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Abstract

This paper develops a new communication strategyodic interference alignmenfior the K -user interference
channel with time-varying fading. At any particular timeoch receiver will see a superposition of the transmitted
signals plus noise. The standard approach to such a sceeatilis in each transmitter-receiver pair achieving a
rate proportional tol /K its interference-free ergodic capacity. However, given well chosen time indices, the
channel coefficients from interfering users can be made sztgxcancel. By adding up these two observations,
each receiver can obtain its desired signal without anyfertence. This technique allows each user to achieve at
least1/2 its interference-free ergodic capacity at any signaldesa ratio. Prior interference alignment techniques
were only able to attain this performance as the signaleieenratio tended to infinity. Extensions are given for
the case where each receiver wants a message from more thamaosmitter as well as the “X channel” case
(with two receivers) where each transmitter has an indepetntiessage for each receiver. Finally, it is shown how
to generalize this strategy beyond Gaussian channel mdéeisa class of finite field interference channels, this
approach yields the ergodic capacity region.

Index Terms

Interference channels, interference alignment, fasnfadime-varying channels

. INTRODUCTION

ConsiderK transmitter-receiver pairs that communicate over a wéelghannel on the same frequency band. If
the users are not allowed to cooperate, it is clear that goeicutransmissions will interfere with one another. The
key question is at what rate can each pair communicate inrdmepce of interference from all other pairs. If only
one pair is active, this reduces to an interference-freetgotpoint communication problem for which the capacity
is known. Intuitively, it seems that the best possible salhdar K active pairs would allow each transmitter to
operate at roughlyt /K its interference-free capacity. Surprisingly, througheavrstrategy known asterference
alignment[1], [2], it is possible to have each transmitter operateted way up tol /2 its interference-free capacity.
The basic idea is that, from the viewpoint of each receive, interference should look as if it originated from
a single user. For the interference channel, Cadambe and de¥eloped a vector space alignment strategy over
many parallel channels (which can be obtained by using pleltirequency bands or time instances). The end
result is that each receiver sees its desired signal in halfdimensions while the interfering signals occupy the
other half and each user can approa¢h its interference-free capacity as the signal-to-noise 8NR) goes to
infinity [2]. In this paper, we propose a simple new stratemggodic interference alignmenthat permits each user
to achieve at least half its interference-free capacityngt BNR. At its heart, our scheme relies on the availability
of time-varying, independent channel coefficients thatdzeavn from distributions with uniform phase.
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We now provide a high level description of our scheme. Assuha¢ the K transmitters send out signals

X1, Xo,..., Xk at timet under channel matrifH = {h;,} and that each receiver observes:
K
Vilt] = hieXe + Zi[] (1)
=1

where Z;[t] is independent and identically distributed (i.i.d.) ad@itnoise. The transmitters wait until the com-
plementary channel matrids occurs at timetc where

hi1 —hi2 -+ —hik
—ho1  hee -+ —hog
Hc = . . . )
—hk1 —hke -+ hgk
and then resend’{, X, ..., Xi. This gives each receiver access to
Y [tc] = hpp X + Z hpeXp + Zy, [tc] (3)
£k
which it can add toyy[t] to get
Yilt] + Yilte] = 2hen Xy + Zi[t] + Zitc] - 4)

So, for the cost of two channel uses, we can get an interferfflee channel. The observant reader will have noticed
that, for most reasonable fading distributions, any siffile € CX*% has measure zero and will effectively never
occur. Fortunately, for our purposes, it is enough to waill time channel matrix is fairly close tBl - to retransmit
the signals. The description above is meant only to illustthe key principles at work and we will make our
analysis rigorous in the sequel.

In some scenarios, each receiver may wish to recover moreahe of the transmitted messages. Assume each
receiver wantd. messages out of th& > L. messages that were transmitted. We can think of these messaag
unknown variables and allocate one additional unknowratdeifor the remaining transmitted messages which act
as interference. If the transmitters send out the samelsignar L + 1 appropriately chosen channel matrices, the
receivers will have enough “equations” to eliminate thesiférence and solve for their desired messages. We will
generalize our ergodic alignment scheme to this scenadashow that it can also be applied to an X channel with
two receivers that each want an independent message framtraasmitter.

In the Gaussian case, each receiver can simply add up itsvalisas from paired channel matrices and then
try to recover its desired messages. This is because thedesjnal is combinedoherentlywhile the noise is not
which boosts the effective signal-to-noise ratio (SNR)r Bther channel models, it may be beneficial to remove
the noise prior to combining the two observations. We wilindastrate this through the derivation of the capacity
region of a finite field interference channel with time-vaxyichannel coefficients. Here, the optimal strategy is to
reliably decode equations of the transmitted messageg ttsincomputation codes developed in [3] and then solve
for the desired messages.

A. Related Work

To date, the capacity region of the Gaussian interfereneara is unknown except in some special cases. If
the interference strength at each receiver is very strdray) tt has been shown that it is optimal to first decode
the interference and then extract the desired message@J4EEdnversely, if the interference strength is very weak,
it is optimal to treat the interference as noise [8]-[10]r B two-user case, Etkin, Tse, and Wang showed that a
version of the Han-Kobayashi scheme [6] is approximatelynugd and achieves the capacity region to within one
bit [11].

For interference channels with® > 2 transmitter-receiver pairs, interference alignment [2], [12] offers
substantial rate gains. Specifically, Cadambe and Jafashi@jved thatK /2 degrees-of-freedom are attainable
using an alignment scheme that exploits instantaneousehatate information at the transmitters (CSIT), coding
across many parallel channels [7], [13], and taking a higiR3izit. Subsequent work has focused on developing
alignment strategies that can operate outside of this mgim
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One natural question following the results in [2] is whetllee same gains are attainable at finite SNR. This
paper answers this question in the affirmative through a rigmraent strategy (under an additional condition on
the channel coefficient phases). In concurrent work to our,d&on and Chung have developed a similar alignment
strategy for finite-field interference networks [14]. Foriagse-hop interference network, they match up pairs of
channel matrices as we do to get interference-free charff@ls multi-hop network, they use subsequent hops to
invert the channel matrix from the first hop. In parall®giir and Tse examined the interference alignment scheme
of Cadambe and Jafar [2] and found a lower bound on the rataitd SNR for phase fading [15]. Earlier work
by Grokop, Tse, and Yates developed an alignment scheménfot-sight interference channels with provably
good rates at finite SNR [16].

Several groups have recently applied the techniques dexelbere to derive tighter capacity scaling laws for
dense wireless networks. Jafar showed that for transpanétaiver pairs distributed uniformly in the unit square,
ergodic alignment yields the exact capacity as the netwiagk goes to infinity [17]. Subsequent work by Aldridge,
Johnson, and Piechocki extended this result to a broades ofanode placement distributions [18]. Niesen studied
multi-hop networks withX nodes with unicast and multicast traffic and found upper anet bounds that differed
by only alog K factor. For the multiple-access wiretap channel, Bassiy Blukus have developed a variant of
our technique that pairs channel realizations to minimiee ibformation leaked to the eavesdropper [19].

Another natural question is whether interference alignmerpossible over static channels. Bresler, Parekh,
and Tse demonstrated that alignment can be achieved onghal sicale using lattice codes and employed this
strategy to approximate the capacity of the many-to-ond ¢ae-to-many) interference channel to within a constant
number of bits [20]. Lattice-based codes have also been taselaracterize a “very strong” regime [21] as well
as the generalized degrees-of-freedom [22] for symmattirfierence channels. Recent efforts have attempted to
generalize this approach to fully-connected interferesi@nnels [23], [24]. Motahagt al. found that/K /2 degrees-
of-freedom are achievable (up to a set of channel matricasezfsure zero) by embedding alignment vectors into
scalar irrationals [25]. However, for rational coefficignthe degrees-of-freedom is strictly less théf2 as shown
by Etkin and Ordentlich [26].

Recent work has also strived to characterize the gains efitiralignment strategies using limited channel
realizations. FoB-user interference channels, Cadambe, Jafar, and Wangedhibzat linear precoding combined
with asymmetric complex signaling offers alignment gaias d single channel realization [27]. Subsequent work
by Bresler and Tse found the degrees-of-freedom for synierigtear alignment for an arbitrary number of channel
realizations [28]. Very recent work has developed feasgjbilonditions on symmetric linear alignment over a single
channel realization of & -user MIMO interference channel [29], [30].

Another interesting line of recent work has developed atignt schemes that do not require instantaneous CSIT.
For instance, if the channel coefficients are appropriatelyelated, alignment is possible without any CSIT [31].
For independent channel coefficients, alignment is stifisiade with delayed CSIT [32]-[36], although, in general,
the gains are not as high as in the instantaneous case.

For a more comprehensive overview of the alignment liteeatwe point to a recent survey [37].

B. Paper Organization

The next section provides a formal problem statement fottithe-varying interference channel and Section Il
develops a quantization scheme that will be useful for owlyesis. In Section IV, we show that each receiver
can achieve at least half its interference-free rate at afiR. Section V generalizes this result to the case where
each receiver wants more than one message. In Section Vlitarag to extend our scheme to the X channel and
give a scheme that works for tt2ereceiver case. All of the prior schemes operate on the sytabel; in Section
VII, we show that for non-Gaussian channels, sometimes eaxdiver should denoise its received signals prior
to combining them. Finally, Appendix A provides upper bosiridr the Gaussian case and Appendix B reviews a
useful result from computation coding.

Il. TIME-VARYING GAUSSIAN INTERFERENCECHANNEL

There areK transmitter-receiver pairs that communicate across @awaand wireless channel ov&rtime steps
(see Figure 1).
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Fig. 1. K-user Gaussian interference channel with time-varyingiebhcoefficients.

Definition 1 (Messages)Each transmitter has messagen, chosen independently and uniformly from the set
{1,2,...,2"} for someR, > 0. ]

Definition 2 (Encoders)Each transmitter has aencoding function&, : {1,2,...,2"%} — C7, that maps its
messagen, into a lengthT channel input{ X,[¢]}._, that satisfies th@ower constraint

1 T 2
7| Xeltl| < P (5)
t=1

Definition 3 (Channel Model)The channel output observed by each receiver is a noisyrlic@abination of

the inputs

K

Yilt] = hee[t] Xet] + Zi[t] (6)

=1
where theh;,[t] are time-varying channel coefficients afg[t| is additive i.i.d. noise and drawn from a circularly
symmetric complex Gaussian distribution with unit varieng[t] ~ CN(0,1). Let H[t] = {hx[t]} denote the
matrix of channel coefficients at time Each entry of this matrix is independent of the others fortand the
channel matrix itself is i.i.d. across time,

K K
fa(H) = TT TT fre (hie) @)
k=1/=1
T
fapp-mmH, . He) =T fa(H) - (8)
t=1

We assumethat the phase of each channel coefficient is drawn accotdiaginiform distribution and independent
from its magnitude,

fa,(h) = fn,(e°h) VYheC,bel0,2n) . (9)

The transmitted symbols at timecan depend on the channel realizations up to and including #i This is the
usual notion of causal CSIT. L& [t] = {hx[t]} denote the matrix of channel coefficients at time
Remark 1:Channel coefficients that change at every time step are odferred to as a fast fading process. For
our considerations, we just need that there is sufficieniatran of the channel coefficients over the duration of
the codewords. The assumption that the channel coefficéeatsi.d. across time is taken to simplify the analysis.
Remark 2:We can model the effect of different power constraints ahesmsmitter and different noise variances
at each receiver by modifying the coefficient probabilitgtdbutions.

10Our main result depends critically upon this assumptiorhia gense that weakening it will reduce the rates achievedubgaheme.
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Definition 4 (Decoders)Each receiver has decoding functionD;, : CT — {1,2,...,2"Rk}, that maps its
length T observed channel outpgt’;[t]}7_, into an estimaten,, of its desired messagey.
Definition 5 (Achievable Rates)Ve say that a rate tupl@R;, Ro, ..., Rx) is achievablef for all ¢ > 0 andn

large enough there exist channel encoding and decodingidasc,, ..., x, Dy, ..., Dk such that
R,>Rp—e¢, k=12 K, (10)
P({m1¢m1}u...u{mK¢mK}) <e. (11)

Definition 6 (Capacity): The capacity regionis the closure of the set of all achievable rate tuples.

I1l. CHANNEL QUANTIZATION

Our scheme relies on matching up channel matrices so thahtingerence terms cancel out when we sum up
the matrices. Clearly, given any channel malx the probability that its exact compleméHi{- will occur is zero
(for continuous-valued fading). Thus, we can only match wgdrivesapproximately We will accomplish this by
guantizing the channel coefficients and matching up mati@sed on their quantized values. By taking finer and
finer quantizations, we can achieve the target rate in thig. lim

We also need to ensure that nearly all matrices that occubwisuccessfully paired up with their complements.
Since the coefficients are drawn i.i.d. from distributionghwiniform phase, the probability that the complement
of a channel matrix occurs in a given time step is the sameeagnbbability that the original matrix occurs. We
will constrain the quantized matrices to lie within a finitet by throwing out any matrices with coefficients larger
than a threshold. Finally, we choose the blocklength to bgel&nough so that the sequence of quantized channel
matrices is strongly typical with high probability. This ares that the empirical distribution of channel matrices
will be close to the true distribution which implies that ngaall matrices can be matched.

Let hyax denote the channel coefficient threshold. We will ignore alngnnel matrix that contains at least one
coefficient with magnitude larger thamax . Let

L2 {HeCr :|hy| > hyax for somek, ¢} (12)
denote the set of all matrices that violate the thresholdland
pE ]P’(H[t] € E) (13)

be the probability of some matrix in this set occurring atditn Note thatp is a decreasing function Giyax

We now define the quantization functigrfor the channel coefficients. The complex plane up to digtdmngax
from the origin is divided up into: disjoint rings of equal width. These rings are further sulatid into equal
segments based ap angles spaced equally betweerand 2. The parameterg andn are chosen to be large
enough such that the maximum distance between any two peithisn a segment i$ whered > 0 will be specified
later. Each segment is a quantization cell for the channefficaents which we represent by its centroid. Thus,
q(hie[t]) mapshy[t] to the centroid within its segment jfu.e[t]| < hvax . If |Are[t]| > hvax, theng(hyt]) maps
to an erasure symbdl. See Figure 2 for an illustration of this quantization sckem

Throughout the paper, we will match up channel coefficiertsebl on their quantization cells. For notational
convenience, let

hielt] 2 q(hielt]) (14)

denote the quantized channel coefficients.

One important aspect of this quantization scheme is thét eagment has the same probability of occurring
as any other segment within the same ring. Note that thisraispstrongly on the assumptions of uniform phase
and the independence of phase and magnitude. Ideally, wédvpair up channel coefficients to cancel out the
interference exactly. However, as explained above, thigoispossible at any finite blocklength. The following
lemma bounds the effect of combining channel coefficiensetan their quantization cells.
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m(hkg)

[ o BN

Fig. 2. Quantizing complex-valued channel coefficiehts with magnitude less thahmax to a finite set. Here, the number of rings is
x =5 and the number of segments per ringjis= 12. The maximum distance between any two points in a quantizatell is 4.

Lemma 1:Let hgglt1], hrelta], - - ., hre[tn] be channel coefficients with magnitudes less thanx. Then, for
anya, € C,
N N N
> anhieltnl| < 1 anhuelta]| +6 D |anl (15)
nj;l n=1 N n=1 N
Z anhieltn]| > max (0, Z anhieltn]| — 6 Z |an|>
n=1 n=1 n=1

whered is the maximum distance between any two points in a quartizaell.
Proof: Defineey[t,] £ hue[tn]—hie[tn]. Since the coefficient magnitudes are less thagy , then|ex[t,]| < 6.
By the triangle inequality,

N N R
Z anhie [tn] Z Qn (hkf [tn] + €ke [tn]) ‘
n=1 n=1

N N
<1 anhweltal| 46 lan] -
n=1 n=1
The second inequality follows similarly via the reversargle inequality. ]
Channel matrices are quantized simply by quantizing thedividual coefficients
H[t] £ hylt] - (16)

Let H denote the finite set onto which channel matrices are quehtiz
To facilitate our analysis, we will split th& time slots intoN consecutive blocks of'/N time slots each. Let

H(”)é<H[1+%], H[%D (17)

forne {1,2,...,N} and letH(™ denote the corresponding quantized sequence.
We now recall the notion of strong typicality for sequencésliscrete random variables and specialize it to
sequences of quantized channel matrices. We define

pa(H) £ P(H[] = A) (18)
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to be the probability under the fading distribution that @mhel matrix quantizes tfl € #. Also, define

#<H|ﬂ(">) 2 {t:f{[t] =R, 1+% <t< %}'

to be the number of quantized channel matrices withinsifieblock that are equal t6l .
Definition 7 (Strong Typicality):A block of quantized channel matricel(", is y-typical if

N PN L N
'T#(H\H(n)) —pg(A) <y VAEH. (19)

Lemma 2:For anye > 0 and T large enough, the probability that all blocE®) ... HW) are ~-typical is
lower bounded byl — e. A
Proof: From Lemma 2.12 in [38], the probability that a bloEK™ is ~-typical is at least

[H|N
g (20)
Since the blocks are independent, the probability thatlattks H®, ..., H®) are~-typical is lower bounded by
IV
<1 ) 21)

From our choice of quantization schem&(| = (k1 + 1)%°. Thus, (21) goes td asT goes to infinity which
completes the proof. |

We will only work with sequences of channel matrices thatatgpical and declare errors on the rest. This ensures
that nearly all time indices can be matched up appropriately

IV. ERGODIC INTERFERENCEALIGNMENT

Each transmitter-receiver pair would clearly be betterifoiif had exclusive access to the channel and faced no
interference from other users. Specificallyhjf;, = 0 V¢ # k, each receiver sees a point-to-point channel from its
transmitter and can achieve

Ry, =E[log (1 + |hl*P)] (22)

We call this theinterference-free ratand will use it as a benchmark to gauge our performance.

Remark 3:Note that this assumes a uniform power allocation acrogsvel slots and one can do better by using
the causal channel state information to optimize the poWecation [39]. For simplicity, we use a uniform power
allocation throughout our derivations. See [40] for a stoflypower allocation for fast fading-user interference
channels. The interplay of interference alignment and wiliteg is an interesting subject for future study.

A simple approach to interference management is to havertridtiers take turns using the channel, often referred
to as time-division. For instance, if we partition the chanequally between transmitters, each one can achieve

1
Ry = -E[log (1 + K |hi|*P)] (23)

The extraK factor inside the logarithm comes from saving up power wthiketransmitter is required to stay silent.
Under this approach, the sum rate stays nearly constant agldveisers to the network. Although this seems like
a fundamental performance barrier, we can in fact do mucteibasing interference alignment.

The main idea underlying alignment is to carefully desiga ttansmission scheme so that the effective interfer-
ence at each receiver appears as if it came from a singlentittes For the channel model under consideration,
Cadambe and Jafar showed that this is possible using a vegéme strategy [2]. In brief, their strategy groups
together several channel uses to get a (virtual) multipbed multiple-output (MIMO) interference channel. Each
transmitter is assigned a linear transformation based erattling realization with rank roughly equal to half the
number of channel uses. At each receiver, the interferigiged$ occupy one half of the dimensions while the desired
signal occupies the other half and can be extracted usimgfaering. This strategy allows the sum rate to increase
linearly with the number of users at high SNR. Recall tfiét) = o(g(x)) means thatim, ., f(x)/g(z) = 0.
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Theorem 1 (Cadambe-Jafarfor the time-varying Gaussian interference channel, e@tsmitter can achieve
a rate satisfying

Ry, = %log (14 P)+o(log(1+P)) . (24)

For a full proof, see [2, Theorem 1]. This result charactsithe “pre-log” term of the achievable rates (also
referred to as the degrees-of-freeddm) implies that, at sufficiently high SNR, each user can eehione half
its interference-free rate regardless of the number ofsuisethe network. We now set out to prove that each user
can achieve at least half its interference-free rate at ag.S

Theorem 2:For the time-varying Gaussian interference channel defim&kction Il, the rates

1
Ry, = SE[log (1 + 2| hyk| 2 P)] (25)

are achievable fok =1,2,..., K.

Proof: Choosee > 0. We will divide up theT  channel uses into two consecutive intervals of equal length
We quantize all channel realizations using the scheme itbescin Section Ill. Applying Lemma 2 withv = 2, it
follows that both blocks of'/2 channel uses arg-typical with probability at leastl — §) (with ~ to be specified
later). By Definition 7, this means that the number of ocawes of each possible quantized channel matrix in
each interval is bounded as follows:

2 (par(P) —) < #(AA) <

T
2 2

(pac(F) 1) (26)
for all A € .
If either interval is noty-typical, we declare an error. Otherwise, we know that ea@mtjzed matrix will occur

at Ieast% (pﬁ(ﬂ) — 7) times in each interval. A time slatin an interval is useable unless:

1) The channel matri([t] contains one or more elements with magnitude larger thatx . X
2) The channel matrid[t] does not violate the threshold but the corresponding qreshtmatrixH[t] has
already occurred at leasf(py; (H) — 7) times.

Assuming all intervals are-typical, the number of useable time slots per interval is

2 X (oa )| =[5 (10 ms))

F'Zilkg#r

Recall thatp is the probability the channel matrix contains an elemengeiathaniyax (which corresponds to the
guantized matrix containing an erasure symbplnd x andn are parameters in the channel quantization.

Each encoder uses an independent codelthokith rate 2, and length equal to the number of useable time
slots per interval. Each codebook is generated elementwigefrom a circularly symmetric Gaussian distribution
with variance slightly less tha® (to ensure that, for large blocklengths, the power congtiiai satisfied).

During the first interval, each transmitter sends out a neml®} from its codeword during each useable time
slot ¢; and records the corresponding quantized channel matl:ﬁels}. We match up each useable time sipt
from the first interval with a useable time slotfrom the second interval for which the quantized channelimat

A~

H]ts] is complementary

E}l[tl] —fL12[t1] e _}:llK[tl]
Fi[t,] — —h2:1 [t1] h22:[t1] : —h2f<[t1]
—ilkl[tl] —iLKQ[tl] e EKK[tl]

Note that this can be done using only causal channel knowlegiggreedily matching up time slots from the first
interval in the order in which they occur. To ensure thaf,, corresponds to a valid quantization cell, we constrain
the number of angles (given by to be even. Since each channel coefficient has uniform pl#isef the useable

Note that this high SNR result does not depend on the unifdras@ assumption.
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time slots from the first interval can be matched with usedibde slots from the second interval (assuming that
the intervals arey-typical).

Each receiver adds up its observations from the first intéovthe matched observations in the second time slot
Yi[t1] + Yi[t2]. We now calculate the resulting signal-to-interferenod-aoise ratio §INR) at each receiver. The
channel coefficient corresponding to the desired signargs to the same quantization cell in matched time slots,
hiilt1] = hiitz]. From Lemma 1, we have that

|hkk[t1] + hkk [tg” > max (QVka[tlH — 2(5, 0) (27)
> max (2|hkk[t1” — 4(5, 0) (28)

whered is the maximum distance between any two points in a quaidizaell. It follows that the signal power
in Yi[t1] + Yi[to] for the symbolXy[t;] is at least

(2|hk[tr]| — 46)* P (29)
if |hkk[t1]| > 20. For interfering signals, the channel coefficients fromehat time slots satisf&kg[tl] = —iLM[tQ].
Applying Lemma 1, we get that

|hkk[t1] + hkk[tz” <26 . (30)

It follows that the total interference power b.[t1] + Yi[t2] is at most
46%(K —1)P . (31)

The noise power Yy [t1] + Yi[t2] is 2. Combining these bounds, we get thahjfi[t1] > J, the SINR at receiver
k is at least

P (2|hgg[t1]] — 26)

>
SINRi = 482(K —1)P +2

(32)

Takingd — 0, we get that
lim SINRg > 2|hg[t1]2P . (33)
6—0

By choosinghmax large enough, we can make the probabilitghat the channel matrix violates the threshold
as small as we desire. Next, we can choesghe number of quantization rings) amd(the number of angles)
large enough, to maké as small as desired and get tBBNR at each receiver to be as close2d;[t1]|>P as
we would like. Then, we can chooseto be sufficiently small so that the fraction of useable tirfssis large.
Finally, by takingT large enough, we can find a good code with probability of eatomost$ and rate at least

€
-5
Recall also that with probability the channel is not-typical so the total probability of error is less thanThus,
there must exist a set of good fixed codebooks with the sanferpgnce. Finally, we expurgate all codewords
that violate the power constraint which results in a rates losat moste/2 for T' large enough. ]

In Figure 3, we have plottédthe performance of the ergodic alignment scheme from Thed&éor a time-
varying 10-user interference channel with i.i.d. Rayleigh fading, ~ CN(0,1). We have also plotted the upper
bound from (83) in Appendix A and the performance of time simh from (23). Note that the rates for ergodic
alignment and the upper bound only depend on the fadingsstati not the number of users.

Remark 4:Assume all the channel coefficients have equal magnituddsramdom, uniform phaseg,, =
exp(j2more) for ¢re ~ Unif|0, 27). A quick comparison of the upper bound in (83) and TheoremvRais that
ergodic alignment achieves the sum capacity. Jafar [17]shasvn that this holds more generally through the
concept of a “bottleneck state.” That is, if each receiverssan interferer of equal strength to their desired signal,
ergodic alignment is optimal.

%E [log (1 + 2|hyx|*P)] (34)

3We have assumed a uniform power allocation across time fsmpibt.
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Fig. 3. Rate per user for the ergodic alignment scheme oviereavarying interference channel with i.i.d. Rayleighifagd For comparison,
we have also plotted the performance of time division forusers.

In general, ergodic alignment alone does not yield the dapesgion. For instance, if the cross-channel gains
are very small relative to the direct gains, then it is bettetreat the interference as noise, rather than spending
two channel uses to cancel it out [8], [9], [41]. Thus, for Régh fading, we can achieve higher rates by using
this weak interference strategy over certain channel oedrand the alignment strategy over the rest. Conversely,
if the cross-channel gains are very large relative to thectligains, then it is better to decode the interference
prior to decoding the desired message [4]-[7]. It remaindlaar as to whether an appropriate mixture of these
three schemes can be used to approach the ergodic capagap.réhat said, as the number of users increases,
it becomes more likely that the network will be in a bottlekestate, implying that ergodic alignment is optimal
[17].

The proof above shows that each user can attain half itsfénésrce-free rate at finite SNR, given roughly
(1/6)K2 channel uses wher@ is the maximum distance between two points in a quantizat&h This distance
goes to zero as the gap between the target rate%@ﬂdg(l +2|hix|?P)] goes to zero. For comparison, Cadambe
and Jafar's scheme requires roughfy’ channel realizations. While from an information-thearetiewpoint this
requirement merely amounts to choosing a sufficiently ldipeklength, the incurred delay may be prohibitively
high for many practical applications. Clearly, we can dotdreby pairing up matrices “on-the-fly” rather than
matching matrices from the first half of the block to matridemn the second half. Unfortunately, this strategy
also requires roughlyl/§)%* channel realizations. The delay can be reduced through a mwicate matching of
channel matrices at the expense of some rate [42], [43]. @ea cohallenge is to determine the optimal tradeoff
between delay and rate for ergodic interference alignment.

Suppose that usérwants to communicate at more than half its interference-fate. We now propose a simple
time-sharing strategy for this scenario that blends ognatient scheme with a time-division scheme.

Theorem 3:For the time-varying Gaussian interference channel defineSection IlI, the following rates are
achievable

Ry = aE[log (1+ |hgg|2p)]

+ a ; Vg [log (1 + 2|he|* P)] (35)
Ry = (1;Q)E[log (1+%>] k¢ (36)

for any 0 < a < 1 if each channel coefficient is drawn from a distribution withiform phase.
Proof: For oT" channel uses, all users excépare silent. Use¥ employs a standard point-to-point channel
code to achieve rat&[log (1 + |h|?P)] over these channel uses. For the remainihg- a)7 channel uses, we
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employ ergodic interference alignment as in the proof ofofam 2. User achieve%lE [log (1 + 2|ha|2P)] over
these channel uses as before. Since eachkugef was silent for the prion T channel uses, it has saved up power

and can afford to transmit each symbol with average pq@grresulting in a rate O%E [log (1 + %)} over

the remaining channel uses. [ |

V. RECOVERING MORE MESSAGES

In this section, we generalize our alignment scheme to leathdi case where each receiver attempts to decode
more than one message. The problem setup is largely the sarre $ection Il except that now there afe
transmitters, each with a single messagg of rate R,, and K receivers that want exactly/ messages each.
For simplicity, we will assume that all messages are regaeby the same number of receivers. (Note that this
implicitly assumes tha@ IS an integer.) LetS; denote the set of indices of messages desired at redeiaad
let Si.(i) denote the™ index in the set. We now replace Definitions 4 and 5 with théofahg two definitions.

Z1t]
mi—| & sl Yilf] Dy »Z;i
Zs|t] |
mo—] &, X,[t] | Ys[t] o *Zii
H(t) | 2zt |
my—| & |2l oMl [,
Zylt] |
SN e ELIU | Y [t] o _’zii
Fig. 4. Interference channel where each receiver wafits- 2 messages.
Definition 8 (Decoders):Each receiver has decoding function
M )
Dy : CT = J[{1,2,..., 2" 00} (37)

i=1

that maps its lengtil" observed channel outpgt[t]}]_, into estimatesn, . of its desired messages, for all
¢ such that/ € S;..
Definition 9 (Achievable Rates)\Ve say that a rate tupleR;, R, ..., Ry) is achievableif for all ¢ > 0 andT

large enough there exist channel encoding and decodingidus&y, ...,&r, D1, ..., Dk such that
Ry>Ry—e, (=1,2,...L, (38)
P (U U (e # mé}) <e. (39)
k LeSy

In Figure 4, we provide a block diagram of a case with= 4 transmitters,K' = 4 receivers, and message
requestsS; = {1,2},S2 = {2,3},S3 = {3,4}, andS, = {4,1}.

As before, all encoders retransmit their symbols at wedlseim time indices. This has the effect of giving the
decoders equations with the symbols as the variables arab#igcients given by the channel. Here, it is insufficient
to look for pairs of channel coefficients that exactly can&shce each receiver wanild messages, we will need
M +1 time slots (or dimensions). Of thesk] will be used for the desired messages and the remaining gioren
will be used for the interfering terms. Define

12
w2 exp <Ajjl> (40)
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to be the(M + 1)™ root of unity and IefW be the sizeM + 1 discrete Fourier transform (DFT) matrix:
0 -

w w w w
wo wl w2 e wM
0,2 4 2M
W= |w w w ow . (41)
| W0 WM WM WwM? |
The inverse DFT matrix has the following form:
[ wo wo wo wo i
e B R
Wl — 1 O w2 wt ... M
M+1
| W0 WM M M2 |

First, consider the following idealized scenario. As in ihigoduction, assume that each transmitter sends signals

X1,Xo,..., X, at timet; under channel matril = {hx¢}. The transmitters then wait for channel coefficients
satisfying
E=D)n=Dp, 141 ¢ = Si(i

w 1),

w hrelt] £ ¢ Sk
forn=2,...,M + 1 and resendXy, X5, ..., X, during these time slots. Assume that receikevants the first
M messagé‘s Then, the channel observations at recefve&ran be written in vector form as

hiilt1] X
Vi [t] il .1] ' Z[ta]

=W hmlta] Xy | T
> hyelt1] Xe

L £¢Sk J

That is, each desired signal is assigned to a unique DFT wedtmf the undesired signals are assigned to a single

DFT vector that is orthogonal from the others. As a result, ticeiver can apply the inverse DFT matrix to its

vector of observations to extract its desired signals,

Yiltvr+1] Zi[tav1]

hitlt11X ~
Vilt] il A
Y3 [to] : Z[ta]
1
W . = | hmti) Xy | T :
Yiltvr+1] Z heltr] X Zrltars]
| £ESk i
where the
| M
= _ —(i-1)(n—1)
Zltn] = 3757 n; w Zy[tm] (43)

are transformed noise terms. THg|[t,,] are i.i.d. circularly symmetric Gaussian random variabléth mean zero
and variancd /(M +1). Of course, we cannot afford to wait until the channel coeffits match precisely; instead,
we will match up time slots based on quantized channel caeffie. The next theorem formalizes the scheme
described above.

Theorem 4:For the time-varying Gaussian interference channel (as@fin Section Il) where receivérwants
M messagegmy : ¢ € S}, the rates

1
Rp = min —— CE[log (1+ (M + 1) x> P)] - (44)

“For any other choice of;, simply replace the transmitter indicés. .., M with Si(1),...,Sk(M).
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are achievable fof =1,2,..., L.

Proof: Choosets > 0. We will divide up theT channel uses intd/ 4+ 1 consecutive intervals of equal length.
We quantize all channel realizations using the scheme ithestcin Section Ill. Applying Lemma 2 witlv = M +1,
it follows that all M + 1 blocks of T'/(M + 1) channel uses arg-typical with probability at least1 — $) (with
~ to be specified later). By Definition 7, this means that the In@inof occurrences of each possible quantized
channel matrix in each interval is bounded as follows:

71 (v (R) =) < #RE) < 30 () )

IN

for all A € .
If any block is noty-typical, we declare an error. Otherwise, we know that eagmtized matrix will occur at

least 1 (pﬂ(ﬂ) - ’y) times in each interval. A time sldtin an interval is useable unless:

1) The channel matri([t] contains one or more elements with magnitude larger that .
2) The channel matriH][t] does not violate the threshold but has already occurredaat 4¢- (pﬁ(I:I) - ’y)

times.
Assuming the intervals arg-typical, the number of useable time slots per interval is
T "
L (F) — ) 45
i 2 (ra(A) o (45)
F:he AT

= {Mi L (1 —p—v(m)“)J :

Each encoder employs an independent codelihowith rate R, and length chosen to match the number of
useable time slots per block. The codewords are generatkdfiom a circularly symmetric Gaussian distribution
with variance slightly less tha®.

During the first interval, each transmitter sends out a neml®/} from its codeword during each useable time
slot ¢, and records the corresponding quantized channel matFideg = {h;[t1]}. We match up each useable
time slott; from the first interval with useable time slot from then™ interval forn = 2,..., M + 1 such that

) WEDEDf ] 0= S (),
heltn] = { kelt] k(1)

R 46
wM("_l)hkg[tl] 0 ¢ Sk (46)

whereS,, (i) is thei™ message requested by receikeNote that this matching can be performed using only causal
channel knowledge by greedily matching up time slots froterivalsn = 2,..., M + 1 with time slots from the
first interval in the order in which they occur. To ensure th&t )1}, corresponds to a valid quantization
cell, we constrain the number of angles (given:pyto be a multiple ofA + 1. Owing to the symmetry of the
uniform phase assumption, all useable time slots will besssfully matched.

Note that each receiver essentially observe a DFT of itsrelksignals and the interference. Thus, by applying
the inverse DFT, each receiver can see its desired signaagh nearly interference-free channels. Specifically,
the quantized channel coefficients satisfy

M+1 .
LS 0 g,y = 4 £ 50,
M1 0 £ 484i) .

n=1
Therefore, applying the same transformation to channetreations from matched time slots, . .., ta/41,

~
~~

M+1

% 1 § /‘ —(i—1)(n—

Ykm[tl] = M1 w (=1)( l)Yk[tn] ) (47)
n=1

will yield nearly interference-free channels from the sanitters inSy, to receiverk.
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Using Lemma 1, we have that
M+1

1 .
~(i=1)(n-1) .
‘ T nz::l w hisu () [tn] (48)
Z max (‘hksk(z) [tl” - 25, 0) (50)

whered is the maximum distance between any two points in a quardizaell. It follows that the signal power
in Yy;[t1] is at least

(!hksk(i) [t]] — 25) “p (51)

if |hk5k(i) [t1]| > 26. Applying Lemma 1, we get that the interference power frorohemansmitter/ # Sy (i) is
at mosté2P. The noise power is exactly/(M + 1) as shown in (43). Thus, the resulting channel from each
transmitter? to receiverk for ¢ = Si(i) has signal-to-interference-and-noise ratio no less than

2
(Ikeltr]] - 26) P
SINRy, > —.
K§?P+ (M +1)-1

if ‘hkg[tlﬂ > 24. Since the message from transmitteis multicast to several receivers, it is limited by the worst
channel:

INR, = mi INRg, . 52
SINR, Jnin SINRg¢ (52)
Takingd — 0, we get that
. . 2
%1_1)1(1) SINR, = klilelglk(M + 1) | hie[ta]| P (53)

As in the proof of Theorem 2, we makeas small as desired (by choosirgandn, the quantization parameters,
large enough) such that tHENR, is as close to (53) as desired. By choosigax large enough and small
enough, we can make the number of useable time slots as ddBg(d/ + 1) as desired. Finally, by takin@
large enough, the probability of error for the code is at npsind the rates are at least

~ 1 €
Ry = T 1IE[log(l —I-SINRg)] ~ 3" (54)

Recall also that with probability the channel is noty-typical so the total probability of error is less than
Therefore, there must exist a set of good fixed codebookshmivie can expurgate to meet the power constraint
with an additional rate loss of at most2. [ |

As before, we have not optimized the power allocation usimg transmitters’ knowledge of the channel
realizations.

From the upper bound (84) in Appendix A, it follows that (foynsmetric rates), it is impossible to attain a
pre-log factor greater that/(M + 1).

Remark 5:1f we simply extended the scheme from Theorem 2 and cancellédhe interference from each
desired signal one-by-one, we would not attain the same pgai@. Specifically, assume that at time we flip
the channel coefficients from transmittee= S;(n — 1) to receiverk,

~ . ilkg[tl] = Sk(n - 1),
Aeltn] = {—hu[tl] 0+ Spn—1) . (53)

The receivers can then simply add together timieandt,, to get a clean channel from transmittes= Si(n — 1)
to obtain their(n — 1) desired message. However, this will only yield a power gdi? mstead of the full gain
of M + 1,

E| log (1 + 2|k P) . (56)

Ry = mi
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In Figure 5, we have plotted the performance of the schenma ffbeorem 4 over the network in Figure 4 with
i.i.d. Rayleigh fading. The upper bound is from (84) in ApdgenA and the time division scheme is from (23)
for 4 users. The ergodic alignment scheme has the sgi®elope as the upper bound whereas the time division
scheme has a slope df4. The gap between alignment and time division becomes mamopnced if we increase
the ratio between transmittefs and the number of desired messagés

4.5

|| === Upper Bound 7
—— Ergodic Alignment e
----- Time Division PR

35

Rate per User

-10 -5 0 5 10 15 20 25 30
SNR in dB

Fig. 5. Rate per user for the network in Figure 4 with i.i.dyRa&gh fading.

Remark 6:Very recent work by Keet al. has determined the degrees-of-freedom region for an erete
channel where each receiver requests an arbitrary subsie¢ afansmitted messages [44].

VI. X M ESSAGESET

We now turn to a variant of the interference channel, the Xnokd that has garnered significant attention
[1], [12], [45]. In this scenario, there ark transmitters and receivers and each transmitter has an independent
message for each receiver. For the single antenna casenBadand Jafar showed that the sum degrees-of-freedom
is % using interference alignment [45]. Here, we extend thisilte® the finite SNR regime for the special
case ofK = 2 receivers. Letn,; andmy, denote the messages sent from tleransmitter to the first and second
receiver, respectively. Each message has Raje Figure 6 is a block diagram of an X message setKor= 2

transmitters and. = 2 receivers.

Zi[t]
Zn_) P X1t] Y1 [t] Dl_)gn
12 21
H(t) |2t
ma_[e Xo[t] :l Yo |t] Dy e
mM22 M2

Fig. 6. X message set fdk = 2 transmitters and. = 2 receivers.

Unlike in our previous schemes, we cannot hope for the cHaargenerate an independent coefficient for every
message. Transmitters should instead separate their gesdsa premultiplying them by phases. This leaves us with
fewer variables to work with to align the interference atrgueceiver. For simplicity, assume that each transmitter
splits its power equally between its messages and my. Each of these messages is mapped to a codeword
whose symbols are represented By, and X, respectively.

We first introduce our scheme in an idealized setting wheeetthnsmitters wait for channel coefficients that
precisely match. At time;, each transmitter sends, = X, + Xy and records the resulting channel realization
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H[t1] = {hre[t1]}. The transmitters then wait for time slaots . .., ¢.4+1 satisfying

hie [tn] = hae [tn] (57)
hoeltn] = w™EDEDp 1t,] (58)
wherew = exp(j2x/(L + 1)). During these time slots, the transmitters send
X[tn] = 0D X 4 0l X, (59)
The resulting channel outputs at receitecan be written in vector form as
ha1[t1] X11
Yi[ti] : Z1[t]
Y1 [to] ' Z1[to]
_ =W | hicfthl] X + .
. L .
Yiltr4a] > haelta) X Z1[tr+1]
L =1 i
Similarly, the channel outputs at receivkare
- . -
Ya[t] > halti]Xa Zs|t1]
Yé[tQ] =1 o [tg]
. =W hgl[tl]Xlg + .
Yoltr41] : Za[tr41]
har[t1] X 12

As in Section V, each desired signal is assigned to a unique i&etor and all the interfering terms are grouped
into the remaining vector. Following the steps of the probTheorem 4, we can arrive at the following theorem.
Theorem 5:For the X message set withh = 2 receivers, the following rates are achievable over the-trarging

Gaussian interference channel defined in Section II,

(L Y] (60)

1
Ry = ——E| 1 1
Tl [°g< * 2
It is not clear how this result can be extended beyond the ageiver case. Ideally, we would like to use a DFT
vector for each desired signal and an additional one fomédirfering terms intended for a particular receiver, for
a total of L + K — 1 vectors in all.

VIl. TIME-VARYING FINITE FIELD INTERFERENCECHANNEL

For the Gaussian case, it is sufficient to match up channeiceatand add up the resulting channel outputs.
The simplicity of this strategy is in some ways an artifacttled Gaussian setting. In general, the receivers may
need to perform a decoding step prior to combining the oleskesignals to avoid noise build-up. In this section,
we consider a finite field interference channel with fastrigdind derive the entire capacity region. Each receiver
groups together time instances with the same channel deefficand decodes a function of the messages, using a
linear code. By combining two appropriately chosen funwicthe interference can be completely removed.

The problem statement is identical to that in Section Il @xéer the channel model. We assume that all operations
are carried out over a finite field,. Let & and denote addition and summation o\&y, respectively.

Definition 10 (Channel Model)We assume that the channel inputs and outputs take valugseosame finite
field F,. The channel output observed by each receiver is a noisgrlio@nbination of its inputs:

K
Yilt] = €D helt] Xelt] © Zi 1] (61)
=1
where thehy,[t] are time-varying channel coefficients adg[t] is additive i.i.d. noise drawn from a distribution
that takes values uniformly ofil,2,...,q — 1} with probability » and is zero otherwise. Letf (Z) denote the
entropy of this distribution. We assume that at each timp eeh channel coefficient is drawn independently and
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uniformly from F, \ {0}. The transmitters and receivers are given access to theneharalizations causally. That
is, before timet, each transmitter and receiver is givep[t| for all m and /. Let H[t] = {hy[t]} denote the
matrix of channel coefficients.

Remark 7:Using simply counting arguments, we can extend our resulise case where the channel coefficients
are allowed to equal zero with some probability. Howeveis tonsiderably complicates the description of the
capacity region.

Lemma 3:There exists a bijectiony : FX X — FX*X such thatH + g(H) = I, VH wherel is the identity
matrix.

Proof: Let f : F, — [, be the bijection such that(a) + «a = 1 for all a € F,. SinceF, is a finite field, f(-)
is guaranteed to exist. Then, defipe) as follows:

f(h1) —hiz -+ —higk
—ho1 f(ha2) -+ —hak
g ) =| S (62)
—hk1  —hga - f(hkk)
where —hy, is the additive inverse of,. Clearly,g(H) + H =1 andg(-) is a bijection. [ |

The basic idea underlying our scheme is to add together tilecivesen channel outputs such that the interference
exactly cancels out. However, for the finite field model, if dethis in an uncoded fashion, we accumulate noise.
Instead, we group together time slots based on their chaeaktation and send linear functionof the messages
to each receiver using a linear code. This technique, somastreferred to as computation coding [3], is reviewed in
detail in Appendix B. We then match up linear functions sd tha receivers can solve for their desired messages.

Since the channel coefficients are drawn from a discreteablph we can define typicality without resorting to
guantization. Assume that the channel uses are split into two consecutive blocks of eqrajth. Let

#(H\H(")) S {t CH[f] =H, 1+ ("_TUT <t< %}‘

be the number of channel matrices within € block that are equal tél € FfXK. The definition ofy-typicality
is the same as that given in Definition 7. From Lemma 2, it fefidhat, for anye > 0 andT" large enough, both
blocks arey-typical with probability at least — .

If a transmitter-receiver pair had the channel to itselah achieve an interference-free ratel@fq — H(Z).
We will now show that all users can achieve half the interieeefree rate simultaneously.

Theorem 6:For the time-varying finite field interference channel, tbliofving rates are achievable

Ri = 5(logq — H(2)) . (63)

Proof: For anye > 0, let v be a small positive constant that will be chosen later tesBatiur rate requirement.
Using Lemma 2, choos® large enough such thaf() and H® are bothy-typical with probability1 — §. Let
F = {F,\{0}}2*K denote the channel matrix alphabet. Now, condition on te@ethat both blocks arg-typical.
Since the channel coefficients are i.i.d. and uniform, thabability of any channeH € F is |F|~'. SinceH™ is
~-typical we have that for everd € F:

5 (gr—) s #eE) < 3 (5 -0) - (64

Let 7’,§") denote the ﬁrs%(|}‘|—1 — ) time indices from thex™ block with channel realizationl € F. We will
ignore all other time slots which reduces the rate by at mdsctor (1 — «). Each transmitter splits its message
into many distinct chunks, one for each channel realizatiohet wyy € F; be the chunk intended for realization
H. Assuming the chunks are ajttypical, the length of each chunk is

_T< 1 >10gq—H(Z)—e/2.

e 65
: 2 \ | F| K log g (65)
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Using the computation code described in Appendix B, eaatstréiter? sends its message,y during the time
indices inT,f,l). Receiverk makes an estimaté,y of

K
UpH = @ hrewen -
=1

It then employs a computation code with th@me messageag, over the time indice§;((2,j) in the second block
corresponding to the complementary matit!). Receiverk then makes an estimafg,y of

Vi = f(hur)Win @ | — €D hrewen
{#£m

where f(-) is the function such thaf (k) + hie = 1. By Lemma 5, forT" large enough, the total probability of
error for all computation codes is upper boundedef.
After collecting these (estimates of) linear functiongeigerk makes an estimate of, by simply adding up
the two equations to get
Wi = OgH O ViH -

The total number of bits encoded into the chunks acrosgFalchannel realizations is

g(l—\flv)(logq—H(Z)—E/Z) : (66)

Normalizing byT and takingy small enough, the rate per transmitter%i(éogq — H(Z)) — €. The probability that
either block is atypical is less thafi2 and the probability of error over the computation code is lsne/2 for

T large enough so the total probability of error is less thas desired. [ |
We now use the scheme from Theorem 6 to establish the foltpa@hievable rate region.
Theorem 7:For the time-varying finite field interference channel, aayertuple(R,..., Rk ), satisfying the

following inequalities is achievable:
R;+ Ry <logq— H(Z), Vk#U. (67)

First, we will give an equivalent description of this ratgim and then show that any rate tuple can be achieved
by time sharing the symmetric rate point from Theorem 6 anthgles user transmission scheme.

Lemma 4: Assume, without loss of generality, that the users are ¢éabatcording to rate in descending order, so
that Ry > Ry > --- > Rk. The achievable rate region from Theorem 7 is equivalenhéofollowing rate region:

Ry <logq— H(Z) (68)
1
Ry < min (log g — H(Z) — Ry, 5(logq — H(Z))), k =2
Proof: The key idea is that only one user can achieve a rate highar%tﬁagq—H(Z)). From (67), we must
have thatRi+ Ry < logg—H(Z) so if Ry > 3(log ¢—H(Z)) all other users must satisfy, < log q—H(Z)—R;. If
Ry < 3(logq—H(Z)), then we have thak;, < 3(log ¢—H(Z)) for all other users since the rates are in descending
order. [ |

Proof of Theorem 7: We show that the equivalent rate region developed by Lemma dchievable by
time-sharing. First, we consider the case whBie> 1 (logq — H(Z)). Let

=201 )

We allocateST channel uses to the symmetric scheme from Theorem 6. Forethaining(1 — )T channel uses,
users2 through K are silent, and user employs a capacity-achieving point-to-point channel cades results in
userl achieving its target rat#;:

Aosa B (1~ )oga — 11(2)) (69

=logqg— H(Z)— Ry —logq+ H(Z)+ 2Ry = Ry
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and users through K achievingRy, = logq — H(Z) — Ry. If Ry < 3(logq — H(Z)), we can achieve any rate
point with the use of the symmetric scheme from Theorem 6. [ |
Finally, we will give an upper bound using the techniques 2h to show that the achievable rate region in
Theorem 7 is the capacity region.
Theorem 8:For the time-varying finite field interference channel, tia@acity region is the set of all rate tuple
(R1,...,Rk) satisfying

Ry+ Ry <logq— H(Z), Vk#L. (70)

Proof: The required upper bound follows from steps similar to thins@dppendix Il of [2]. Without loss of
generality, we upper bound the rates of userand 2. Note that the capacity of the interference channel only
depends on the noise marginals. Thus, we can assumethtat= hi»[t](ho2[t]) ' Z2[t]. Multiplying Y3[t] by a
non-zero factor does not change the capacity SO4&t = hia[t](hao[t]) " Ya]t].

We give the receivers full access to the messages from Bisersugh K" as this can only increase their respective
rates. Assume that the corresponding signai¥], ..., Xk [t] have been eliminated fror [t] and Ys[t] below.
We also give receive? access tan;. Let ey = 1 + (R1 + R2)perror Whereperor is the probability of error. From
Fano’s inequality, we have th&t(R; + Rs) is upper bounded as follows:

T(R1 + Rs)
< I(mg; mi, {}72 [t]}?zl) + I(ml; {Yl [t]}?zl) + TET
= I(mas {Ya[t] Yoy lma) + I (my; {Va[t]}izy) + Ter
= I(ma; {ha[t] Xa[t] ® Z1 [t] iy )
+ I(ml; {Yl [t]}?zl) + TGT
= I(ma; {hu[t]X1[t] ® haa[t] Xo[t] © Z1 [t] 1y ma)
+ I(ml; {Yl [t]}?zl) + TGT
(ma: Vi) + 1 (mas (M H}) + Ter
(1, ma; (V[t]Hy) + Ter
<T(logqg— H(Z))+ Ter

I
I

As the probability of erroperor tends to zerogr — 0 which yieldsR; + Ry < log ¢ — H(Z). Similar outer bounds
hold for all receiver paird and k. Comparing these to the achievable region in Theorem 7 gittld capacity
region. [ |

VIIl. CONCLUSIONS

Overall, ergodic interference alignment shows how much leargained by coding over parallel interference
channels. While in the Gaussian case, we can simply add upvedlematched channel outputs, in general, we can
think about this alignment scheme as organizing the contiputnaturally provided by the channel.

An interesting subject for future study is the inclusion ofaic interference alignment into classical power
allocation and Han-Kobayashi message-splitting stratedihat is, the optimal scheme will most likely have each
transmitter split its message into several parts. Chamadizations will then have to be grouped according to which
messages should be treated as noise, decoded, or alignettibyezeiver.

APPENDIX A
OUTER BOUND

We now develop an upper bound that is applicable when thevexsewant to decode one or messages over
a time-varying Gaussian interference channel (the setiin§ections IV and V). The proof closely follows the
multiple-access outer bound used in [2].

Assume, without loss of generality, that receivemwants to recoverny,...,my; and that receiven wants
to recover (at leastyny;1. Now, give receiverss and n the messagesiysio,...,my as genie-aided side
information, which can only increase the ratfs, ..., Ry/11. Both receivers can now completely remove the
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effects of X/ 42[t], . .., X1[t] on Y [t] andY,,[t] which we assume the case below. We also assumé:jhg # 0
fort =1,...,T. This occurs with probability for many fading distributions of interest.

Since the receivers cannot cooperate, the capacity onlgrafspon the noise marginals. It is useful to assume
that the i.i.d. noiseZ,[t] and Z,[t] at receivers: andn is generated in the following (correlated) fashion at each
time step:

Z[t] ~ CN(0,alt]) (71)
Zi[t] ~ CN(0,1 — aft]) (72)

_ h ?
Znlt] ~ CN <0, % - a[t]) (73)

i _|hn(M+1)\

Zi[t] = Z[t] + Z[t] (74)
Znlt] = Z[t] + Zlt] (75)
We will also givem, ..., my to receivem as genie-aided side-information. Note that scaling thensaboutput

at receivem cannot change the capacity. Define

= o herg

Yalt] = Yalt] (76)

ho(n+1)

ander 21 +PerrorZiVI:J{1 R whereperor is the average probability of error. Via Fano’s inequalityfollows that

M+1
Ty Ry (77)
k=1
< I(mM+1; {Y/n[t]}f:pmh e ,mM> (78)
+ I(ml, e, ML {Yk[t]};f:1> + Ter
= I<mM+1; {Y/n[t]}le‘mh . ,mM> (79)

+ I(ml, e UM {Yk[t]}fﬂ) + Tep
= I<mM+1; { Py [ X [t] + Zn[t]}il jma, ... 7mM>

+ I(ml, SN OVE {Yk[t]};) +Ter

= [<mM+1; { Mil he[t) Xo[t] + Zn[t]}T Im, ... ,mM>

et =1
T
+ I(ml, e ML {Yk[t]}t:1> + Ter

Now, we weaken the noise by giving receiveéfglt] and Z,,[t] as side information. Let

M+1
Viltl = ) huelt] Xolt] + Z]t] - (80)
=1
It follows that
M+1
T Z Rk §I(mMH;{Yk[t]}f:l‘ml,...,mM> (81)
k=1

> T
+ I(ml, e, MG {Yk[t]}tzl) + Ter

:[(ml,...,mM+1;{Yk[t]}il) +T€T . (82)
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Now, applying the usual steps, we can show that the mutuainmdtion expression is maximized by independent
Gaussian inputs.

Assume that all transmitters employ a uniform power all@eascross time. Specializing the upper bound above
to the K-user interference channel from Section IV (and takihgs oc), we get that

(|hel® + |hier|) P

Ry+ R <E llog |1+ 5 (83)
min (1 e )
} \huP
forall k=1,2,..., K and/{ # k.
Specializing to the case in Section V, where recelvavants the messages, for ¢ € S;, we get that
Ri+ Y Ry (84)
es,
(lhkil2 + D ses, |hkél2>P
<E|log |1+ - [™E
min (1, Ihn,:P)
for all ¢ such that: € S,, andi ¢ S.
APPENDIX B

COMPUTATION CODING

We now review the computation coding scheme from [3] for &niield channels. Assume that there dre
transmitters, each with a message € Fy;. Each transmitter maps its message into a lengtiodewordx, € F.
Receiverk observes a noisy linear combination of the codewords
K
Vi = P hiexe & 2, (85)
=1

wherez;, is a noise vector whose elements are i.i.d. according totahdison with entropyH (Z). Each receiver
would like to make an estimaté; of a linear equation of the messages

K
w, = P hrews - (86)
(=1

The following lemma gives theomputation capacitfor this setting.
Lemma 5:For anye > 0 andr large enough, there exists a set of encoders and decodérshsuall receivers
can make estimate®; of the linear equations,, with total probability of error

K
p( U (e # uk}> <e (87)
k=1
so long as the rate/7 satisfies
T log q

Proof: First, we generate a linear code with generator magix IE*‘;X"C with ratex /7T < (logq— H(Z))/logq
and probability of error at most/ K over the channel

y=XODz (89)
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wherez has the same distribution ag andx = Gw. Each encoder employ& to getx, = Gwy. As a result,
each receiver sees

K
Vi = D hieGwi @ 2, (90)
=1
K
= G<@hkgWg> D zk (91)
=1
= Gu; Pz (92)
from which it can decode, with probability of error at most/K. By the union bound, the total probability of
error is at most. ]
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