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In the interest of telling a certain story,

this tutorial does not attempt to provide an authoritative
chronological account of the results;

this tutorial does not claim to be complete (although a certagrort
in this direction was made);



We will not address the following very interesting questions (and
apologize for a potentially misleading title):

Complexity of coding schemes
New families of algebraic codes

Algebraic coding theory



What This Tutorialls About

Achievable rates that seem out of reach for \classical" argunsen

Novel communication strategies where algebraic arguments appe
to be of key importance.

Recipes for how to apply these strategies to networks.

Elements missing from Information Theory books.



|. Discrete Alphabets

1. AWGN Channels

I1l. Network Applications



Point-to-Point Channels

w—| E Py jx D —W
The Usual Suspects:
Messagew 2 f 0; 1g¥ Estimatew 2 f 0; 1g¢
EncoderE : f0;1gk I X " DecoderD : Y™ I f 0; 1¢F
Input x 2 X" Outputy 2 Y"
Y
Memoryless Channegd(yjx) = p(yiixi)
k i=1
RateR = —.
n

(Average) Probability of ErrorPfw 6 wg! Oasn!1l . Assume

w is uniform overf 0; 1g¥.



Generate2"™® codewords
X =[X1 X>2 Xn] independently
and elementwise i.i.daccording to

some distributionpy q 1= o . .
v 4
p(x) = px(xi) 1° )
i=1 3- . . .
2 - . . .
Bound the average error probability | | .
for a random codebook 0- .
01234 ql1

If the average performance over
codebooks is good, there must exist
at least one goodxed codebook



(Weak) Joint Typicality

Two sequenceg andy are (weakly) jointly typicalif
1
Slogp(x)  H(X) <
1
~logply)  H(Y) <
1
Slogp(xy)  HXY) <

For our considerationsjeak typicalityis convenient as it can also be
stated in terms of di erential entropies.

If x andy are i.i.d. sequences, the probability that they grently
typical goes tol asn goes to in nity.



Decoder looks for a codeword that is jointly typical with thecesved

sequence/
Error Events

1. Transmitted codewordx is not jointly typical
with y.
=) Low probability by the
Weak Law of Large Numbers
2. Another codewordx is jointly typical withy.

Let % be an i.i.d. sequence that is independent from the received
sequencsy .

n o)
P (x;y) is jointly typical 2 "I (X:Y) 3)

SeeCover and Thomas.



We can upper bound the probability of error via thmion bound
X n o]
Pfw 6 wg P (x(w);y) is jointly typical.
w6 w

o n(I(X:Y) R 3) Cuckoo's Egg Lemma

If R<1 (X;Y), then the probability of error can be driven to zero
as the blocklength increases.

The capacity of a point-to-point channel i€ = mpax I (X;Y).
X



Linear Codes

Linear Codebook: Ainear mapbetween messages and codewords
(instead of a lookup table).

g-ary Linear Codes
Represent message as a lengthk vector overFg.
Codewordsx are lengthn vectors overFg.
Encoding process is just matrix multiplication, x = Gw .

2 3 2 32 3
X1 O11 012 O1k Wi
§Xzz_§gzl G2 Gox zngz
Xn On1 On2 Onk Wy

Recall that, for primeg, operations ovefFq are just mod q
operations over the reals.

k
RateR = o logq



Linear code looks like a regular

subsampling of the elements EG G 1= o o o o o o o
Random linear code: Generate 42 o o o o o o
each elementy; of the generator Fgq 3= ¢ « ¢ o o « &
matrix G elementwise i.i.d. 29 ¢ o o o o o
according to a uniform distribution 1= o o o o o o o
overf0;1,2;:::;q 1g. D4 o o o o o o
01234 q1

How are the codewords distributed?



Linear code looks like a regular

subsampling of the elements EG q 14 . .

Random linear code: Generate 42 .

each element; of the generator Fq 3- . .

matrix G elementwise i.i.d. 24 .

according to a uniform distribution 1- . .

overf0;1;2;:::;q 1g. 0=+ o .
01234 q1

How are the codewords distributed?



Codeword Distribution

It is convenient to instead analyze the shifted ensemble Gw v
wherev is an i.i.d. uniform sequence. (Se&zallager.)

Shifted Codeword Properties
1. Marginally uniform overg. For a given message, the codewora
looks like an i.i.d. uniform sequence.

Pk = xg= L for all x2 Fy

qn

2. Pairwise independentFor w1 6 w,, codewordg 1 X » are
independent.

1
PX 1 = x1X 2 = Xg = qﬁz Pix 1 = x1gPX 2 = xo0



Achievable Rates

Cuckoo's Egg Lemmanly requiresndependencdetween the true
codewordx (w) and the other codeworcd (w). From the

union bound
X N o]
PfWw 6 wg P (x(w);y) is jointly typical.
weéw
2 n(I(X;Y) R 3)

This is exactly what we get frompairwise independence.

Thus, there exists a good xed generator matri and shiftv for
any rateR < (X;Y) whereX is uniform.



Removing the Shift

Z
w—>EX$y D |-w

For a binary symmetric channel (BSC), the output can be writtes a
the modulo sum of the input plus i.i.d. Bernoul) noise,

y =X z
y =Gw Vv z
Due to this symmetry, the probability of error dependsly on the

realization of the noise vectar.
=) For a BSCx = Gw is a good code as well.

We can now assume thexistence of good generator matricés
channel coding.



Random I.I.D. vs. Random Linear

What have we gotten for linearity (so far)?
Simpli ed encoding. (Decoder is still quite complex.)

What have we lost?
Can only achiev® = |1 (X;Y) for uniform X instead of
rrgaxl (X;Y).
X

In fact, this is a fundamental limitation of group codes,
Ahlswede '71.

Workarounds: symbol remappin@allager '68, nested linear codes

Are random linear codestrictly worsethan random i.i.d. codes?



R
Si— B a
p -3
R> S2
S2—| B 7

yn
Joint i.i.d. sourcesp(s:;Sp) = Ps, s, (S1i; S2i)
i=1

Rate Region: Set of rates(R1; R2) such that the encoders can
sends; ands; to the decoder with vanishingrobability of error

Pf(81;82) 6 (s1;82)g! Oasm!1




Random Binning

Codebook 1:Independentlyand uniformly assign each source
sequences; to a labelf1;2;:::;2MR1ig
Codebook 2:Independentlyand uniformly assign each source
sequences; to a labelf1;2;:::;2MRz2g
Decoder: Look for jointly typical pai(§1;82) within the received
bin. Union bound:
n o]
P jointly typical (81;82) 6 (s1;S2) in bin("1; 2)
X 2 m(R1+ R2)
jointly typical (s1;s2)
2m(H (S1;S2)+ )2 m(R1+ R2)

NeedR; + R, > H (Sl; Sz)
Similarly,R1 > H (S1jS;) andR» > H (S;)S;)



Slepian-Wolf Problem: Binning Illustration
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Slepian-Wolf Problem: Binning Illustration
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Random Linear Binning

Assume source symbols take valueg=in

Codebook 1: Generate matri@; with i.i.d. uniform entries drawn
from Fq. Each sequencs; is binned via matrix multiplication,
Wq = G 191.

Codebook 2: Generate matri@, with i.i.d. uniform entries drawn
from Fq. Each sequencs; is binned via matrix multiplication,
Wy = G2S).

Bin assignments areniform and pairwise independer(except for
s =0)

Can apply the same union bound analysis as random binning.



Slepian-Wolf Rate Region

Slepian-Wolf Theorem R,
Reliable compression possible if and S-W
only if;

R1 H($1jS2) = hs(p)

R: H(SAS)=hs(®) /
Ri+ Rz H(S1;Sz) =1+ hg(p) Ri+ Ry=1+ hg(p)
Random linear binning is as good hsl(p) R,

as random i.i.d. binning!

Example: Doubly Symmetric Binary Source
S;  Bern(1=2) U Bern(p) SH=S; U



Kerner-Marton Problem

Binary sources R,

sy is i.i.d. Bernoulli@=2) Si— B —#

Sp is sp corrupted by Bernoullig) R, D [—o
noise SS— B £

Decoder wants the modul8-sum . _
Uu=S; S

Rate Region: Set of rates(R1; R2) such that there exist encoders and
decoders with vanishingrobability of error

Pf* 6 ug! Oasm!1l

Are any rate savings possible over sendsagand s, in their entirety?



Random Binning

Sendings; and s, with random binning requires
Ri+ R2> 1+ hg(p)?

What happens if we use rates such thRt + R, < 1+ hg(p)?
There will be exponentially many paifsy; sp) in each bin!

This would be ne if all pairs in a bin have the same sus,+ s;.
But this probability goes to zero exponentially fast!



Kerner-Marton Problem: Random Binning lllustration

1 2 3 4 2nR;
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Kerner-Marton Problem: Random Binning lllustration

1 2 3 4 2nR;
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Use the same random matri& for linear binning at each encoder:
wi = Gsq wy = Gs
Idea fromkerner-Marton '79: Decoderadds upthe bins.

w1 Wwy=Gs; Gss
=G(s1 %)
= Gu

G is good for compressing if R >H (U) = hg(p).

Reliable compression of the sum is possible if and only if:

R:  hg(p) R>  hg(p):



Kerner-Marton Problem: Linear Binning lllustration

1 2 3 4 2nR;

LI LA I e
2, |%e%e00 ',.0.. o?
3 . * :....o. : .:0 .... :...o.; ....o

4 . ° ;.... ..’ .... '..Q‘ ...o
an2 ° o ;:;:;.0 o.:.:..o... ...:.




Kerner-Marton Problem: Linear lllustration

2nR1
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he (p) =

hs (p) R1

Linear codes cammprove performande

(for distributed computation of dependent sources)



X1

W2—>

E

P

X

Pyixix.

Rate Region: Set of rates(R1; R2) such that the encoders can
sendwy andw to the decoder with vanishingrobability of error

Pf(W1;W2) 8 (Wi, w2)g !

ODOasm!1l



Cuckoo's egg lemmapplies to all three error events.

For example, event that only 1 is wrong:
X n 0
PfWwi16 wi;Wo = wag P (x1(w1);X2(w2);y) jointly typical
wWiBwy
2 n((X1;YjXz) Ry 3)

Convex closure of a(lR;; Ry) satisfying

Ry <1l (X1;YjX2)
Ra <1 (X2;YjX1)
Ri+ Ra <1 (X1;X2;Y)

for somep(x1)p(x2).



Finite-Field Multiple-Access Channels

log q

Linear codes can achieve

any rate available for
uniform p(x1); p(X2)-
For nite eld MACs, can

achieve the whole capacity w,_| E

region.
R>

H(Z) |

X1
Wi1— El

l— N
<
s
N

X2

Receiver observes noisy modulo sum o
codewordsy = x1 X Z

Finite Field MAC Rate Region
All rates (R1; R2) satisfying

R1+ R, logg H(2)

T
logg H(Z)

R



Computation over Finite Field Multiple-Access Channels

Independent msgs

w
wi;wp 2 FE. 1=~ B

Want the sumu = w1 wy
with vanishing prob. of error
Pf® 6 ug! 0 Wo— B

I.I.D. Random Coding

Generate2"™t i.i.d. uniform codewords for user 1.

Generate2"?2 i.i.d. uniform codewords for user 2.

With high probability (nearly) all sums of codewords are distinct.
This is ideal for multiple-access but not for computation.

NeedR1+ R, logg H(Z)



2"R1 codewords

° Xl Z e e oo 0 00 0
— A RS SS
. X2 ° R EEX]
o o 2n(R1+R2) modulo sums of codewords

2"R2 codewords



Computation over Finite Field Multiple-Access Channels

Independent msgw/;; Wo. X1 z
W1— E]_

Want the sumu = w;  wp
with vanishing prob. of error
Pfad 6 ug! O

W2—> EZ

Random Linear Coding

Same linear codat both transmittersx,; = Gw 1, Xo = Gw 5.
Sums of codewords are themselves codewords:

Yy X1 X2 Z

Gw; Gws, 2z
Gwy wp) z
Gu z

Needmax(R1;R2) logg H(Z)



2"R1 codewords

) . . . X1 Z . .
y * *
X2 : :

20 max(R1:R2) modulo sums of codewords

2"R2 codewords



R>

logg H(Z)

Computation over Finite Field Multiple-Access Channels

N
N
Y
N

1.1.D.

Linear

N
Y
N
N
A
S

A

logg H(Z) R;

I.I.D. Random Coding : R1 + R»
Random Linear Coding: max (R1;R>)

logg H(Z)

logg H(Z)
Linear codes double the sum ratéthout any dependency
Is this useful forsending messagg®o computation)?



< [ b
' 0™ EI
$%&H! | $9684 ! |

Elegant example proposed lyu-Chou-Kung '04.

Closely related to butter y network fromAhlswede-Cai-Li-Yeung '00.












Two-Way Relay Channel { Physical-Layer Network Coding

// \\ // \

v Bl B
[ ] [ ]

/// \\\
o« B4 B

Physical-layer network coding: exploiting the wireless medior
network coding. Independently and concurrently proposed by
Zhang-Liew-Lam '06, Popovski-Yomo '06, Nazer-Gastpar '06.

Sometimes referred to as Analog Network Coding
Katti-Gollakota-Katabi '08.

Some recent surveylsew-Zhang-Lu '11, Nazer-Gastpar '11.
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g-ary Two-Way Relay Channel

ZMAC
X1 X2
any
W1—> (N
yMAC
User 1
Relay
Jany Xec Jany
W2 U U
t t
Z; Z3

Upper Bound:

max(R1;R2) logg H(Z)

User 2

<—W 2
i.i.d. noise sequences with
entropy H (Z).
RatesR; and R:.

Random i.i.d.:Relay decode®# 1; W, and transmitsw; wo.
Ri1+ R, logqg H(Z)

Random linear:Relay decodes and retransmitg; w»

max (R1;R2) logg H(Z)



R>

logg H(Z)

logg H(Z) R

I.I.D. Random Coding: R1+ R, logg H(Z)
Random Linear Coding: max(R1;R2) logg H(Z)
Linear codes can double the sum rdte exchanging messages.



Generalizing Linear Codes...

Observation:For linear codes, the codeword statistics argiform.
This follows straightforwardly from the fact that the sum of anyo
codewords is again a codeword.

Question: Can we retain some algebraic structuaed have
non-uniformcodeword statistics?

Idea: Nested Linear Codefsee, for instanceConway and Sloane
'92, Forney '89, Zamir-Shamai-Erez '02 ...):



Nested Linear Codes

Consider a linear cod€; of rate1 k=n:

2 3 2 3
X1 O11 012 O1n k 2 Wy 3
E X2 z_ § Qo1 Q22 %2in k zg . g
: Lo -
Xn On1 Oh2 Onin K n ok

with parity check matrixH ¢:
For every binary sequence of lengthk; de ne its coset as
G(u)=fx:Hx = ug

The coset leadeis the one sequence iG(u) that has thesmallest
Hamming weight.



Nested Linear Codes

For any sequencg we writex mod G to denote the coset leader
corresponding taH cX:

Observation: This satis es all the usual properties of the modulo
operation, such as

(x y)ymodCG=(xmodCG vy modC) mod C

Theorem

There exists a binary linear code of rate k=n such that all2* coset
leaders satisfyamming m; where

k=n  Hp(m=n)

Note: Such a code is thus a goamveringcode.



Nested Linear Codes

Next step: Decimatecoset leaders: retain only those belonging to a
(\ne") code.

That way, we end up with a code & k° codewords satisfying two

properties:

@ Noise protection just like the ne code

® The sum of any two codewords, modulo \the coarse code,” is again
a codeword

On the BSC with crossover probabilify; this code achieves a rate
R = Hp(m=n) Hy(p):

Note that this isnot the capacity of this channel.



Distributed Dirty Paper Coding (Binary case)

Philosof-Zamir '09, Philosof-Zamir-Erez '09:

y D =Wy W

S2

Without input constraints,the problem is trivial.

But now, consider

wh(x1) m and wy(x2) m:



Distributed Dirty Paper Coding

Choose codewords; andt,. Transmit
X1=(t1 sp))modG and xz=(t s2) modGC
Choose coarse code to satisfy Hamming input constraints. Rece
y=[(x1 s1)modC] [(x2 s2) modG] s1 sz z
The key step is the following pre-processing step at the decode

ymodG=(X1 S1 Xz S S1 S z) modC
=(Xy X2 2z) modC

Last step: show that the noise is essentially unchanged ley th
modulo operation.

Can show that this achieves theapacity (see Philosof-Zamir-Erez
'09.)



Beyond Linear

Independent msgw/1; wo. X1
W1— E]_
Want the sumu = w;  wy N> y
with vanishing prob. of error Prixax. D ¢
Pf* 6 ug! O wo—! B X2 /

Achievable Strategy (Nazer-Gastpar '08)

Use the same linear codeax(R1;R2) 1(X1 Xgz;Y) (for binary,
uniform inputs)

General FunctionslU; = f (Wqj; Wo;)
Some achievable strategies, very hard in general (functional
compression is a special case)

For network communication, don't really care what functionstime
middle, only care about msgs



|. Discrete Alphabets

II. AWGN Channels

I1l. Network Applications



Main References

Nested lattice results in this section are almost entirely drafnom:

U. Erez and R. ZamirAchieving% log(1 + SNR on the AWGN
channel with lattice encoding and decodindeEE Transactions on
Information Theory, vol. 50, pp. 2293-2314, October 2004.

U. Erez, S. Litsyn, and R. Zamit,attices which are good for (al-
most) everything IEEE Transactions on Information Theory, vol. 51,
pp. 3401-3416, October 2005.

R. Zamir, Lattices are everywheren Proceedings of the 4th Annual
Workshop on Information Theory and its Applications, La Jol@A,
February 2009.



Gaussian MMSE Estimation

SignalX is a scalar Gaussian r.v. with me&nmand varianceP .

NoiseZ is an independent scalar Gaussian r.v. with m&sand
varianceN .

Estimate X from noisy observatiory = X + Z.
Mean-squared errorE[(Y  X)?]= E[Z?]= N.
Minimum mean-squared error (MMSE):

E(Y  X)?I=E[(X +Z X)?
= E[ 2%+ (@ )?X?]  Part of error due toX
= 2N+(@1 )%

PN
N+P

. I : o
Optimal = NTP yields E[(Y X)“]=



Point-to-Point AWGN Channels

Codewords must satisfygower

(+)<— N

constraint w—l g 2

—W

kxk? nP :

i.i.d. Gaussian noise with variance
N :
z N (O;N1):

Shannon '48: Channel capacity:

1 p
C=Zlog 1+ —
2%9 N

(Cover and Thomas,
Elements of Information Theory)

In high dimensions, noise starts to look spherical.



Lattices

A lattice is a discrete subgroup of
R".

Can write a lattice as a linear
transformation of the integer
vectors,

- an ’ . ° . . . . . .

for someB 2 R" N,

Lattice Properties
Closed under addition:
1, 22 =) 1+ 22

Symmetric: 2 =) 2 _ _ _
Z" is a simple lattice.



Lattices

A lattice is a discrete subgroup of , °* , °* .
Rn. ° °
Can write a lattice as a linear et .t
transformation of the integer . Lt
vectors, . Lt
- an ’ ° . ° . °
for someB 2 R" ", L
Lattice Properties et Lt
Closed under addition: . . .
1; 2 2 = ) 1 + 2 2 . . ° . * .
Symmetric:. 2 =) 2

Bz"



Voronoi Regions

Nearest neighbor quantizer:
Q (x)=argmin kx ko
2
The Voronoi region of a lattice point

is the set of all points that quantize
to that lattice point.

Fundamental Voronoi regiol:
points that quantize to the origin,

V=1fx:Q (x)= 0g

Each Voronoi region is just a shift of
the fundamental Voronoi regioW




Voronoi Regions

Nearest neighbor quantizer:

Q (x)=argmin kx ko
2

'Thti Vorcinofi rﬁgion :Jf tarl] I?ttice r;oint 8°8°8°8¢8
is the set of all points that quantize
to that lattice point. o o o ’

Fundamental Voronoi regiol:

points that quantize to the origin, o o o o
LI C 05020005

Oa0a02020,

Each Voronoi region is just a shift of
the fundamental Voronoi regioW



[ ] . . . [ ]

Two lattices and gne arenested ¢, ° e . ' .
if FINE
. L] . L] . L] . [ ] .

Nested Lattice Code: All lattice sttt
points from gne that fall in the e . e ..
fundamental Voronoi regiolV of e sy
® . . . . . . (] °

V acts like a power constraint . . . . .
. . [ ] . .

VOI(V) L] ° L] * L] * L] * [ ]

Rate= EIog —
n VOI(VF|NE) [ ] ‘ . * . * . * [ ]



Two lattices and gng are nested
if FINE

Nested Lattice Code: All lattice
points from gne that fall in the
fundamental Voronoi regiolV of

V acts like a power constraint

Vol(V)

Rate= 1 log —————
n Vol(Vring)




Two lattices and gng are nested
if FINE

Nested Lattice Code: All lattice
points from gne that fall in the
fundamental Voronoi regiolV of

V acts like a power constraint

Vol(V)

Rate= 1 log —————
n Vol(Vring)




Two lattices and gng are nested
if FINE

Nested Lattice Code: All lattice
points from gne that fall in the
fundamental Voronoi regiolV of

V acts like a power constraint

Vol(V)

Rate= 1 log —————
n Vol(Vring)



Two lattices and gng are nested P ‘o ‘o
if FINE JECEN B .
Nested Lattice Code: All lattice .l * .t *.
points from gne that fall in the P ‘o ° ‘o
fundamental Voronoi regioV of . . " L, .
V acts like a power constraint . . t .
W) ° ° °

1 VO V L ] L ] L ] L]
Rate= —log ————— * . . . .

n Vol(Vring)




Nested Lattice Codes from g-ary Linear Codes

Choose am k generator
matrix G 2 F§ K for g-ary code.

Integers serve as coarse lattice,
= Z".

Map elementd0;1;2;:::;9 1g

(

1.
>

Fq

to equally spaced points between

1=2 and 1=2.

(
Place codewords = Gw into

the fundamental Voronoi region
V=[ 1=2;1=2)"

1.
3

O=

-

=

™

e

—~
N[

—~
N[

N[

N[



Modulo operation with respect to
lattice is just the residual
guantization error, m

[X]mod = x Q (X):
Mimics the role of mod qin g-ary

alphabet.

Distributive Law
h i
X1 +[x2] mod mod

=[x1+ X2] mod



Modulo operation with respect to
lattice is just the residual
guantization error,

[X]mod = x Q (X):
Mimics the role of mod qin g-ary

alphabet.

Distributive Law
h i
X1 +[x2] mod mod

=[x1+ X2] mod




Modulo operation with respect to
lattice is just the residual
guantization error,

[X]mod = x Q (X):
Mimics the role of mod qin g-ary

alphabet.

Distributive Law
h i
X1 +[x2] mod mod

=[x1+ X2] mod




X
@~
<

w—|{ E mod

D

—W

Codebook lives on Voronoi regioh of coarse lattice .

Take mod of received signal prior to decoding.

What is the capacityof the mod channel?



9

X
w—|{ E é y mod

¥

D

—W

Codebook lives on Voronoi regioh of coarse lattice .

Take mod of received signal prior to decoding.

What is the capacityof the mod channel?



& O

Y mod y

O

X

N

®—

W— E D =W

Codebook lives on Voronoi regioh of coarse lattice .
Take mod of received signal prior to decoding.

What is the capacityof the mod channel?

. .. 1
Using random i.i.d. code drawn ovét: C = o m(ai(l (X;y)
p(x



|

nC = max | (X;¥)
p(x)

=max h(y) h(yix)
p(x)

mod

—W




OO0 ©

|
w— E X ©) Y mod y D =W
nC = max | (X;¥)
p(x)
=max h(y) h(yjx)
p(x)
=max h(y) h [z] mod Distributive Law

p(x)



OO0 ©

|
w— E X ©) Y mod y D =W
nC = max | (X;¥)
p(x)
=max h(y) h(yjx)
p(x)
= mz';v)( h(y) h [z] mod Distributive Law
P(X

m(a)x h(y) h(z2) Point Symmetry of Voronoi Region
P(X



OO0 ©

|
w— E X ©) Y mod y D =W
nC = max | (X;¥)

p(x)

=max h(y) h(yjx)
p(x)

= mz';v)( h(y) h [z] mod Distributive Law
p(x
m(a)x h(y) h(z2) Point Symmetry of Voronoi Region
p(x

= mzav)( h(y) %Iog(z eN) Entropy of Gaussian Noise
P(X



mod AWGN Channel Capacity

022

N

s
|

-

@(—

D —W

Channel output entropy is equal to the logarithm of the Voronoi
region volume if it is uniform ovey:

h(y) =log(Vol(V)) ify Unif(V)
¥ =[x + zlmod is uniform overV if x is uniform overV.

Random i.i.d. coding over the Voronoi regidhcan achieve:

R =

S|

log(Vol(V)) %Iog(Z eN)
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|
wW— E ® mod

¥

D

—\

Must scale lattice so that the uniform distribution over the
Voronoi regionV meets the power Eonstrairl?.

1

Set second moment 2 =
nVvol(V) v

kxk?dx equal toP.



Power Constraints and Second Moments

08 _&

N

=

|

m
(O

D —wW

Must scale lattice so that the uniform distribution over the
Voronoi regionV meets the power Eonstrairi?.
1

2
VoI(Y) v kxk“dx equal toP.

Set second moment 2 =

2

(Vol(v))2=

o 1 _ 1 2 1 P
=) ﬁlog(VoI(V))— Elog ) —zlog w

Normalized Second Moment: G() =




mod

Random i.i.d. coding over the Voronoi regidhcan achieve:

C

%Iog(VoI(V)) %Iog(z eN)

1 P 1

> log —G() > log(2eN )
1 P 1

> log N > log(2 eG ())



—W

mod

X
®—n
<
<
O

The normalized second mome@&() is a dimensionless quantity
that captures theshaping gain

Integer lattice is not so badG(Z") = 1=12

Capacity undermod Z" is at least

C }|0 E 1‘|0 2_e
29 v 299 13
1 P
—1 — 2
2og N 0:255



. . . 1
There exists a sequence of lattice$™ such that lim G( M) = 5o

~O= -0

n=1 n=2 nlil
Best possible normalized second moment is that of a sphere.

Using a sequence™ with an asymptotically goods( (N)) allows
to approach

R:}|og E }|Og 2_6

2 N 2 2e
:}|og E
2 N



Can actually get this with a linear code tiled ov&f (see, for
instance,Erez-Litsyn-Zamir '05 .)

Many works looking at this from di erent perspectives.

We will just assume existence.



Properties of Random Linear Codes

Recall the two key properties of random linear codesrom earlier:

Codeword Properties
1. Marginally uniform over=g. For a given message 6 O, the
codewordx = Gw looks like an i.i.d. uniform sequence.

Pfx = xg= qin for all x2 Fy

2. Pairwise independentForwi;w, 6 0, w1 6 Wy, codewordsxq; X»
are independent.

1
PfX1 = X1;X2 = Xog = ] = Pfx1 = x10Pf X2 = X20



Linear Codes foomod Channels

Instead of an \inner” random (1.

codes, we can use @ary linear
code. q

This is exactly a nested lattice.

Each codeword has aniform
marginal distributionover the
grid.

N|=

Rate loss due to nite (
constellation which goes t0 as
q!l

Codewords argrairwise
independentso we can apply the
union bound.

N~
~

—~
N|=

O=
-

=
R

Gw ]

N|=

N|=



Linear Codes foomod Channels

General coarse lattice= BZ".

First, apply generator matrix for
linear codeGw . Then scale
down by and tile overz".

Multiply by B and apply mod
to get codebook.

As g gets large, each codeword's
marginal distributionlooks
uniform overV.

Codewords argairwise
independentso we can apply the
union bound.

x=[B Gw] mod



MMSE Scaling

Erez-Zamir '04: Prior to taking mod , scale by .

y=[ yl mod
=[ x+ z] mod
=[x+ z (1 )x]mod

;'_I

E ective Noise

For now, ignore that the e ective noise is not independent okth
codeword. E ective noise variand¥gerec = 2N + (1 )2P.

. . . . P
Optimal choice of is the MMSE coe cient pyuse = N+P
PN
N = fmseN +(1 p =
errec = mmseN + ( MMSE) N+ P
1 P 1 P
C=zlo ==log 1+ —

2% NEFreC 2 N



Now the noiseis dependent on the
codeword

Dithering can solve this problem (just as in
the discrete case).

Map messagev to a lattice codewordt .

Generate aandom dither vectord
uniformly overV.

Transmitter sends alithered codeword:
x =[t + d] mod

X is now independent of the codewotd



Now the noiseis dependent on the
codeword

Dithering can solve this problem (just as in
the discrete case).

Map messagev to a lattice codewordt .

Generate aandom dither vectord
uniformly overV.

Transmitter sends alithered codeword:
x =[t + d] mod

X is now independent of the codewotd



Decoding { Remove Dither First

Transmitter sendsdithered codewordx = [t + d] mod

After scaling the channel outpuy by , the decoder subtracts the
dither d.

y=[y d]mod
=[ x+ z d]mod
= [hx d+ z (1 )x]mod

= [t + d] mod d+ z (1 )X mod

=[t+ z (1  )x] mod Distributive Law

E ective noiseis now independent from the codewotd

By the probabilistic method, (at least) one good xedither exists.
No common randomness necessary.



Linear code embedded in thateger lattice

—1'|0 E 1'|0 2_e
=29 § 2°%9 13

R
Linear code embedded in the integer lattiddMSE scaling

1 P 1 2e
= — + — Z —
R 2Iog 1 N 2Iog 12

Linear code embedded in a good shaping lattice, MMSE scaling

1 p
R= I 1+ —
299 TN

Nested lattice codes can achieve the AWGN capacity.



Gaussian Multiple-Access Channel

Rate Region X1 z
5 Wi—{ E l
Ri< ;log 1+ 2 y Wi
1 P D ~w,
2
< = + = X2
R2 2 log 1 N Wop—s E2
P1+ P2
Ri+ Rz2< Zlog 1+ . . .
' 2 2 N Power constraintd; P,. Noise varianceN .

Successive Cancellation

P1
N + Py
Corner Point
1. Decodex,, treating X, as noise.

P2
N

1 1
- + - = +
R» > log 1 5 log 1

v

2. Subtractx; fromy.

3. Decodexs.

R



Codebook Generation T 1

Select a nested lattice code:
Coarse lattice = BZ" for shaping.

Fine lattice fromg-ary linear codeG
for coding.

Encoding

Tx 2



Lattice Achievability \Recipe" { Multiple-Access Corneuiit

Codebook Generation

Tx 1
Select a nested lattice code:

Coarse lattice = BZ" for shaping.

Fine lattice fromg-ary linear codeG
for coding.

Encoding

Map message®/1; W to lattice

. Tx 2
pomtstl;tz.

to = [B GW2] mod



Lattice Achievability \Recipe" { Multiple-Access Corneuiit

Codebook Generation Tx 1
Select a nested lattice code:
Coarse lattice = BZ" for shaping.

Fine lattice fromg-ary linear codeG
for coding.

tp;=[B Gw3i] mod
Encoding

Map message®/1; W to lattice

. Tx 2
pomtstl;tz.

Choose independent dithers;; d»
uniformly over Voronoi regioiV.

to = [B GW2] mod



Lattice Achievability \Recipe" { Multiple-Access Corneuiit

Codebook Generation Tx 1
Select a nested lattice code:

Coarse lattice = BZ" for shaping.

Fine lattice fromg-ary linear codeG

for coding.
t, = [B GW]_] mod
Encoding X1 =[t1+ di] mod
Ma}p messages/1; W to lattice Tx 2
pointstq;to.

Choose independent dithers;; d»
uniformly over Voronoi regioiV.

Add dithers to lattice points and
take mod to get transmitted
signalsxy; X»:

to = [B GW2] mod
Xo = [t1+ dz] mod



Lattice Achievability \Recipe" { Multiple-Access Corneuiit

Codebook Generation Tx 1
Select a nested lattice code:

Coarse lattice = BZ" for shaping.

Fine lattice fromg-ary linear codeG
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t, = [B GW]_] mod
Encoding X1 =[t1+ di] mod
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uniformly over Voronoi regioiV.

Add dithers to lattice points and
take mod to get transmitted
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to = [B GW2] mod
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Lattice Achievability \Recipe" { Multiple-Access Corneuiit

Codebook Generation Tx 1
Select a nested lattice code:

Coarse lattice = BZ" for shaping.

Fine lattice fromg-ary linear codeG

for coding.
t, = [B GW]_] mod
Encoding X1 =[t1+ di] mod
Ma}p messages/1; W to lattice Tx 2
pointstq;to.

Choose independent dithers;; d»
uniformly over Voronoi regioiV.

Add dithers to lattice points and
take mod to get transmitted
signalsxy; X»:

to = [B GW2] mod
Xo = [t1+ dz] mod



Receiver observes= x1 + xo + z.

Decoding RX



Receiver observes= x1 + xo + z.

Decoding RX



Receiver observes= x1 + xo + z.

Decoding RX
Scale by .



Receiver observes= x1 + xo + z.

Decoding RX
Scale by .
Subtract dither d;.



Receiver observes= x1 + xo + z.

Decoding RX
Scale by .
Subtract dither d;.

Take mod



Receiver observes= x1 + xo + z.

Decoding
Scale by .
Subtract dither d;.

Take mod
Decode to nearest codeword.
[y di] mod
=[ (x1+x2+2) di] mod
=[hx1 di+ z+ x2 (1 )x1] mod
= [ty + d;] mod di+ z+ x2 (1 )x1 mod

=[te+ z+ X2 (1 )x4]
| ]

1
E ective Noise



Lattice Achievability \Recipe" { Multiple-Access Corneuiit

E ective noiseafter scaling iNgrrec =  2(N + P2) + (1 )2P;.
Minimized by setting to be the MMSE coe cient:

P1

MMSE = N+ P+ P,
Plugging in, we get

N _ (N + PPy
EFFEC = N3 Py 4 Py

Resulting rate is

1 P 1 Py
R= - = Zlog 1+
2% NEerrec 2% N + P

To obtain di erent rates forx; and x», use nested linear codds
and G, inside Voronoi regiorV.
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W1—>

User 1

ZlMAC
X1 N X2
&
Y mac
Relay
Xac
—D—
| |
Z1 V4)

User 2

«—W 2
Equal power constraintsP .
Equal noise variance$ .
Equal ratesR.

=W 1




AWGN Two-Way Relay Channel { Symmetric Rates

ZlMAC
X X
W1 — 1 @ 2 «—W 2
Y vac Equal power constraintsP .
User 1 User 2 Equal noise varianced .
Relay
X Equal ratesR.
BC
W 2 < (—(?(——)(?—) —>W 1
Z1 Zo
Upper Bound:
1 P
R =log 1+ —
299 27N
Decode and-ForwardRelay decodew 1;w, and transmitswi Wwo.
2P
R=- Io 1+ —
g N

Compress -and-ForwardRelay transmits quantizeg.

1 P P
R=3l00 1+ T+




Rate per User

3.5

25

- - - Upper Bound
—— Compress
—— Decode

10
SNRin dB

20




Decoding the Sum of Lattice Codewords

Encoders use the same nested
lattice codebook.

X
t,—| B 22

l«— N

Transmit lattice codewords: y

X1 =11 Xo
X2 = 1> to— B v =[ty + tp] mod

D |-¢

Decoderrecovers modulo sum

[y] mod

=[X1+ X2+ z] mod

=[};[1+ to+ zl mod |
i

= [ti+tylmod + z mod Distributive Law

=[v + z] mod

P
R= -log N

NI =



Decoding the Sum of Lattice Codewords { MMSE Scaling

Encoders use the same nested

lattice codebook. t,— B X1 z

Transmit dithered codewords: l y D ¢
X1 =[ty + d;] mod Xo
X2 =[to + dy] mod t2 = B v = [ty + to] mod

Decoder scales by, removes ditherstecovers modulo sum.

[y di dz] mod
=[ (Xx1+ x2+2z) d; dz] mod
= [hX1 +Xx2 (1 )(Xp+Xx)+ z dg ?2] mod
= [t1+ tz] mod (1 )(X1+ X2)+ z mod
=[v (1 )(X1+ X2)+ z] mod
| I |
E ective Noise Nggrec= (1 )?2P + 2N




Decoding the Sum of Lattice Codewords { MMSE Scaling

E ective noise after scaling itNgrrec = (1 )22P + °N.
Minimized by setting to be the MMSE coe cient:

_ 2P
MMSE = G 1 op

Plugging in, we get
N _ 2NP
EFFEC — N +2P

Resulting rate is

R-}Io P -}Io }+E
" 299 Neree 29 27N

Getting the full \one plus" term is an open challenge. Does not
seem possible with nested lattices.



From Messages to Lattice Points and Back

Map messages to lattice points

ty

to

(w1)=[B Gw 1] mod
(wp)=[B Gw ] mod

Mapping between nite eld messages and lattice codewords
preserves linearity

Vti+t] mod  =wi  wy
This means that after decoding anod equation of lattice points

we can immediately recover the nite eld equation of the meges.
SeeNazer-Gastpar '11 for more details.



Finite Field Computation over a Gaussian MAC

Map messages to lattice points:
t1= (wi)
to= (wp)

W1—>

Transmit dithered codewords:
x1 =[t1+ d41] mod W2—
Xo =[t2 + dy] mod

If decoder can recovdi1 + to] mod , it also can get thesum of
the messages

W1 Wo = L [t1+t2] mod

Achievable rateR = + 5

NI =

log

NI =



AWGN Two-Way Relay Channel { Symmetric Rates

Equal power constraintsP .
"# 1 O "#or Equal noise varianced .

$"%&H! $'%&H 1 | Equal ratesR.

Upper Bound:

1 P

R =log 1+ —

29 N
Compute-and-ForwardRelay decodew/; w» and retransmits.

1 1 P

= _ 4+

29 37§

Wilson-Narayanan-P ster-Sprintson '10:  Applies nested lattice codes
to the two-way relay channel.



AWGN Two-Way Relay Channel { Symmetric Rates

ZlMAC
X X
W1 — 1 @ 2 «—W 2
Y vac Equal power constraintsP .
User 1 User 2 Equal noise varianced .
Relay
X Equal ratesR.
BC
W 2 < (—(?(——)(?—) —>W 1
Z1 V4)
Upper Bound:
1 P
R =log 1+ —
29 N
Compute-and-ForwardRelay decodew/; w» and retransmits.
1 o 1 N P
“29%9 37N

Wilson-Narayanan-P ster-Sprintson '10:  Applies nested lattice codes
to the two-way relay channel.



Rate per User

3.5

25

- - - Upper Bound
—— Compute
—— Compress
——Decode

10 15 20
SNRin dB




Compute-and-Forward Illustration




Compute-and-Forward Illustration




2"R codewords each. 2"2R possible sums of codewords.



2"R codewords each. 2"2R possible sums of codewords.



Random i.i.d. codes are not good for computation
Gl
). i

002 -

(R =

2"R codewords each. 2"2R possible sums of codewords.



Random i.i.d. codes are not good for computation

2"R codewords each. 2"2R possible sums of codewords.



Unequal Power Constraints { Double Nesting

What if the power constraints L.t
are not equal? L
[ ] .
Idea from . .t
Nam-Chung-Lee '10: . Lt
Draw the codewords from the e e T
same ne lattice ENE. L
Use two nested coarse lattices .t LT
1 and > to enforce the . .

power constraintd?; and P-. ° .



What if the power constraints
are not equal?

Idea from
Nam-Chung-Lee '10:

Draw the codewords from the
same ne lattice gnE.

Use two nested coarse lattices
1 and > to enforce the
power constraintd?; and P-.
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What if the power constraints
are not equal?

Idea from
Nam-Chung-Lee '10:

Draw the codewords from the
same ne lattice gnE.

Use two nested coarse lattices
1 and > to enforce the
power constraintd?; and P-.




What if the power constraints
are not equal?

Idea from
Nam-Chung-Lee '10:

Draw the codewords from the
same ne lattice gnE.

Use two nested coarse lattices
1 and > to enforce the
power constraintd?; and P-.




Unequal Power Constraints { Double Nesting

X
O
X2
L~ B v=[ty+ ty] mod >

Encoderl sendsx; =[t; + di] mod ;. Coarse lattice ; has
second momenP;.
Encoder2 sendsx, =[t, + dy] mod ,. Coarse lattice » has
second momenP, > P .
Decoder performs MMSE scaling, remove dithers;overs mod >
sum

1 P1 P1 1 P2 P,

R:i= =lo + = R,= =lo + —
1729 B 5P, N 2729 pFpP, TN

l— N
<




AWGN Two-Way Relay Channel

ZlMAC
X X
W1 —| 1 @ 2 W User powersPs; Pa.
Y mac MAC noise varianceN yac .
User 1 Relay User 2 Relay powerPgc .
X sc Broadcast noise variances
B .
Wee|  O——@—  pwy MM
t t
Z; Z3

Theorem (Nam-Chung-Lee '10)
Capacity region is withirl=2 bit of:

] 1 IDl IDl 1 PBC

R min = lo + ; =log 1+ —
! ! 2 9 Pl + P2 NMAC 2 9 N2

. 1 P, P, 1 Pgc

R min =lo + i =log 1+ —=
2 29 5+ P, Nww 29 N,

Moreover, \constant gap" goes to zero as powers increase.



Multiple-Access Networks

Multicast
demands

Multi-access
interference
w No broadcast
constraints
w

Compute-and-forwards well-suited for multicasting over
multiple-access networks.

Equal transmitter powersNazer-Gastpar '07.
Unequal transmitter powersNam-Chung-Lee '09.



|. Discrete Alphabets

1. AWGN Channels

I1l. Network Applications



Many-to-One Interference Channel { Symmetric Very StroageC

Equal ratesR. Zl
Y1
. Wi—| E f\ Dy [-W
Only receiverl sees ! ! ! '
interference /
X Wo—l B D, |=>Wo
y1=Xg+ X+ 2z
_—
. ZK
How big does have to be to XK | VK
achieveR = 2log 1+ - 2 Wk—| K @ Dk Wk

(i.e. \very strong" case)

Scheme A: Decodery;:::;wg at receiverl and remove prior to
decodingw.

1 2(K 1P
R ——1 1+ ———
2K 1) 9 N+P
Scheme B: Decod®, Wk at receiverl and remove prior to

decodingw.



Many-to-One Interference Channel { Symmetric Very StroageC

Ztl
Encoders use the same nested Wi=1 B = \z? - D; =W
lattice codebook. xz//¢ Vo
Transmit dithered codewords: 2| 22 ® D2 —\W2
x- =[t-+ d-] mod 24
wi —| B X éyK Dk =Wk

Decoderscales by !, removes dithers, recovers modulo sum.

X X
ly, d- mod = (x> d)+ (xy+z) mod
=2 =2
hyk i
(Distributive Law) = t- mod +  Y(x1+ z1) mod
=2



Many-to-One Interference Channel { Symmetric Very StroageC

X hy i

ly, d- mod = t- mod +  Y(xi+ z1) mod
=2 =2

E ective noise variancdNgrrec = 2(P + N).

Can decodemod  sum of lattice points at rateR = 1 log Pi—PN .

Setting equal tolvery strong” conditionR = Zlog 1+ & we get
»_ (P+N)?
PN

How can we recovew?

We need to rst subtract thereal sumof the codewords. So far, we
only have the modulo-sum.



First, add back in dithers to get modulo sum of codewords:
hx i hy i h i
t- mod + d- mod mod = X+ mod
T=2 =2 =2



Successive Cancellation of Sums

First, add back in dithers to get modulo sum of codewords:
hy i hy i hy i
t+ mod + d- mod mod = X+ mod
=2 =2 =2
Subtract I1‘.,Vomy1 to expose thecoarse lattice pointnearest to the
real sum X, x-:

hy i
ya x> mod = Q xo o+ Mxa+ zg)
=2 =2
Coarse lattice point easier to decodtla than ne lattice point:
X ' X
Q Q x- + x1+z1) =Q X w.h.p.

- -



Successive Cancellation of Sums

First, add back in dithers to get modulo sum of codewords:
hy i hy i hy i
t+ mod + d- mod mod = X+ mod
=2 =2 =2
Subtract I1‘.,Vomy1 to expose thecoarse lattice pointnearest to the
real sum X, x-:

hy i
ly, x: mod = Q X+  x1+ z1)
. .

Coarse lattice point easier to decodtla than ne lattice point:

X ' X
Q Q x- + x1+z1) =Q X w.h.p.

‘oo ‘oo

Finally, get back the real sum
hx i X X

X~ mod + Q X = X-

=2 T=2 T=2



Successive Cancellation of Sums

We now have the sum of interfering codewords and can cancel then
out:

X
Y1 X+= X1+ 73

.
Can apply standard MMSE lattice decoding to recover latticargo
t1 and then map back tov.
Overall, structured codingpermits

» (P +N)>?
PN

Compare to decoding interfering codeworistheir entirety:

A+t 1N+P)
(K 1P

Originally shown inSridharan-Jafarian-Vishwanath-Jafar '08 using
spherical shaping region. Nested lattice scheme figazer '11.




Many-to-One Interference Channel { Approximate Capacity

D1

4
X1 hy
wi—f g Py
h12/22
X2 2
w2
th
ZK
Xk /hex N
Wi —| B« K /NKK @ YK

LW

D2

O

—
Lattice Codes

Dk

LW«

d]

Deterministic modeby Avestimehr-Diggavi-Tse '11 shows how to
decompose by signal scale.

Theorem (Bresler-Parekh-Tse '10)

Lattices codes combined with the deterministic model can rapgh
the capacity region to within(3K + 3)(1 +log( K + 1)) bits per user.



Interference Channel { Symmetric Very Strong Case

Z;

X1 l Y1
Wi— B —®—— D1 —>W 1

Z3
X2 l Y2

Wo— B H —®——{ D2 =W >

ZK
XK l Yk

WK — E( _C‘D—’DK _)WK

Equal ratesR. How big does have to be to achieve
R=}log 1+ § ? (i.e. \very strong" case)
Can use the many-to-one decoder at every receiver to get

, (P+N)?
PN

What about asymmetricinterference channels?



Interference Channel { Symmetric Very Strong Case

Z;
X1 l Y1
Wi E ) —@®——{ D1 W,
Zp

X |
wo| B |2 1 L 522D, v,

1 | %
XK l Yk

WK — E( _C‘D—’DK _)WK

Equal ratesR. How big does have to be to achieve
R=}log 1+ § ? (i.e. \very strong" case)
Can use the many-to-one decoder at every receiver to get

, (P+N)?
PN

What about asymmetricinterference channels?



Interference Channel

1
X1 b oya
Wi—| B —®—— D1 =W
Z2
X
wo—l B | H L&D, |-,
ZK
X
wi —] B X &Y% o L

Not clear how to map to adeterministic modeusing lattices.

\Real" interference alignment scheme ofiotahari et al. '08 uses a
lattice structure to getK=2 DoF (up to a set of measure one)
Some special cases at nite SNRafarian-Viswanath '09,'10,
Ordentlich-Erez '11

Much more known for time-varying channel€adambe-Jafar '08,
Nazer et al. '11, much more



So far we have seen that lattices are very e ective for scenarios
where there is aingle interference bottleneck.

Also e ective for multiple bottlenecks but less is known.

We have so far assumed that tHading coe cients are known at
the transmitters.

In general, transmitters may not have accesscttannel state
information.



Computation over Fading Channels

Transmittersdo not know ti— & at hy
channel realization. \j\
X2 hp y
Encoders use the same nested t2—| B (H) D —v
lattice codebook. hk hy i
Transmit dithered codewords: o . at: mod
XK

x- =[t- + d-] mod tk = B

Decoder removes dithers and recovargeger combination
h i
v = at- mod
‘oq
Receiver can use its knowledge of the channel gains to mateh t
equation coe cients a- to the channel coe cientsh-.



Distributive Lawalso holds for integer combinations. Latb2 Z.

alx;] mod + Kx,] mod mod

axi Q (x) +bxz Q (x2) mod
= axp+ bxy aQ (x1) bQ (x2) mod
=[axy + bx,] mod

Last step follows since sin@Q (x;) andbQ (x») are elements of
the lattice



Transmit dithered codewords- =[t- + d-] mod
Decoder removes dithers and recovers integer combination
h X [
y ad- mod
.

hy X i
= h-x- + z ad- mod
‘=1 =1
hy X i
= a(x- d+ (h- a)x-+z mod
=1 =1
hX [ X
= at- mod + (h- a)x-+z mod Distributive Law
=1 =1

1
E ective Noise



E ective noise due tomismatchbetween channel coe cients
h=[h:y hg]" and equation coe cientsa=[a; ax].

Nerrec = N + Pkh ak?
P
N + Pkh ak?

1
R= =
2%9



Computation over Fading Channels { E ective Noise

E ective noise due tomismatchbetween channel coe cients
h=[hy hk]" and equation coe cientsa=[a; ax]'.

Negppec = N + Pkh ak?

R = }Io P
2% N+Pkh ak
Can do better withMMSE scaling
NEegrec = 2N + Pk h ak2
R = max 1 lo P
SMXSOY SN T PRk h ak
1 N + Pkhk?
= —log

2 NkakZ + P(khkkak? (hTa)2)

SeeNazer-Gastpar '11 for more details.



Computation over Fading Channels { Special Cases

The rate expression simpli es in some special cases.

N + Pkhk?
NkakZ+ P(khk?kak? (hTa)?)

1
R= -
29

Integer channelsh = a.

R = 1 o 1 N P
2% ke " N
Recovering a single messadgeta = ,, the m" unit vector.

2
hz,P
N+ P

1
R= = +
5 log 1 2

‘6m



Finite Field Computation over Fading Channels

X1
Transmittersdo not know Wi— B by
channel realization. \J\
X2 hy y
Encoders use the same nestedW2—| & (+) D —~t
lattice codebook. hk Y
. : u= aw-
Transmit dithered codewords: -
XK
x- =[t- + d-] mod Wk — B
Recall that mapping: = (w*) between messages and lattice
points preserves linearity
hy i hy i M
1 at- mod = aw: modg= aw
=1 = =1

Digital interface that ts well with network coding .



All users pick thesame nested lattice code




Choose messages over eld 2 F'(‘]:




Map w- to lattice pointt- = (w+):




Transmit lattice points over the channel:

h=[1:4 21]
a=[2 3]



Computation Coding

Transmit lattice points over the channel:

A5

R Oa O
090
N

[
h=[14 21]
a=[2 3]




Computation Coding

Lattice codewords are scaled by channel coe cients:




Computation Coding

Scaled codewords added together plusise

A5

R OaOc!
090
N

[
h=[14 21]
a=[2 3]




Computation Coding

Scaled codewords added together plusise

A5

R OaOc!
090
N

[
h=[14 21]
a=[2 3]




Computation Coding

Extra noise penalty for non-integer channel coe cients:

h=[14 21]
a=[2 3]

E ective noise: N + Pkh  ak?



Computation Coding

Scale output by to reduce non-integer noise penalty:

h=[ 14 21]
a=[2 3]

E ective noise: 2N + Pk h ak?



Computation Coding

Scale output by to reduce non-integer noise penalty:

h=[ 14 21]
a=[2 3]

E ective noise: 2N + Pk h ak?



Computation Coding

Decode to closest lattice point:

h=[ 14 21]
a=[2 3]

E ective noise: 2N + Pk h ak?



Computation Coding

Compute sum of lattice points modulo the coarse lattice:

h=[ 14 21]
a=[2 3]

E ective noise: 2N + Pk h ak?



Computation Coding

Map back to equation of message symbols over the eld:

h=[ 14 21]
a=[2 3]

E ective noise: 2N + Pk h ak?



Computation over Fading Channels { Multiple Receivers
Z;

X1 l Y1
Wi— B —®——{ D1~

Z3
X2 l Y2

Wo— B H —®—— D2 —~t

ZK
XK l Yk
WK — B¢ —@®——{ Dk —~t«
Equal ratesR. No channel state informatiorfCSI) at transmitters.
Receivers use their CSI to select coe cientdecode linear equation

IV

Uk = axW-

o

Reliable decoding possible if

N + Pkhyk?
Nkagk? + P (khikZkak?  (h] ay)2)

1
R < —lo
iy 3109



Case Study { Hadamard Relay Network

X1

W1 — El

X2

Wo— B

Wk —| B¢

XK

Equal

4l Z1R
_é Y1 R, X1R éle
Zp Z3R
_é Y2 R, X2R éyZR
ZK ZK R
_(i)YK R« XK R éyKR

ratesR. H is a Hadamard matrixHH T = K |

Upper Bound

1
Zlog 1+
29

P

N

Compress-and-Forward

1
—| 1+
2%

P P

NN + KP

1

2
Decode-and-Forward

1

2K

Compute-and-Forward

lo i+E
9 KN

KP
I 1+ —
og N



Case Study { Hadamard Relay Network

Z1R

4l
X % X
wis| B 1 o Y1 R, 1R éle
1 1 1 Zr ZoR W
X X
wo| B 12 1 1 1 %+ y2 R, 2R éyZR S _}Wz
: 1 1 1| : i W
X X
Wi =] B¢ K : Yk R« K R @yKR

Equal ratesR. H is a Hadamard matrixHH T=KI

Upper Bound Compute-and-Forward

:—Llo 1+ E :_L|0 i+ E
299 TN 299 KN
Compress-and-Forward Decode-and-Forward

log 14P P D
209 NN+ KP 2K Y N



Computation over Fading Channels { No CSIT

X1
W1— El hl

W2—> E2

Three transmitters that
do not know the fading
coe cients.

Average rate plotted for
i.i.d. Gaussian fading.

]
X —
W3 — E3 3 U—\

Averate Rate in bits per channel use

25

Relay either decodes some
linear function of messages
or anindividual message.

—— Decode an Equation
—— Decode a Message
[ | — Interference as Noise

5 10 15 20 25
Transmitter Power in dB



Receiver observes= x; + hx, + z.
Recoversaw,; bw, for a;b6 0.

18 T T T T T T T T T

10dB Ler i
14} . 1

1.2 ’ i

0.8 R

Message rate R

041

= = = Upper Bound
Compute

= = = Decode Both
0 ‘ ‘

0o 01 02 03 04 05 06 07 08 09 1
Channel coefficient h

0.2




Receiver observes= x; + hx, + z.
Recoversaw,; bw, for a;b6 0.

35 T T T T T T T T T
20dB Al Pt ]
-
’f
‘f
-
251 P E
n: L e
8 by
© 2r L’ .
(] 4 J N
g - -
3157 E
@1
4]
=
1k i
05 = = = Upper Bound
' Compute
= = = Decode Both
0 ‘ ‘

0o 01 02 03 04 05 06 07 08 09 1
Channel coefficient h



Receiver observes= x; + hx, + z.
Recoversaw,; bw, for a;b6 0.

30dB as .- ’

35F ’ i

25f =X oMY=

Message rate R

15f R

= = = Upper Bound
Compute
= = = Decode Both

0 01 02 03 04 05 06 07 08 09 1
Channel coefficient h

0.5




Computation over Fading Channels { No CSIT

Receiver observes= x; + hx, + z.
Recoversaw,; bw, for a;b6 0.

40dB ol e T i

Message rate R
1
]
1
]
]
1
|}
1

= = = Upper Bound
Compute

- = = Decode Both
O L L L

L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Channel coefficient h




Computation over Fading Channels { No CSIT

Receiver observes= x; + hx, + z.

Recoversaw,

50dB

Message rate R

~

(o))

o

IN

w

bw, for a;b6 0.

= = = Upper Bound
Compute
= = = Decode Both

0.2

L L L
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Channel coefficient h



Rate-Constrained Cellular Backhaul

Remote

Central
Processor

Rhauw” Rhaus= Rhauc

Well-studied cellular modeltyner '94, Shamai-Wyner '97,
Sanderovich et al. '09



Odd Codeword Even Codeword



Odd Codeword Even Codeword




Odd Codeword Even Codeword




Odd Codeword Even Codeword




Structured Superposition

Private

Odd Codeword

1

hODD

Even Codeword




Structured Superposition
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1
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Even Codeword




Structured Superposition

Private

Odd Codeword

1

hODD

Even Codeword




Structured Superposition

Private

Odd Codeword

1

hODD

Even Codeword

hODD > h > h EVEN




Ym Yo Y1
Zm =+ Zp =+ Z1 =+
ho 1 ho he 1 hg ho 1 ho
XM Xo X1

Nazer et al. '09: Each cell-site sees eithég or h, which isstrictly
better than h.



ag Xm + be Xo+ ag X1

Ym Yo Y1
Zm + Zo + Z1 +
ho 1 ho he 1 hg ho 1 ho
XM Xo X1

Nazer et al. '09: Each cell-site sees eithég or h, which isstrictly
better than h.



ao XM 1+ boXm + @ Xo ae xm + be Xo+ ag X1 ao Xo + bo X1+ ao X2

Ym Yo Y1
Zm + Zo + Z1 +
ho 1 ho he 1 hg ho 1 ho
XM Xo X1

Nazer et al. '09: Each cell-site sees eithég or h, which isstrictly
better than h.



Structured Superposition: Performance

SNR=10dB, Backhaul RateRpa, =2:5

3
2.
.2 1
[]
[%2]
>
9 1.5¢
Q
“E - OO
a4 11 — Upper ]
Compress
— Struc. Sup.
0.57 1
- - =-Compute
X Decode
0 L L L
0 0.2 04 0.6 0.8 1

Interference Strength (a)
Compress-and-forward rate taken froBanderovich et al. '09
Layering can reduce \non-integer loss."



Structured Superposition: Performance

SNR= 15dB, Backhaul RateRp,, = 3:5

4
§ ]
2
‘:’:{ ’ X x xxxxxxxxxx
© 1.5 — Upper Xy x XXX 1

1 Compress ]

— Struc. Sup.
0.5{ = - -=Compute b
X Decode ‘ ‘ ‘
0O 0.2 0.4 0.6 0.8 1

Interference Strength (a)
Compress-and-forward rate taken froBanderovich et al. '09
Layering can reduce \non-integer loss."



Structured Superposition: Performance

SNR=20dB, Backhaul RateRps, =4:5

5
et -
\/ \/ g
4r 1 | . 1
ll N II
RN ,’ ‘\ IaRN4
5 X o ,
33 %
b X x X
o x X XXX x XXX
T 2 x XX 1
@ | —Upper Xy xX
Compress
1f — Struc. Sup. B
- - =-Compute
X Decode
0 L L L
0 0.2 04 0.6 0.8 1

Interference Strength (a)
Compress-and-forward rate taken froBanderovich et al. '09
Layering can reduce \non-integer loss."



Diophantine Approximation

Choose equation coe cients to maximize rate:

P
2N + Pk h ak?

1
Rcomp = max max = log
a2zK 2
Equivalently min min N + Pk h ak?.
a2zK

Closely connected t@iophantine approximationi.e. approximating
irrationals with rationals.

. R
Niesen-Whiting '11 shows that DoF= lim ﬂ
Pi1 5log(1+ P)

Also shows that by combining compute-and-forward with
interference alignmencan get DoF toK .



Dirty Paper Coding

s is interferenceknown l—i l
X y

noncausally to the encoder.

Assumes i.i.d. Gaussian,
very large varianc®s.

Erez-Shamai-Zamir '05:
Encoder subtracts s, dithers,
and takes mod

X =[t s+ d] mod

Decoder scales by, removes dither, takesmod , and recoverg.
Interference is cancelled.
[y d]mod :[hx+ s d+z (1 )x] mod )
|
= It s+dlmod + s d+z (1 )x mod
h i
= t+z (1 )X mod
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Dirty Paper Coding

s is interferenceknown l—i l
X y

noncausally to the encoder.

Assumes i.i.d. Gaussian,
very large varianc®s.

Erez-Shamai-Zamir '05:
Encoder subtracts s, dithers,
and takes mod

X =[t s+ d] mod

Decoder scales by, removes dither, takesmod , and recoverg.
Interference is cancelled.
[y d]mod :[hx+ s d+z (1 )x] mod )
|
= It s+dlmod + s d+z (1 )x mod
h i
= t+z (1 )X mod



Dirty Gaussian Multiple-Access Channel

y D =Wy W

S2

Philosof-Zamir-Erez-Khisti '11:
Encoderl knows interferences;.

Encoder2 knows interferences,.
Need tocancel out interferencén a distributed fashion.

Assume i.i.d. Gaussian interference with very large varidhge
Random i.i.d. methods vyield rate that goes basPs goes to

in nity.



Dirty Gaussian Multiple-Access Channel

Subtract (part of) the interference signalahead of time:

X1 =[t1 s; + di] mod
X2 =[t> s + d»] mod

Decoder removes dithers:

[y di dy] mod

=[ (xa+xz2+s1+s+2z) di dy] mod

[hX1 + X2+ (s1+s2) (1 )(Xil +X2)+ z) di

tp+to+(1 )(X1+ X2)+ z mod

Select =2P=2P + N) to obtain

Ri+ R

d»,] mod



Two-Way Relay Channel

He-Yener '09: Lattice codes o Untrusted VR
are useful for physical-layer  goies. | Relay S8 |
secrecy. '

Interference Channel

Random i.i.d. codes achieve 1 .
0 secure-degrees-of-freedom. ———

Basic result: Random lattice 2
codes achieve positive Eavesdropper
secure-degrees-of-freedom. : .



Relaying

XR

SO

|
@y D W

What can we prove with lattice codes for the AWGN relay channel?

The full decode-and-forwardate can be achieved.
SeeSong-Devroye '10, Nockleby-Aazhang '11.

The full compress-and-forwardate can be achieved.
SeeSong-Devroye '11.



Correlated Gaussian sources.

Ri1
S1—| E
21 N O 1 . 1
2 R, D —t
Decoder wants theli erence.
Nested lattices are also good u=s3 s
for Gaussian source coding.

D= lEkd uk?



Distributed Source Coding: \Gaussian Kerner-Marton Feoty

Correlated Gaussian sources.

R
S1— E
21 N O 1 . ]
2 R, D —o
H SZ—> EZ
Decoder wants theli erence.
Nested lattices are also good u=s S
for Gaussian source coding. D= 1E uk?

Krithivasan-Pradhan '09:
with high probability,s; and
s, will land near thesame
coarse lattice point.

n
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Distributed Source Coding: \Gaussian Kerner-Marton Feoty

Correlated Gaussian sources.

S1 1
So N 0 1

Decoder wants theli erence.
Nested lattices are also good
for Gaussian source coding.

Krithivasan-Pradhan '09:
with high probability,s; and
s, will land near thesame
coarse lattice point.

Only need to send:

t1= Q ,(s1) mod
to= Q ,(s2) mod

R1
S1 — E]_
R, D —®
SZ—> EZ
u=5S S
D=1Ek uk®




Three-User Gaussian Distributed Source Coding

Correlated Gaussian sources.

S1 1
So N 0 1

Third source is thedi erence:
S3=S1 S3

Structured codes make new
rate points accessible in
distributed Gaussian source
coding.

Example: SetR; =0 andR;, =0.

R
S1 — El
Rz 81
S2— B D —$%
83
R3
S3 — E3
Di= %Elél Slk2
D, = %EI@Z Szk2
D3 = %Elég, S?,k2

SeeTavildar-Wagner-Viswanath '10, Krithivasan-Pradhan '09

Maddah-Ali{Tse '10.



Practical Implementations of Compute-and-Forward

Feng-Silva-Kschischang '10 develop practical nested lattice codes
that work quite well for blocklengths as small as 100.

Hern and Narayanan '10 develop multi-level codes to use elds of
size2X:

Ordentlich and Erez '10 propose mapping by set partitioning to go
from binary codewords to higher order constellations.

Further emerging work include®smane and Bel ore '11



Concluding Remarks

Codes with algebraic structure lead to the highest known achixe
rates for some communication scenarios of great interest.

This applies tosource coding, channel codingnd alsojoint
source-channel coding.

We have discussed a set of tools to apply and anahgalom linear
and random latticecodes to communication network scenarios.

However, there is currently no general uni ed theory of how to
generally use algebraic structure in the context of network
information theory.
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