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Abstract
Consider the K-user Gaussian interference channel with static channel coefficients. Recent efforts have characterized the capacity region to within a constant gap for several important special cases, including two-user, very weak,
many-to-one, and one-to-many interference channels. The general case remains open, primarily due to the challenge
of characterizing the achievable rate for interference alignment strategies outside of the very high signal-to-noise
ratio (SNR) limit. This paper argues that some of these difficulties can be overcome if the phases of the channel
coefficients are time-varying. The main result is a constant-gap approximation of the capacity region of phase-fading,
Gaussian K-user interference channels where all receivers are in the very strong interference regime.

I. I NTRODUCTION
The capacity region of the K-user Gaussian interference channel is a long-standing open problem. While for
K = 2 users the capacity region is now known to within one bit [1], the K > 2 case has proven considerably
more challenging, due to the possibility of interference alignment [2], [3]. To date, the approximate capacity is only
known for a few special cases that require interference alignment, such as many-to-one [46], one-to-many [46],
and symmetric channels [49], [55]. The aim of this paper is to show that progress can be made by relaxing the
assumption that the channel gains are static, and instead allowing the phases to vary with time while holding the
magnitudes fixed.
It is well-known that time-varying (i.e., parallel) Gaussian point-to-point [7], [8], multiple-access [8]–[10], and
broadcast [8], [11]–[13] channels are separable. That is, the capacity region can be attained by separately coding
across each channel realization combined with power allocation (i.e., waterfilling). On the other hand, time-varying
Gaussian interference channels are inseparable [14]–[16], meaning that the capacity region can only be attained
by jointly coding across channel realizations. At a first glance, it might appear that inseparability increases the
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difficulty of characterizing the capacity region. However, for the interference channel, coding across many channel
realizations often leads to simpler achievable strategies and rate expressions.
Our coding strategy combines ideas from the Cadambe-Jafar alignment scheme for time-varying channels [3],
ergodic interference alignment [17], and compute-and-forward [18]. Recall that the ergodic alignment scheme pairs
up time slots such that the sum of the two paired channel matrices yields a diagonal matrix, corresponding to no
interference. By repeating each codeword symbol over paired time slots, it is possible for all users to simultaneously
operate at half their respective single-user capacities. As shown by Jafar [19], ergodic alignment achieves the
capacity region of phase-fading interference channels if the channel is in a bottleneck state, i.e., each receiver sees
an interferer with equal strength to its desired signal. Here, we examine the scenario where each interferer is in the
very strong regime with respect to every receiver according to the two-user criterion established by Carleial [20].
In this setting, ergodic alignment alone does not suffice.
The goal of our coding strategy is to align the interference at each receiver into a single effective interfering
codeword in order to allow each user to operate as if it faced a single very strong interferer. To accomplish this
objective, all transmitters employ the same lattice codebook, which guarantees that the integer-linear combination
of codewords are themselves codewords. Of course, the time-varying channel gains are not integer-valued, and the
transmitters must use careful power control in order to align lattice codewords from the perspective of the receiver.
However, simultaneously modifying all of the interfering channel gains to have integer values is an overconstrained
problem. To resolve this issue, we use a variation of the Cadambe-Jafar alignment scheme [3] across many channel
realizations, combined with careful power control.
A. Related Work
Considerable progress was made on the capacity region of the two-user interference channel in the 1970s and
1980s, beginning with the inner and outer bounds of Ahlswede [21], Sato [22], and Carleial [23]. The capacity
region of the Gaussian two-user interference channel was characterized in the very strong regime by Carleial [20]
and in the strong regime by Sato [24] and Han and Kobayashi [25], with the latter also proposing an achievable
rate region for all regimes. Costa and El Gamal generalized this strong regime capacity result from Gaussian to
discrete memoryless channels [26] and also determined the full capacity for a class of semi-deterministic interference
channels [27].
The 2000s saw a renewed interest in the two-user Gaussian interference channel, beginning with the one-bit
capacity region approximation due to Etkin et al. [1]. Afterwards, three groups [28]–[30] independently and
concurrently discovered that, when the interference is sufficiently weak, treating interference as noise is optimal. Subsequent efforts yielded constant-gap capacity approximations for several two-user Gaussian generalizations including
compound channels [31], channel output feedback [32], transmitter cooperation [33], [34], receiver cooperation [35],
and multiple antennas [36]. Recent work [37] has also settled the Costa corner-point conjecture [38], [39].
The discovery of interference alignment by Motahari et al. [2] and Cadambe and Jafar [3] sparked several efforts
to characterize the K-user capacity region. Using variations on the linear Cadambe-Jafar scheme, the degreesof-freedom region has been characterized for a large class of time-varying (or frequency-selective) interference
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networks [40]–[44]. There is a rich body of work on linear alignment, and we refer interested readers to [45] for
a survey.
For static channel coefficients, linear interference alignment often corresponds to an overconstrained system of
linear equations. However, as first noted by Bresler et al. [46] for many-to-one interference channels, it is possible to
align interference on the signal scale through the use of lattice codebooks. Lattice alignment was subsequently used
by Motahari et al. [47] to show that K/2 degrees-of-freedom are achievable up to a set of channel matrices with
measure zero, i.e., the degrees-of-freedom are discontinuous with respect to the channel gains [4]–[6]. A similar
phenomenon appears in the best known approximate capacity characterizations for the two-user X channel [48] and
K-user symmetric interference channel [49], and an “outage set” is needed as part of the characterization. We also
note that, for K-user interference channels, Geng et al. [50] have developed sufficient conditions on when treating
interference as noise approximates the capacity to within a constant gap [50].
Ergodic alignment has been used as a building block to develop achievable strategies for dense interference
networks [19], [51], multi-hop interference networks [52], [53], and multiple-access wiretap channels [54]. Our proof
strategy closely resembles the computation alignment scheme proposed by Niesen et al. [53] for approximating the
capacity of time-varying multi-hop interference networks.
B. Paper Organization
The rest of the paper is organized as follows. In Section II, we give a formal problem statement. In Section III,
we summarize previous work on the very strong interference regime, state our main result, and provide a motivating
example. Section IV describes the channel quantization process used in the ergodic alignment scheme. Finally, we
present our achievable strategy for K = 3 users in Section V and for K > 3 users in Section VI.
II. P ROBLEM S TATEMENT
We begin by describing our notation. We will denote column vectors with lowercase boldface letters (e.g.,
x ∈ CK ) and matrices using boldface uppercase letters (e.g., H ∈ CK×K ). Let xT and x∗ denote the transpose

and conjugate transpose of x, respectively. Let diag(x) as well as diag(xT ) denote the diagonal matrix formed by

placing the elements of x along the diagonal. For a real scalar x, let ⌈x⌉ denote its ceiling (i.e., the smallest integer
greater than or equal to x), ⌊x⌋ denote its floor (i.e., the largest integer less than or equal to x), and ⌊x⌉ denote
the nearest integer (with ties rounded up). For a complex scalar x, let |x| denote its magnitude and ∡x denotes its

phase in radians. For a complex vector x, let kxk denote its Euclidean norm. All logarithms are taken with respect

to base-2 and we define log+ (x) = max(log(x), 0). Define I to be the identity matrix and 1 to be the all-ones
vector.
We now provide necessary definitions for a time-varying K-user Gaussian interference channel. See Figure 1 for
a block diagram.
Definition 1 (Messages): Each transmitter (indexed by ℓ = 1, . . . , K) has a message mℓ that is generated
independently and uniformly over {1, 2, . . . , 2T Rℓ } for some rate Rℓ ≥ 0.
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Fig. 1. K-user Gaussian interference channel with time-varying channel coefficients.

Definition 2 (Encoders): Each transmitter has an encoding function Eℓ : {1, 2, . . . , 2T Rℓ } → CT that maps its
message mℓ into a sequence of T complex-valued channel inputs xℓ [1], . . . , xℓ [T ] satisfying an average power
constraint
T
1 X
|xℓ [t]|2 ≤ P .
T t=1

Definition 3 (Channel Model): The channel output at time t at receiver k is

yk [t] =

K
X

hk,ℓ [t]xℓ [t] + zk [t]

(1)

ℓ=1

where hk,ℓ [t] ∈ C denotes the channel gain from transmitter ℓ to receiver k at time t. Let H[t] = {hk,ℓ [t]} denote
the channel matrix at time t. We will assume full channel state information (CSI) is available, i.e., at time t, all
transmitters and receivers know H[t].
We will focus on the important special case where the magnitudes of the channel gains are constant across time1 ,
i.e., |hk,ℓ [t1 ]| = |hk,ℓ [t2 ]| for all t1 and t2 . For notational convenience, we will drop the time index when referring
to the magnitudes of the channel gains, i.e. instead of writing |hk,ℓ [t]|, we will write |hk,ℓ |. Furthermore, we assume
that the phase of each channel gain ∡h[t] is i.i.d.2 across time according to a uniform distribution over [0, 2π).

The noise zk [t] is i.i.d. across time according to a circularly symmetric complex Gaussian with mean zero and
unit variance, zk [t] ∼ CN (0, 1), and is independent of all channel inputs and channel gains.
Definition 4 (Decoders): Each receiver (indexed by k = 1, . . . , K) makes an estimate m̂k of its desired message
mk using a decoding function Dk : CT → {1, 2, . . . , 2T Rk }.
1 Without

this assumption, it becomes more challenging to parameterize the very strong regime, due to the inseparability of parallel interference

channels. See [14] for more details.
2 For

our achievable scheme, it suffices to assume that each phase sequence is stationary and ergodic, and all sequences are independent of

one another. However, the i.i.d. assumption will help simplify our proofs. See [53, §IV] for a sample proof for the stationary ergodic case.
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Definition 5 (Achievable Rates): A rate tuple (R1 , . . . , RK ) is achievable if, for any ǫ > 0 and T large enough,
there exist encoders and decoders that can attain probability of error at most ǫ,
!
K
[
P
{m̂k 6= mk } < ǫ.
k=1

Definition 6 (Capacity Region): The capacity region C is the closure of the set of all achievable rate tuples.
III. M AIN R ESULT
Below, we begin with a brief overview of known capacity results for static very strong interference channels.

Afterwards, we will state our constant-gap results for time-varying interference channels. Finally, we provide an
example to illustrate some of the key ideas underlying our coding scheme.
A. Static Very Strong Interference Channels
Consider the static, two-user Gaussian interference channel with channel outputs
y1 [t] = h1,1 x1 [t] + h1,2 x2 [t] + z1 [t]

(2)

y2 [t] = h2,1 x1 [t] + h2,2 x2 [t] + z2 [t] .

(3)

We say that the channel is in the very strong regime if
|h1,2 |2 ≥ |h2,2 |2 (1 + |h1,1 |2 P )

(4)

|h2,1 |2 ≥ |h1,1 |2 (1 + |h2,2 |2 P ) .

(5)

As shown by Carleial [20], the capacity region in the very strong regime is the set of rate pairs satisfying
R1 ≤ log(1 + |h1,1 |2 P )

(6)

R2 ≤ log(1 + |h2,2 |2 P ) ,

(7)

i.e., both users can simultaneously operate at their interference-free capacities. The achievable strategy is for the
transmitters to employ i.i.d. Gaussian codebooks. Each receiver decodes the interference first while treating its
desired codeword as noise. It then cancels out the interference and proceeds to decode its desired codeword.
The same strategy can be applied for K > 2 users. However, since each receiver recovers all K − 1 interfering
codewords prior to recovering its desired codeword, the interfering channel gains must be much stronger in order for
all users to reach their interference-free capacities. Lattice interference alignment offers the possibility of relaxing
these conditions by allowing each receiver to directly decode and cancel the sum of the interfering codewords.
Consider the static, symmetric Gaussian interference channel with channel output
X
yk [t] = xk [t] + h
xℓ [t] + zk [t]

(8)

ℓ6=k

where h ∈ C is the symmetric cross-channel gain. If all users employ the same lattice codebook, the sum of
interfering codewords will correspond to a single effective codeword,
X
xint,k =
xℓ

(9)

ℓ6=k
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where xℓ = [xℓ [1] · · · xℓ [T ]]T is the ℓth codeword. As shown by Sridharan et al. [55], the receiver can decode the
sum of interfering codewords if the rates satisfy
Rℓ < log




|h|2 P
.
1+P

(10)

Thus, if
|h|2 ≥

(1 + P )2
,
P

(11)

then each user can operate at its interference-free capacity log(1+P ). Note that this is a substantial improvement on
the condition for reaching the interference-free capacity while decoding the K −1 interfering codewords individually,

(1 + P ) (1 + P )K−1 − 1
|h|2 ≥
.
(12)
(K − 1)P
This alignment strategy does not immediately generalize beyond the symmetric case, since it requires that each
receiver observes an integer-linear combination of the interfering codewords.
B. Phase-Fading, Very Strong Interference Channels
Our main result is that, for interference channels with time-varying phase, if all receivers are in the very strong
interference regime, the capacity region can be determined to within a constant gap. We define the very strong
interference regime by applying Carleial’s condition [20] to each pair of desired and interfering channel gains.
Specifically, we assume that
|hk,ℓ |2 ≥ |hℓ,ℓ |2 (1 + |hk,k |2 P ) ∀ℓ 6= k .

(13)

Theorem 1: Consider a very strong, phase-fading Gaussian interference channel. Any rate tuple (R1 , . . . , RK )
satisfying
Rℓ < log(1 + |hℓ,ℓ |2 P ) − 2K 2 − 1

(14)

is achievable.
The achievable strategy combines ideas from ergodic alignment [17], [53] and lattice-based interference alignment [46], [49], [55]. The proof is split into two pieces: Section V establishes the lower bound for K = 3 users
and Section VI generalizes this result to K > 3 users.
Note that, since each user cannot exceed its interference-free capacity, Theorem 1 characterizes the very strong
capacity region to within 2K 2 − 1 bits per user.
C. Motivating Example
We now illustrate our alignment strategy with a small example for K = 3 users. Consider a time slot t1 and the
channel gains hk,ℓ [t1 ]. With a slight abuse of notation, we will drop the time index and use hk,ℓ to denote hk,ℓ [t1 ].
Hence, we have



h1,1



H[t1 ] = h2,1

h3,1
December 4, 2016
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We would like to induce lattice alignment at all three receivers using a linear strategy. This is an overconstrained
problem if we limit ourselves to one channel matrix. Instead, we will select a second time slot t2 whose channel
matrix satisfies



h1,1



H[t2 ] = h2,1

h3,1

h1,2
h2,2
h3,2

h1,3





−h2,3  .

h3,3

(16)

Of course, the probability of such a match occurring within a finite number of time slots is zero. Later, we will
carefully argue that, if we allow for a slight mismatch, we can operate at nearly the same rates with a finite
blocklength.
We assume that transmitter 1 has two symbols s1,1 and s1,2 , transmitter 2 has two symbols s2,1 and s2,2 , and

T
transmitter 3 has one symbol s3,1 , each with average power P . Let xℓ = xℓ [t1 ] xℓ [t2 ] be the vector of channel
inputs from transmitter ℓ. The first channel input is a weighted sum of the symbols and the second is a weighted
difference,


β1,1 s1,1 + β1,2 s1,2



β2,1 s2,1 + β2,2 s2,2

x1 = 

x2 = 

β1,1 s1,1 − β1,2 s1,2

β2,1 s2,1 − β2,2 s2,2


β3,1 s3,1

x3 = 
β3,1 s3,1




(17)




(18)

(19)

where the scaling coefficients βℓ,n will be chosen such that the interfering symbols at each receiver form an
integer-linear combinations. The magnitudes are chosen to satisfy

1
2

≤ |βℓ,n | ≤ 1 so that

•

The power constraint is never violated.

•

In the worst case, the effective power of each symbol is reduced by a factor of 1/4, corresponding to a rate

loss of 2 bits.

T
Let yk = yk [t1 ] yk [t2 ] be the vector of channel outputs at receiver k. To extract its message, each receiver

first takes the sum and difference of its observations to obtain the effective channel output vector ỹk = [ỹk,1 ỹk,2 ]

T

where
ỹk,1 =
Combining terms, we get

ỹk,2 =


1
yk [t1 ] − yk [t2 ] .
2



h1,1 β1,1 s1,1 + h1,2 β2,1 s2,1 + h1,3 β3,1 s3,1



h2,1 β1,1 s1,1 + h2,2 β2,1 s2,1



h3,1 β1,1 s1,1 + h3,2 β2,1 s2,1 + h3,3 β3,1 s3,1

ỹ1 = 

ỹ2 = 

ỹ3 = 
December 4, 2016


1
yk [t1 ] + yk [t2 ]
2

h1,1 β1,2 s1,2 + h1,2 β2,2 s2,2

h2,1 β1,2 s1,2 + h2,2 β2,2 s2,2 + h2,3 β3,1 s3,1

h3,1 β1,2 s1,2 + h3,2 β2,2 s2,2



 + z̃1


 + z̃2


 + z̃3
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where z̃k = [z̃k,1 z̃k,2 ]T and
z̃k,1 =


1
zk [t1 ] + zk [t2 ]
2

z̃k,2 =


1
zk [t1 ] − zk [t2 ] .
2

Notice that, due to the sign flip for h2,3 [t2 ] in (16), the symbol s3,1 appears in the second effective channel output
at receiver 2, rather than the first. This will give our linear scheme the flexibility needed to align interference at all
receiver.
Let h be a complex scalar. The following basic quantization properties will be used frequently in our proof:
⌊|h|⌋
1
≤
≤ 1.
• If |h| ≥ 1, then
2
|h|
1
1
|h|
• If |h| ≥ , then
≤
≤ 1.
2
2
⌈|h|⌉
We now proceed to set the scaling coefficients, beginning with setting β1,2 = 1 and aligning interference for
ỹ2,2 . If |h2,3 | ≥ |h2,1 |, we choose the integer coefficient and scaling parameter as follows:


|h2,3 |
b2 h2,1
b2 =
β3,1 =
.
|h2,1 |
h2,3

(20)

The resulting effective channel consists of the desired symbol plus an integer-linear combination of two interfering
symbols plus noise,
ỹ2,2 = h2,2 β2,2 s2,2 + h2,1 (s1,2 + b2 s3,1 ) + z̃2,2 .
On the other hand, if |h2,3 | < |h2,1 |, we choose


|h2,1 |
b2 =
|h2,3 |

β3,1 =

h2,1
b2 h2,3

(21)

(22)

to obtain
ỹ2,2 = h2,2 β2,2 s2,2 + h2,3 β3,1 (b2 s1,2 + s3,1 ) + z̃2,2 .

(23)

Now, we choose β2,1 as a function of β3,1 in order to align interference for ỹ1,1 . Again, we carefully distinguish
two cases:
•

If |h1,2 | ≥ |h1,3 ||β3,1 |, the integer coefficient, scaling parameter, and resulting effective channel are


|h1,2 |
b1 h1,3 β3,1
b1 =
β2,1 =
|h1,3 ||β3,1 |
h1,2
ỹ1,1 = h1,1 β1,1 s1,1 + h1,3 β3,1 (b1 s2,1 + s3,1 ) + z̃1,1 .

•

Otherwise, if |h1,2 | < |h1,3 ||β3,1 |, we set


|h1,3 ||β3,1 |
b1 =
|h1,2 |

β2,1 =

h1,3 β3,1
b1 h1,2

ỹ1,1 = h1,1 β1,1 s1,1 + h1,2 β2,1 (s2,1 + b1 s3,1 ) + z̃1,1 .

Next, we set β1,1 to align interference for ỹ3,1 as follows:
•

If |h3,1 | ≥ |h3,2 ||β2,1 |, the integer coefficient, scaling parameter, and resulting effective channel are


b3 h3,2 β2,1
|h3,1 |
β1,1 =
b3 =
|h3,2 ||β2,1 |
h3,1
ỹ3,1 = h3,3 β3,1 s3,1 + h3,2 β2,1 (b3 s1,1 + s2,1 ) + z̃3,1 .
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•

Otherwise, if |h3,1 | < |h3,2 ||β2,1 |, we set


|h3,2 ||β2,1 |
b3 =
|h3,1 |

β1,1 =

h3,2 β2,1
b3 h3,1

ỹ3,1 = h3,3 β3,1 s3,1 + h3,1 β1,1 (s1,1 + b3 s2,1 ) + z̃3,1 .

Finally, we note that there is only one interfering symbol in ỹ1,2 and no desired symbol in ỹ3,2 . Thus, we are
free to set β2,2 = β3,2 = 1. Overall, each desired symbol is observed over an effective channel output along with
the integer-linear combination of (at most) two interfering symbols plus noise. Since this scheme sends 5 symbols
over 2 channel uses, we will see a rate loss factor of

5
6

per user (after time sharing). By repeating this strategy over

many channel realizations and sending lattice codewords over the resulting effective channels, we can achieve the
rates Rℓ =

5
6

log(1 + 41 |hℓ,ℓ |2 ), where the factor of 1/4 stems from the fact that |βℓ,n | ≥ 1/2. (See Section V-C for

details on the lattice coding scheme.) In Section V, we will generalize this motivating example so that each user
can send (N − 1) symbols over N channel uses, corresponding to a rate loss factor of

N −1
N

per user. By taking

N → ∞, we can eliminate the rate loss factor entirely. Then, in Section VI, we will extend this scheme to K > 3
users.
IV. C HANNEL Q UANTIZATION
In order to establish a constant-gap result, our scheme carefully matches up channel matrices to create opportunities for lattice alignment. This matching process is carried out using a variation on the ergodic alignment technique
from [17]. As noted earlier, the probability that a particular channel matrix occurs (corresponding to a perfect
match) is zero. The key idea is to quantize the channel matrices into a finite number of bins, and then match up
time slots based on quantized channel matrices. Overall, this allows us to match up nearly all channel matrices that
occur within a large, finite blocklength.
We begin by noting that it suffices to quantize the channel phases since the magnitudes are fixed. We quantize


the phase by dividing the interval of possible phases [0, 2π) into LN maxk,ℓ |hk,ℓ | equal-sized segments where

L, N ∈ N are parameters to be chosen later. We represent each segment by its midpoint. Let Q denote the set of

phase quantization points, Q : [0, 2π) → Q the quantization function, and ĥk,ℓ [t] = |hk,ℓ | exp(jQ(∡(hk,ℓ [t]))) the
quantized version of hk,ℓ [t]. This quantizer has the following useful properties:
•

For any hk,ℓ [t] ∈ C, the quantization error is at most
ĥk,ℓ [t] − hk,ℓ [t] ≤

•

π
.
LN

(24)

For any quantized channel gain ĥk,ℓ ∈ Q, multiplying by an N th root of unity yields another quantization
point,
exp
for all n ∈ Z.

 j2πn 
N

ĥk,ℓ ∈ Q,

(25)

Denote the quantized channel matrix at time t by
Ĥ[t] = {ĥk,ℓ [t]}k,ℓ
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and let Ĥ denote the set of all possible quantized channel matrices. By construction, Ĥ is finite with size |Ĥ| = QK .
The goal of the matching process is to create groups of N channel matrices that are amenable to lattice alignment.
To this end, we will split the blocklength T into N consecutive subblocks, each of length T /N .3 We will then
choose T large enough so that each subblock is strongly typical. This will later allow us to match up all but a
vanishing fraction of the channel matrices. The following lemma makes this precise.
Lemma 1: For any parameters L, N ∈ N, and γ > 0, and for T large enough, we have that the empirical
distribution of quantized channel matrices is close to the true distribution within all subblocks. Specifically, we
have that
nT /N

X

t=(n−1)(T /N )+1

1 Ĥ[t] = Ĥ} ≥


1−γ T
|Ĥ| N

(27)

across all subblocks n = 1, . . . , N and quantized channel realizations Ĥ ∈ Ĥ with probability at least 1 − γ.
Proof: For a given n ∈ {1, . . . , N }, it follows from standard typicality arguments [56, §2.4] that, for T large
enough, (27) is satisfied for all Ĥ ∈ Ĥ with probability at least 1 −

γ
N.

Using a union bound, we find that (27)

holds for all n and Ĥ ∈ Ĥ with probability at least 1 − γ.
Im(hk,ℓ )

•

•

•

•

•

•

•

•
|hk,ℓ |

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

Re(hk,ℓ )

Fig. 2. Phase quantization for a single channel gain with N = 4, L = 3, and maxk,ℓ |hk,ℓ | = 1.9. The number of quantization bins is


LN maxk,ℓ |hk,ℓ | = 24.

V. P ROOF

OF

T HEOREM 1

FOR

K = 3 U SERS

The alignment scheme of Cadambe and Jafar [3] admits a simpler form for K = 3 users. Since our coding strategy
uses a variation on this scheme as a building block, it is simpler to start with the proof for K = 3 users. This
will help us generate intuition for the K > 3 case. Our strategy consists of three components: channel matching,
Fourier modulation and alignment, and lattice coding.
3 Note

that we have tacitly assumed that T is divisible by N and will do so throughout the paper.
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A. Channel Matching
Our matching scheme groups together time slots whose channel matrices are well-suited for lattice alignment.
The goal is to show that all but a vanishing fraction of time slots can be matched up.
We start by splitting the time slots into N consecutive subblocks, each of length T /N , with N to be specified
later. Specifically, the nth subblock refers to the time slots t = (n − 1)T /N + 1 to t = nT /N . We employ the
quantization scheme from Section IV for some L ∈ N to be specified later and the same N as above. For any
γ > 0, we know from Lemma 1 that, for T large enough, the number of quantized channel realizations satisfies (27)
for all subblocks n = 1, . . . , N and quantized channel realizations Ĥ ∈ Ĥ with probability at least 1 − γ. If, for
some n and Ĥ, (27) does not hold, then we declare an error. For the remainder of this section, we condition on the
event that (27) holds for all n = 1, . . . , N and Ĥ ∈ Ĥ.
For each subblock n = 1, . . . , N and quantized channel realization Ĥ ∈ Ĥ, we will designate the first

1−γ T
|Ĥ| N

time slots4 time slots satisfying Ĥ[t] = Ĥ for all Ĥ ∈ Ĥ as useable, and ignore the rest. The total number of such
useable time slots is (1 − γ)T , which will impose a rate loss factor of 1 − γ.
We will match each useable time slot in the first subblock with a unique time slot in each of the remaining N − 1
subblocks. Overall, this will produce exactly (1 − γ)T /N non-overlapping groups of N timeslots. Initialize t1 = 1
and BĤ = 0 for all Ĥ ∈ Ĥ, then run the following procedure:
1) Set Ĥ = Ĥ[t1 ]. If BĤ <

1−γ T
,
|Ĥ| N

then increment BĤ by 1 and go to Step 2. Otherwise, go to Step 4.

2) For each subblock n = 2, . . . , N , find the first unused time slot tn whose quantized channel matrix satisfies


ĥ1,1 [t1 ] ĥ1,2 [t1 ]
ĥ1,3 [t1 ]




(28)
Ĥ[tn ] = ĥ2,1 [t1 ] ĥ2,2 [t1 ] ω −(n−1) ĥ2,3 [t1 ]


ĥ3,1 [t1 ] ĥ3,2 [t1 ]
ĥ3,3 [t1 ]
where

 j2π 
.
ω , exp −
N

(29)

3) Group the resulting time slots t1 , . . . , tN together and mark them as “used” for the remainder of the matching
procedure.
4) If t1 < T /N , then increment t1 by 1 and loop back to Step 1. Otherwise, terminate the procedure.
Recall that, by design, multiplying a quantization point by an N th root of unity results in another quantization
point. Since there are exactly

1−γ T
|Ĥ| N

useable time slots in each subblock with quantized channel realization Ĥ, then

the procedure above places all useable time slots into matched groups.
Remark 1: Note that our scheme only requires instantaneous CSI at the transmitters. In other words, each
transmitter can determine what to transmit at time t using only knowledge of H[t], H[t − 1], . . . , H[1] (or their
quantized values).
4 Since

T will eventually be taken to infinity, we can safely assume that this quantity is integer-valued.
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B. Fourier Modulation and Alignment
As discussed earlier, inducing lattice alignment over a single channel matrix with a linear strategy is infeasible.
Our scheme takes N matched time slots and produces N − 1 lattice-aligned effective channels at each receiver. The
key idea is to exploit the phase offset for ĥ2,3 [tn ] to change the effective channels over which the symbols from
transmitter 3 symbols arrive at receiver 2. This symbol index shift provides the flexibility needed to induce lattice
alignment, just as in the motivating example.
To transform the phase offsets into a symbol index shift, we will modulate our symbols using the Discrete Fourier
Transform (DFT). Define the DFT matrix

1


1


W , 1

 ..
.

1

···

1

1

ω

ω2

ω2
..
.

ω4
..
.

ω N −1

ω 2(N −1)

W−1

1



1
1 

=
1
N
 ..
.


1

1

ω −1

ω −2

ω −2
..
.

ω −4
..
.

1 ω −(N −1)



ω N −1 


· · · ω 2(N −1) 

..

..

.
.


···

as well as the inverse DFT matrix





1

· · · ω (N −1)
···

(30)

2



1



ω −(N −1) 


· · · ω −2(N −1) 

..

..

.
.

···

ω −2(N −1)

· · · ω −(N −1)

(31)

2

We also define the following matrix whose diagonal contains the N th roots of unity,
F , diag



1 ω −1 ω −2 · · · ω −(N −1) .

From the time-shifting property of the DFT [57, Table 3.7], it follows that
  

s2
s1
  

 ..   .. 
 .   . 
 =  .
W−1 FW 
  

sN −1  sN 
  

sN

(32)

(33)

s1

We now describe our alignment scheme. Consider any group of matched time slots t1 , . . . , tN and define






zk [t1 ]
yk [t1 ]
xℓ [t1 ]






 . 
 . 
 . 
(34)
xℓ =  ..  yk =  ..  zk =  .. 






zk [tN ]
yk [tN ]
xℓ [tN ]


Dk,ℓ = diag hk,ℓ [t1 ], . . . , hk,ℓ [tN ]
(35)

We can then concisely express the k th channel output as
yk =

3
X

Dk,ℓ xℓ + zk .

ℓ=1
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It will be useful to express the channel outputs in terms of the quantized channel gains. Specifically, by defining
D̂k,ℓ = diag
ẑk =

3
X
ℓ=1

we can write



ĥk,ℓ [t1 ] · · · ĥk,ℓ [tN ]

(Dk,ℓ − D̂k,ℓ )xk + zk ,

yk =

3
X



(36)
(37)

D̂k,ℓ xℓ + ẑk .

ℓ=1

The ℓth transmitter has N − 1 complex symbols sℓ,1 , . . . , sℓ,N −1 to convey over these N matched time slots. For
notational convenience, we also define sℓ,N = 0. Each symbol has an associated scaling coefficient βℓ,n ∈ C that
will be chosen to induce lattice alignment. Define


sℓ,1


 . 
sℓ =  .. 


sℓ,N


βℓ,1


 . 
βℓ =  ..  .


βℓ,N


(38)

To generate the channel input vector, we scale the symbols and then take the DFT,
xℓ = W diag(βℓ )sℓ .

In order to meet the power constraint, each symbol is assumed to have average power P/N .
The k th receiver creates N effective channels by taking the inverse DFT:
ỹk = W−1 yk
=

3
X

(39)

W−1 D̂k,ℓ W diag(βℓ )sℓ + z̃k

(40)

ℓ=1

where z̃k = W−1 ẑk is a mixture of Gaussian noise and quantization noise. Using the quantization error bound (24),
the variance5 of each element of z̃k is at most


1
π 2 KP
1+ 2 2 .
N
ν N

(41)

From (28), the quantized channel gains satisfy


ĥk,ℓ I (k, ℓ) 6= (2, 3),
D̂k,ℓ =

ĥ2,3 F (k, ℓ) = (2, 3).

(42)

Var(zk,n ) ≤

Define ĥk,ℓ = ĥk,ℓ [t1 ]. For n = 1, . . . , N − 1, we can use (33) to express the effective channel outputs as
ỹ1,n = ĥ1,1 β1,n s1,n + ĥ1,2 β2,n s2,n + ĥ1,3 β3,n s3,n + z̃1,n
ỹ2,n = ĥ2,1 β1,n s1,n + ĥ2,2 β2,n s2,n + ĥ2,3 β3,n+1 s3,n+1 + z̃2,n
ỹ3,n = ĥ3,1 β1,n s1,n + ĥ3,2 β2,n s2,n + ĥ3,3 β3,n s3,n + z̃3,n .
5 Strictly

speaking, the variance is evaluated with respect to both the randomness of the noise and the randomness of the codebooks.
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where ỹk,n and z̃k,n are the nth entries of ỹk and z̃k , respectively.
To determine the scaling and integer coefficients as well as resulting lattice-aligned effective channels, we start
by setting β3,1 = 1 and n = 1, and then run the following procedure:
1) Align interference in ỹ1,n :
If |ĥ1,2 | ≥ |ĥ1,3 ||β3,n |, set
b1,n =

$

|ĥ1,2 |

|ĥ1,3 ||β3,n |

%

β2,n =

b1,n ĥ1,3 β3,n
ĥ1,2

ỹ1,n = ĥ1,1 β1,n s1,n + ĥ1,3 β3,n (b1,n s2,n + s3,n ) + z̃1,n .
Otherwise, if |ĥ1,2 | < |ĥ1,3 ||β3,n |, set
&
'
|ĥ1,3 ||β3,n |
b1,n =
|ĥ1,2 |

β2,n =

ĥ1,3 β3,n
b1,n ĥ1,2

ỹ1,n = ĥ1,1 β1,n s1,n + ĥ1,2 β2,n (s2,n + b1,n s3,n ) + z̃1,n .
2) Align interference in ỹ3,n :
If |ĥ3,1 | ≥ |ĥ3,2 ||β2,n |, set
b3,n =

$

|ĥ3,1 |

|ĥ3,2 ||β2,n |

%

β1,n =

b3,n ĥ3,2 β2,n
ĥ3,1

ỹ3,n = ĥ3,3 β3,n s3,n + ĥ3,2 β2,n (b3,n s1,n + s2,n ) + z̃3,n .
Otherwise, if |ĥ3,1 | < |ĥ3,2 ||β2,n |, set
'
&
|ĥ3,2 ||β2,n |
b3,n =
|ĥ3,1 |

β1,n =

ĥ3,2 β2,n
b3,n ĥ3,1

ỹ3,n = ĥ3,3 β3,n s3,n + ĥ3,1 β1,n (s1,n + b3,n s2,n ) + z̃3,n .
3) Align interference in ỹ2,n :
If |ĥ2,3 | ≥ |ĥ2,1 ||β1,n |, set
b2,n =

$

|ĥ2,3 |

|ĥ2,1 ||β1,n |

%

β3,n+1 =

b2,n ĥ2,1 β1,n
ĥ2,3

ỹ2,n = ĥ2,2 β2,n s2,n + ĥ2,1 β1,n (s1,n + b2,n s3,n+1 ) + z̃2,n .
Otherwise, if |ĥ2,3 | < |ĥ2,1 ||β1,n |, set
'
&
|ĥ2,1 ||β1,n |
b2,n =
|ĥ2,3 |

β3,n+1 =

ĥ2,1 β1,n
b2,n ĥ2,3

ỹ3,n = ĥ3,3 β3,n s3,n + ĥ2,3 β2,n+1 (b2,n s1,n + s3,n+1 ) + z̃2,n .
4) If n < N − 1, increment n by 1 and loop back to Step 1. Otherwise, terminate the procedure.
For completeness, we also set β1,N = β2,N = 1.
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Overall, the k th receiver observes N − 1 effective channels of the form
ỹk,n = gk,n sk,n + gint,k,n sint,k,n + z̃k,n

(43)

where
1
|hk,k | ≤ |gk,n | ≤ |hk,k |
2

(44)

1
min |hk,ℓ | ≤ |gint,k,n | ≤ min |hk,ℓ |,
ℓ6=k
2 ℓ6=k

(45)

and sint,k,n is an integer-linear combination of (at most) two interfering symbols. From the perspective of each
receiver, each symbol appears in exactly one effective channel (if we ignore its small contribution to the quantization
error). The phases of gk,n and gint,k,n are independent and uniform over Q. We will ignore the N th channel at each
receiver. Next, we will show how to code over these effective channels.
C. Lattice Coding
The users select their codewords from nested lattice codebooks so that integer-linear combinations of codewords
are themselves codewords. This allows us to use the compute-and-forward scheme to first decode the integer-linear
combination of interfering codewords, cancel out its contribution to the channel observation, and finally decode the
desired codeword.
We will code across each quantized channel realization separately. Using the compute-and-forward frame, power P/N , and rate
work [18], the ℓth user selects a nested lattice codebook Cℓ with blocklength (1−γ)T
|Ĥ|N


π 2 KP
R̃ℓ = log(1 + |hℓ,ℓ |2 P ) − 3 − log 1 + 2 2 .
L N

(46)

(Ĥ)

It then splits its message mℓ into (N −1)|Ĥ| equal-rate submessages mℓ,n , one for each subchannel n ∈ {1, . . . , N −
(Ĥ)

1} and quantized channel realization Ĥ ∈ Ĥ. The submessage mℓ,n is then mapped to the corresponding nested
(Ĥ)

lattice codeword sℓ,n ∈ Cℓ .
For each quantized channel realization Ĥ ∈ Ĥ, we group together all

(1−γ)T
|Ĥ|N

useable time slots from the first

subblock for which Ĥ[t] = Ĥ. Using the modulation and alignment scheme described above, the ℓth transmitter
(Ĥ)

(Ĥ)

sends the codewords sℓ,1 , . . . , sℓ,N −1 over these time slots. It then repeats these codewords over the matched time
slots in the remaining N −1 subblocks, again following the modulation and alignment scheme. Note that the average
transmit power is at most (N − 1)P/N , which meets the power constraint.

The k th receiver observes its desired codewords over N − 1 effective channels of the form
(Ĥ)

(Ĥ) (Ĥ)

(Ĥ)

(Ĥ)

(Ĥ)

ỹk,n = gk,n sk,n + gint,k,n sint,k,n + z̃k,n
(Ĥ)

(Ĥ)

(47)

(Ĥ)

where |gk,n | and |gint,k,n | satisfy (44) and (45), respectively, sint,k,n is an integer-linear combination of two interfering
(Ĥ)

codewords, and z̃k,n is the effective noise, which consists of both channel noise and quantization error, and
satisfies (41).
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(Ĥ)

Before recovering its desired codeword sk,n , the k th receiver first decodes the interference while treating the
desired codeword as noise. It follows from [18, Theorem 3] and [58, Lemma 5] that the integer-linear combination
(Ĥ)

(Ĥ)

sint,k,n can be decoded successfully from ỹk,n if the rates of all interfering codebooks satisfy
(Ĥ)

R̃ℓ < log SINRint,k,n
where



(Ĥ)

gint,k,n

(Ĥ)

SINRint,k,n ,
≥

(Ĥ) 2 P
N

gk,n

+

1
N

ℓ 6= k

(48)

2P
N

1+

π 2 KP
L2 N 2

minℓ6=k 41 |hk,ℓ |2 P

|hk,k |2 P + 1 +

π 2 KP
L2 N 2

(49)



(50)



where the inequality follows from (44) and (45). From the very strong interference condition (13), we know that
the rate of the ℓth user satisfies




π 2 KP
minℓ6=k |hk,ℓ |2 P
−
3
−
log
1
+
R̃ℓ < log 1 +
|hk,k |2 P + 1
L2 N 2




π 2 KP
minℓ6=k |hk,ℓ |2 P
−
2
−
log
1
+
< log
|hk,k |2 P + 1
L2 N 2




minℓ6=k 41 |hk,ℓ |2 P
π 2 KP
= log
− log 1 + 2 2
|hk,k |2 P + 1
L N
(Ĥ) 
< log SINRint,k,n ,

(51)
(52)
(53)
(54)

and thus the interference can be decoded with vanishing probability of error.
(Ĥ)

(Ĥ)

(Ĥ)

(Ĥ)

Next, the k th receiver forms the effective channel ỹk,n − gint,k,n sint,k,n and attempts to decode sk,n . Since


R̃k < log 1 +

1
2
4 |hk,k | P
2
1 + πL2KP
N2





(Ĥ) 2
gk,n P
≤ log 1 +
,
2
1 + πL2KP
N2

(55)

decoding succeeds with vanishing probability of error.
Summing across all quantized channel realizations and normalizing by the total number of time slots T , we find
that the achievable rate for the ℓth transmitter is
Rℓ =

N −1
1−γ X X

|Ĥ|N

R̃ℓ .

(56)

n=1 Ĥ∈Ĥ

Taking the quantization parameter L to zero, we get that
lim Rℓ =

L→0

N −1

1−γ X
log(1 + |hℓ,ℓ |2 P ) − 3
N n=1

(57)

Taking the number of subblocks N to infinity and then the typicality parameter γ to zero, we find that the rates
Rℓ = log(1 + |hℓ,ℓ |2 P ) − 3

(58)

are achievable for ℓ = 1, . . . , K.
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VI. P ROOF

OF

T HEOREM 1 FOR K > 3 U SERS

The achievability proof for K > 3 users employs the same basic components as in the K = 3 user case:
channel matching, Fourier modulation and alignment, and lattice coding. The main difference is that, following the
alignment scheme of Cadambe and Jafar [3], we need a much larger set of beamforming vectors. We will match
up time slots based on quantized channel matrices, using the quantization scheme in Section IV. Recall that this
results in two sources of rate loss. First, some time slots are ignored since their quantized channel matrices do not
find a match. Second, the alignment and equalization is carried out imperfectly due to quantization error. However,
as the typicality parameter γ tends to 0 and the quantization parameter L and the blocklength T tend to infinity,
both sources of rate loss vanish. Since the analysis of these rate loss terms can be directly inferred from the K = 3
user case, we will assume hereafter that ĥk,ℓ [t] ≈ hk,ℓ [t] (i.e., the quantization parameter L is very large) and that
all but a o(1) fraction of time slots are useable (i.e., the typicality parameter γ is very small). This will allows us
to streamline the proof.
A. Channel Matching
Let M be a natural number that will be specified later and define
N = (M + 1)K

2

dk,ℓ = (M + 1)(ℓ−1)K+(k−1) .

(59)
(60)

We will divide the T channel realizations into N consecutive subblocks, each of length T /N . As before, the nth
subblock refers to the time slots from t = (n − 1)T /N + 1 to t = nT /N . Initialize t1 = 1 and search for the first
unmatched time slots t2 , . . . , tN in subblocks n = 2, . . . , N , respectively, that satisfy
hk,ℓ [tn ] = ω −(n−1)dk,ℓ hk,ℓ [t1 ] ∀k, ℓ ∈ {1, . . . , K}.

(61)

These time slots t1 , . . . , tN are set aside as a matched pair, t1 is incremented by 1, and we repeat the search.6 This
process continues until t1 = T /N and will match up nearly all time slots (if the sequence of channel realizations
is typical).
B. Fourier Modulation and Alignment
Consider any group of matched time slots t1 , . . . , tN and define the associated channel input, output, and noise
vectors according to (34) as well as the diagonal channel gain matrices according to (35). Due to the matching
condition (61), the diagonal channel gain matrices satisfy
Dk,ℓ = hk,ℓ Fdk,ℓ

(62)

where hk,ℓ , hk,ℓ [t1 ] and F is defined in (32).
6A

vanishing fraction of time slots will not be matched, and should be ignored as in Section V-A.
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The codeword symbols will be carried along the following set of beamforming vectors:
(
)

Y
dk,ℓ ik,ℓ
V=
βk,ℓ,ik,ℓ F
1 : ik,ℓ ∈ {0, 1, . . . , M − 1}

(63)

k,ℓ

where the scaling coefficients βk,ℓ,ik,ℓ will be used later on to create lattice-aligned subchannels. It is shown in [53,
2

p.3826] that the M K beamforming vectors in V are orthogonal to one another. Moreover, the values of the indices

ik,ℓ : k, ℓ ∈ {1, . . . , K} that identify each beamforming vector can be uniquely determined from the sum
P
k,ℓ dk,ℓ ik,ℓ .
2

Each transmitter has M K complex symbols {sℓ,v : v ∈ V} to convey over the N matched time slots. As implied

by our notation, each beamforming vector is scaled by the associated complex symbol, and the transmitter sends
the sum of the resulting vectors,
xℓ =

X

v sℓ,v .

(64)

v∈V

The channel output vector is thus
yk =

K
X

Dk,ℓ xℓ + zk

(65)

ℓ=1

=

K X
X

Dk,ℓ v sℓ,v + zk

(66)

hk,ℓ Fdk,ℓ v sℓ,v + zk .

(67)

ℓ=1 v∈V

=

K X
X

ℓ=1 v∈V

Due to the Fdk,ℓ terms, the set of received beamforming vectors
(
)

Y
dk,ℓ ik,ℓ
Ṽ =
βk,ℓ,ik,ℓ F
1 : ik,ℓ ∈ {0, 1, . . . , M }

(68)

k,ℓ

2

is larger than the transmitted set V. As before, the N = (M + 1)K vectors in Ṽ are orthogonal to one another
P
and their indices can be uniquely determined from k,ℓ dk,ℓ ik,ℓ .
For each vector ṽ ∈ Ṽ, the k th receiver forms the effective channel output
ỹk,ṽ =
=

1 ∗
ṽ yk
βṽ N

(69)

K
1 XX
hk,ℓ ṽ∗ Fdk,ℓ v sℓ,v + z̃k,ṽ
βṽ N

(70)

ℓ=1 v∈V

where
βṽ =

Y

βk,ℓ,ĩk,ℓ

(71)

k,ℓ

is the product of the scaling coefficients for the indices ĩk,ℓ that identify ṽ and
z̃k,ṽ =

1 ∗
ṽ zk .
βṽ N

(72)

√
Since kṽk = βṽ N , we have that z̃k,ṽ ∼ CN (0, 1/N ).
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Due to the orthogonality of the beamforming vectors, only one symbol from each transmitter will be observed
in this effective channel. For ℓ = 1, . . . , K, define
ṽℓ =

βk,ℓ,ĩk,ℓ −1
βk,ℓ,ĩk,ℓ

F−dk,ℓ ṽ,

(73)

taking βk,ℓ,−1 = 0. The effective channel output can be expressed as
ỹk,ṽ =

K
1 X
hk,ℓ ṽ∗ Fdk,ℓ ṽℓ sℓ,ṽℓ + z̃k,ṽ
βṽ N

(74)

ℓ=1

=

K
βk,ℓ,ĩk,ℓ −1
kṽk2 X
sℓ,ṽℓ + z̃k,ṽ
hk,ℓ
βṽ N
βk,ℓ,ĩk,ℓ

(75)

ℓ=1

= βṽ

K
X

hk,ℓ

βk,ℓ,ĩk,ℓ −1
βk,ℓ,ĩk,ℓ

ℓ=1

sℓ,ṽℓ + z̃k,ṽ .

(76)

Note that each symbol will appear in exactly one effective channel output at each receiver.
We now select the scaling coefficients to induce lattice alignment. First, we set βk,k,ik,k = 1 for k = 1, . . . , K
and ik,k = 0, . . . , M to obtain


X
βk,ℓ,ĩk,ℓ −1
sℓ,ṽℓ + z̃k,ṽ .
hk,ℓ
ỹk,ṽ = βṽ hk,k sk,ṽk +
βk,ℓ,ĩk,ℓ
ℓ6=k

Next, we define
ℓk,min = arg min |hk,ℓ |

(77)

ℓ6=k

to be the index of the weakest interferer observed at receiver k, and set βk,ℓk,min ,ik,k = 1 for k = 1, . . . , K and
ik,k = 0, . . . , M as well. Now, for each k ∈ {1, . . . , K} and ℓ ∈ {1, . . . , K} \ {k, ℓk,min}, we set
βk,ℓ,0 = 1,
and recursively select integer and scaling coefficients for ik,ℓ = 1, . . . , M as follows:


|hk,ℓ |
bk,ℓ,ik,ℓ =
|βk,ℓ,ik,ℓ −1 |
|hk,ℓk,min |
hk,ℓ βk,ℓ,ik,ℓ −1
.
βk,ℓ,ik,ℓ =
hk,ℓk,min bk,ℓ,ik,ℓ

(78)

(79)
(80)

This yields the following effective channels:


X
bk,ℓ,ĩk,ℓ sℓ,ṽℓ + z̃k,ṽ ,
ỹk,ṽ = βṽ hk,k sk,ṽk + hk,ℓk,min
ℓ6=k

and guarantees that
1
2K 2

≤ |βṽ | ≤ 1.

(81)

2

Overall, the k th receiver has M K desired symbols, each of which is seen across an effective channel associated
with a unique beamforming vector from Ṽ. By indexing these effective channels and symbols with index n =
2

1, . . . , M K , we obtain effective channels of the form

ỹk,n = gk,n sk,n + gint,k,n sint,k,n + z̃k,n
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where
1
|hk,k | ≤ |gk,n | ≤ |hk,k |
2K 2

(83)

1
min |hk,ℓ | ≤ |gint,k,n | ≤ min |hk,ℓ |,
ℓ6=k
2K 2 ℓ6=k

(84)

and sint,k,n is an integer-linear combination of (at most) K − 1 interfering symbols. From the perspective of each

receiver, each symbol appears in exactly one effective channel. At each receiver, we will ignore the N − M K

2

effective channels that do not carry a desired symbol. In the next section, we evaluate the rate attainable over these
effective channels via lattice coding.
C. Lattice Coding
The lattice coding scheme for K > 3 users is very similar to that for K = 3 users. We summarize the key
differences below, noting that we have intentionally omitted the effect of channel quantization.
Using the compute-and-forward framework [18], the ℓth user selects a nested lattice codebook Cℓ with power
P/N and rate
R̃ℓ = log(1 + |hℓ,ℓ |2 P ) − 2K 2 − 1 .

(85)

It then splits its message into equal-rate submessages according to the total number of subchannels (which will
depend on the channel quantization process). Each submessage is then mapped to a nested lattice codeword.
For a given channel realization H, we group together all useable time slots from the first subblock for which
H[t] = H. Using the modulation and alignment scheme described above, the ℓth transmitter sends the codewords
(H)

(H)

sℓ,1 , . . . , sℓ,M K 2 over these time slots. It then repeats these codewords over the matched time slots in the remaining
N − 1 subblocks, again following the modulation and alignment scheme. Note that the average transmit power is
2

at most

MK P
(M+1)K 2
th

, which meets the power constraint.
2

The k receiver observes its desired codewords over M K effective channels of the form
(H)

(H) (H)

(H)

(H)

(H)

ỹk,n = gk,n sk,n + gint,k,n sint,k,n + z̃k,n
(H)

(H)

(86)

(H)

where |gk,n | and |gint,k,n | satisfy (83) and (84), respectively, sint,k,n is an integer-linear combination of at most
(H)

K − 1 interfering codewords, and z̃k,n is the effective noise of variance 1/N .

As before, the k th receiver first decodes the interference while treating the desired codeword as noise. Using [18,
(H)

Theorem 3] and [58, Lemma 5], the integer-linear combination sint,k,n can be decoded with vanishing probability
(H)

of error from ỹk,n if the rates of all interfering codebooks satisfy
(H)

R̃ℓ < log SINRint,k,n
where



ℓ 6= k

2P
N

(H) 2 P
+ N1
gk,n N

(87)

(H)

(H)
SINRint,k,n

,

≥
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gint,k,n

1

22K 2

minℓ6=k |hk,ℓ |2 P
|hk,k |2 P + 1

(88)
(89)
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and the inequality follows from (83) and (84). From the very strong interference condition (13), we know that the
rate of the ℓth user satisfies


minℓ6=k |hk,ℓ |2 P
− 2K 2 − 1
R̃ℓ < log 1 +
|hk,k |2 P + 1


minℓ6=k |hk,ℓ |2 P
< log
− 2K 2
|hk,k |2 P + 1
(H) 
= log SINRint,k,n ,

(90)
(91)
(92)

which implies the interference is recovered successfully.

(H)

(H)

(H)

(H)

The k th receiver then forms the effective channel ỹk,n − gint,k,n sint,k,n and attempts to decode sk,n . Since


1
(H) 2 
2
(93)
R̃k < log 1 + 2K 2 |hk,k | P ≤ log 1 + gk,n P ,
2

decoding succeeds with vanishing probability of error.

Overall, the achievable rate for the ℓth transmitter is
2

MK
R̃ℓ .
Rℓ =
(M + 1)K 2

(94)

By sending the parameter M to infinity, it follows that the rates
Rℓ = log(1 + |hℓ,ℓ |2 P ) − 2K 2 − 1

(95)

are achievable for ℓ = 1, . . . , K.
VII. C ONCLUSIONS
In this paper, we demonstrated that, for regimes where interference alignment is needed, capacity approximation
can be more tractable for time-varying, rather than static, channel phases. We approximated the capacity region of
the K-user very strong Gaussian interference channel with time-varying phase to within 2K 2 − 1 bits per user.
It seems likely that this approach can be applied to approximate the capacity in other interference regimes. For
instance, if all receivers are in the strong interference regime, we conjecture that the approximate capacity region
takes the form of the two-user strong regime capacity region, applied pairwise to all users.
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