of all policies, i.eJ"(s) = 0 for all r). Therefore,
a “current valuez. This index evaluates the one-step implication oin what follows, we focus on characterizisgon R only. The next
the decision to takene moresample from choicé whenZ, = z.  proposition prpvides a partial characterization.

More specifically, it gives the expected incremental reward of takingLemma 3: J(z) = M — z for = > 2,z € R.
one more sample from choi¢ec I and stopping at the next decision Proof: Consider any sampling policy = {ni,72,---}. The

period. I;(z) gives the expected incremental cost.) cost of this policy, starting from stat&, = z, can be written as
It is simple to verify the following. oo
Lemma 1: For all ¢ € I: 1) I; is a continuous function; 2) J(2)=M—-z2+E Zh'(Zn,nn(Zn))

lim.—_o Ii(z) = oo, and I;(z) = —¢; for = > M; and 3) I, n=0

strictly decreases fromc to —c;.

’ i ) . _ whereh' is defined by
Define aglobal index, z;", associated withi € I as follows:z; is

the unique solution of;(z7) = 0 or, equivalently B (i) = {gv - (Yi-2)7, 7}6 Riel
00 5 ITe=o.
/ Fi(z) de = ci. In other words, a cost equal t&/ — z is incurred before sampling

) o ) ) begins; all subsequent costs are incremental costs of sampling and
Inlight of Lemma 1, the existence and uniqueness'db guaranteed. there is no cost for stopping. Note that

The global character of the indeg can be seen from the following

result (due to Chow and Robbins [3]). Consider the optimal stopping (R (Zn. 110 (Z0))]

time problem of sampling from choicé only. Let the stationary = E[E[M (Zn, 00 (Zo))| Zn # 8,00(Z,) = i € 1]]
policy = = {n:,n:,---} be defined by — B[E[C, — (Vi Zn)+|Zn £ sum(Za) =i € 1))
i, if 2> 2 ’
ni(z) = {; :f 5 i 7* Clearly, Z, > = for all n and all sample paths; therefore
Then we have the following. E[h(Zn.12(Z0))]
Lemma 2: «; is the optimal stopping policy when the det= {i} > E[E[C; — (Yi — 2)T|Zn # s.0n(Zn) =i € 1]

contains only one element and the optimal reward funcfitinis
defined byR; (z) = max{z, z }; equivalently, in our minimization
problem formulation, the optimal cost function is defined&yz) = From the definition ot™ we havel;(z) < Oforalli € T andz > z".
M — max{z, z!}. Thus, E[W (Z,,n.(Z,))] > 0 for all n. Hence, for all sampling

= E[E[-L(2)|Z, # s, 9. (Z,) =i € I]].
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policies, we haveJ™(z) > M — z if = > z*. This establishes scheme is to always sample from the same combination of choices,
the lemma, because this lower bound can be achieved by the poliey, the combination that produces the highest index (note that the

No(z) = 0. O choices may not all be the same).
Let J: R — R be a real-valued function. L&t be the dynamic
programming operator, defined as REFERENCES
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Lemma 5: Under BCC assumptions is monotone nonincreasing
on R.

Proof: Compactness of implies compactness of the control
spacell = I U {¢}. This compactness and the continuity as-
sumptions of BCC imply that the dynamic programming problem
under consideration satisfies the assumptions of the semicontinuous
model of [1, Ch. 9], and hence it follows that the iteratiéh™ =
T(J™), initialized with the initial gonditionJ”(z) = 0, converges Dianhui Wang and C. B. Soh
monotonically to the optimal cosl (see [1, Proposition 9.17 and
Corollary 9.17.2]). From Lemma 4, since the initial condition is
monotone nonincreasing,” is also monotone nonincreasing for all Abstract—This paper considers linear time-invariant decentralized

n, establishing that the limif will also be monotone nonincreasing.singular systems which are either nonregular or, if they are regular,
they have impulsive modes. It derives algebraic necessary and sufficient

. conditions for making a singular system both regular and impulse-
We can now show the main result of the paper. ~ free by decentralized output feedback control laws and decentralized
Theorem 1: Under BCC assumptions the sampling policy iS  proportional-plus-derivative output feedback control laws.

the optimal policy and the functios IS the OE)tIma| cost fuTctlon. Index Terms—Decentralized control, regularization, singular systems,
Proof: From Lemma 3 we havd(z) = J*(z) for z > z*. output feedback.

Let z < z*. Then, by Lemma 5, the optimal cost is monotone
nonincreasing, so

J(z)>J(=) =M - =J(2).

On Regularizing Singular Systems
by Decentralized Output Feedback

I. INTRODUCTION
Consider the following decentralized singular systems:

On the other hand, sincé is the minimum cost N
j(:) < J*(:) Fiz=Ax + EBZ'UL'
HenceJ(z) = J*(z) for = < z* and we have shown that = J*. yi =Cix, i=1,2,---,N 1)

According to Lemma 2J" is the cost function corresponding to . . .
d J P 9 whereE and A aren x n real matrices with®' singular,z andy; are

policy =*, therefore,=* is the optimal policy. at ; d outout " ivBlyand (' M
Remark 1—Vector SamplingThe above result extends to the casg ate veclor and oulputs veclors, respectivelyandt; arémn xm;
r é"ﬂ matrices and; x n real matrices, respectively.

of vector sampling (or parallel sampling). Assume that at each sta& . . . . .

. . .~ System (1) is said to be regular if the pencil paf — A is
nstead of one sampl d>1) samples are taken (possibly in . . . . ;

! plef (d>1) P (possibly | regular, i.e.det(sE — A) is not identically zero. It is well known

arallel). For eachi = (iy,---,i I?, let C; represent the cost X _ )
P ) 1= (is,:--50a) € i 1ep that regularity of singular systems guarantees the existence and

of takingd samples from choices, - --,is and letW; represent the " . .
maximum of the samples taken. The distributionVef is given by uniqueness of the solutions [1], [2]. Almost all of the given results
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